COLLOQUIUM MATHEMATICUM

VOL. XX 1969 FASC. 2
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This paper is devoted to an examination of connections between
some postulates concerning the class of mappings which give rise to the
introduction of the following notions: of an atlas, of an equivalence of
atlases, and of the maximal atlas among atlases equivalent to a given
one (see [1]-[3]). To get correct definition of the equivalence of atlases
we must introduce some restrictions concerning the class of mappings
acting in the parameter space. Condition (3.1) of this paper may be con-
sidered as a new axiom of the theory of atlases. It enables us to introduce
the concept of a structure being a generalization of the concept of a differ-
entiable structure on a manifold. This generalization goes in two direec-
tions: it replaces the assumption that the space of parameters is a Euclid-
ean space by the assumption that it is an arbitrary topological space,
for example a Banach space. Moreover, it considers the family € instead
of the family of all diffeomorphisms acting in the parameter space.

For a function f and a set B, D; and f~'[B] will denote the domain
of f and counter-image of B by f. If A < D;, so we denote by f|4 and
f[A] the restriction of f to A and the image of A by f, respectively. For
given functions g and f we denote by gof the composition of f and g, i.e.
the function whose domain is the set f~'[D,] and such that (gof)(x)
= g(f(x)) for wef'[D,]. For a given set A, i, denotes the identity func-
tion on A. For a topological space X and for a set A of its points we denote
by X|A the topological space induced in A by X.

1. Any function f such that D; is an open set of the- topological
space X, f[D;] is an open set of the topological space P and f is a homeo-
morphism of X |D; onto P|f[D;] will be called a map X with respect
to P.

Let there be given a space P and a family C of functions mapping
the sets of points of P into the sets of points of P, shortly: a family acting
in P. A family F of maps of the space X with respect to P is said to be
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an atlas of the class ¥ of the space X with respect to P if and only if
the following conditions are satisfied:

(1.1) U Dy is the set of all points of X
feF

and
(1.2) for any g,feF the function gof~' belongs to .

We denote by A(¥, X, P) the family of all such atlases.

2. We shall consider the relation =«xp which is defined as follows:
F = ¢xp G if and only if ¥,G and F v G belong to A%, X, P).

It is clear that the relation =¢xp is reflexive and symmetric in
A€, X, P), but it needs not to be transitive. The transitivity of this
relation is very important for the uniqueness of prolongation of a given
atlas to the maximal one.

2.1. Therelation =¢xp 18 transitive if and only if for every F eWA(¢, X, P)
there exists an F, such that

(21) F,eU(¥¢,X,P) and, for every H, if F < HeN(¥,X,P), then
HcPF,.

Proof. If the relation =¢xp is transitive, then for every F A (¥, X, P)
the set Fy = | {G; @ =¢xp F} satisfies condition (2.1).

Suppose now that for every F < (¢, X, P) there exists an F, satisfying
condition (2.1). Let G =¢xp F', F' =¢xp H and let F, satisfy (2.1). Then
G o F and F o H belong to A(¥, X, P). Thus G Fc Fyand Fu H
< F,. Therefore @ =« G v H c F,. Hence it follows that G v H A (¥, X, P).

3. In this section we consider a class ¥ acting in P and we study
some conditions related to the following one:

(3.1) the relation =¢xp is transitive for every topological space X.

For every family € acting in P we denote by ¥p the set of all funec-
tions ¢ % such that D, and ¢[D,] are open on P, ¢ is a homeomorphism
of P|D, onto P|p[D,], ¢ 'e% and there exist sets A and B open in P
such that D, < A, ¢[D,] = B, 14¢¥ and ige¥. '

3.1. For every family € acting in P the family €p is the smallest of
families €' acting in P and satisfying the condition

(3.1.1) A(¢, X, P) =W, X, P) for any topological space X.

Proof. Let ¢ act in P and X be a topological space. A(¥p, X, P)
c A&, X, P), because €p = . Let g, feFeW(¢, X, P). Put ¢ = gof™?!,
A = f[Dy], B = g[D,]. Theng™' = fog™'e€,f[Ds] = A,g[D, ~ Ds] = B,
ia = fof ‘€€, ip = gog 'e¥, the sets D,, ¢[D,], A and B are open
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in P and ¢ is a homeomorphism of P|D, onto P|¢p[D,]. Thus ¢%p.
Therefore FeW(¥p, X, P). So the set ¥’ = ¥p fulfills condition (3.1.1).

Assume now that the family ¢’ acting in P fulfills (3.1.1) and consider
an arbitrary function ¢e€p. Then there exist sets A and B open in P
such that D, « 4, ¢[D,] =« B, i4¢% and ipe¥. Let E be a set disjoint
with A and such that card(Z) = card(B—¢[D,]). Hence it follows
that there exists a function g defined on D, ~ E such that ¢g|D, = ¢,
g|E is a one-to-one mapping and ¢g[E] = B—e¢[D,].

Let us consider the topological space X, the set of all points of which
is A v E and the family of all its open sets is the family of all G =« A v E
such that g[G ~ (D, v E)] is open in P|B and G ~ A is open in P|A.
It is easy to verify that X |4 = P| 4, g is a homeomorphism of X | (D, v E)
onto P|B, goiz' =goiy =¢ and {g,i4}eW(¥,X,P). Then {g,i4}
A%, X, P). Moreover, pe%’. Therefore we have got the inclusion
%p c¥.

It is clear that the equality in condition (3.1) is equivalent to the
following statement: the relations =¢xp and =g xp are equal each other.

3.2. If a family € acting in P fulfills the conditions

(3.2.1) if y,pe¥p, then yope¥,

(32.2) if Z<¥p and \J @ is a oneto-one mapping, then | ¢e%,
PR @eR
then € satisfies condition (3.1).

Proof. Let us assume that ¥ satisfies (3.2.1) and (3.2.2). Let X
be an arbitrary topological space and let G = ¢xpF = ¢xpH. Consider
arbitrary g, heG o H. If g, he@ or g, heH, 80 hog 'e%. Then it may
* be supposed that geG@ and heH. From the fact that F fulfills (1.1) it
follows that

hog™ = | (kof~)o(fog™").
JeF

Applying (3.2.1) and (3.2.2) we obtain hog'e¢¢. Thus F o H
N, X, P).

It is possible to give another simple system of postulates concerning
the family ¥ and assuring the fulfillment of (3.1).

3.3. If a family € acting in P satisfies the conditions

(3.31) if p,9pebp and D, = ¢[D,], then poge¥,
(3.3.2) if pebp and A is a non-empty subset of D,, open in P, then
@|Ae?,

then € satisfies (3.2.1).

Colloquium Mathematicum XX.2 17



258 W. WALISZEWSKI

Proof. Let us suppose that ¢ fulfills (3.3.1) and (3.3.2). Let ¢, p%p.
By (3.3.2) and the definition of the family €p the functions y, = y|(D, ~
~ ¢[D,]) and ¢, = ‘PW—I[-D'#] belong to €p, Dwo = ?’O[Dwo] and yog
= 9oO@o. Thus, by (3.3.1), we have yoge¥.

It is clear that (3.2.1) implies (3.3.1). Consider the natural question:
does any of the conditions (3.2.1), (3.2.2), (3.3.1) and (3.3.2) follow from
(3.1)? We prove that none of them follows from (3.1). More precisely:

3.4. If P is & topological space and there ewist its open sets A, A’y B
and B’ such that A + A'c A, B +#B'c B, A ~ B =0 and the spaces
P|A’ and P|B’ are homeomorphic, then there exists a family € acting in P
and satisfying (3.1) but none of the conditions (3.2.1), (3.2.2), (3.3.1), and
(3.3.2).

Proof. Let us suppose that P satisfies the condition formulated
in 3.4. Let ¢ be a homeomorphism of P|A’ onto P|B’. Put

(3.4.0) ¢ = {p, ‘P_la T4 iB}'

From the fact that 74 ¢% it follows that neither (3.3.1) nor (3.3.2)
is satisfied. From 74_5¢% we obtain that ¥ does not fulfill (3.2.2).

Let X be an arbitrary topological space and FeA(¥, X, P). From
(3.4.0) it follows that for every g, feF one of the four cases

(3.4.1) f[Dy]=A and f=g,
(34.2) f[D,] =B and f=g,
(34.3) f[Djl= A,g[D,] =B and gof_l =@,
(3.4.4) f(Dj] = B,g[D;] = A and gof™" =¢~’

holds. From conditions (3.4.1)-(3.4.4) it immediately follows that the -
set F' cannot contain more than two elements.

Let F = ¢xpG. First, suppose that the set F contains exactly one
element, i.e., there exists a map f such that F = {f}. It is easy to see
that we may assume f[D;] = A. Let us now suppose that F v @ # F.
Then, a map ¢ # f would exist such that ge@. Hence F v @ = {f, g}
and g[D,] = B. So (3.4.3) is satisfied. Thus gof~! = ¢. Then g¢|(D, ~ Dy)
= gof. From the fact that F and F o G are atlases it follows that
D; = Dy v D,. In other words, D, = D;. Thus g = ¢of. So it would
follow that B = ¢[D,] < ¢[D,] = B’. However this is impossible. There-
fore GO F =F, and G = F.

Let us now suppose that F contains exactly two elements. From
the fact that G = ¢xpF it follows that @ cannot contain exactly one
element. From conditions (3.4.1)-(3.4.4), which are satisfied for any
functions g,feG ~ F, it follows that @ = F. So the relation =gxp is
transitive. Thus condition (3.1) is fulfilled.
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