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1. Introduction. We shall consider the transfinite extension of the
compactness degree of a space, introduced by J. de Groot (see [4]), which we
shall call the transfinite compactness degree (see Defintion 2.1). The main
goal of this note is to show that for the space K, consisting of the points of
the Hilbert cube with at most finitely many non-zero coordinates the
compactness degree is not defined. This extends the well-known fact that for
K, the small transfinite inductive dimension is not defined (see [3]). We shall
also prove another separation property of K, that the intersection of finitely
many partitions between distinct pairs of the opposite faces of K, is not
locally compact. Finally, an example is given, using K, of a perfect map with
finite-dimensional fibers of a space for which the transfinite compactness
degree is not defined on a zero-dimensional space.

2. Terminology and notation. All spaces which we consider in this note
are assumed to be metrizable and separable. Our topological terminology
will follow [1] and [2]. '

Throughout the paper w denotes the set of natural numbers, I — the
real unit interval, I — the Hilbert cube and let K, = {xeI“: x has only
finitely many non-zero coordinates!}, p;: K, — I be the projection of K, onto
i'th axis and p; '(1), p; '(0) be the pair of i'th opposite faces in K,,.

The following notion of transfinite compactness degree extends the
compactness degree defined by de Groot [4] in the same way as transfinite
inductive dimension extends the classical inductive dimension ind, see [3]:

Definition 2.1. The transfinite compactness degree cmp X of a space X
is defined as follows: ‘

(i) cmpX = —1 if and only if X is compact;

(i) cmp X < a, where a is an ordinal number, if for every point xe X
and each neighborhood V < X of the point x there exists an open set U = X
such that xeU < V and cmpFrU <a (FrU — the boundary of U);.

(i) cmp X =a if cmp X <a and the inequality cmp X <a does not
hold.
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If there is no ordinal o with cmp X = a we say that X has no transfinite
compactness degree.

3. Results. The main result of this note is the following

THEOREM 3.1. The space K, has no transfinite compactness degree.

A result closely related to Theorem 3.1 is the following

Example 3.2. There exists a map f: X — Y which is perfect (i.e. closed
and with compact fibers), has finite-dimensional fibers and maps the space X
for which the transfinite compactness degree is not defined onto a zero-
dimensional space Y.

Finally, we shall prove the following simple fact about the separation
properties in K, ,:

ProrosiTiON 3.3. Let L; be a partition in K, between the i'th opposite
faces (see Section 2). Then no finite intersection L, ... "L, is locally
compact.

4. The proof of Theorem 3.1. In the proof we shall use the following
modification of the notion of transfinite compactness degree:

Definition 4.1. Let x be either an ordinal number = 0 or the integer
—1; then we define

(i) cmp, X = —1 if and only if X is compact;

(i) cmp, X < a if for every pair 4, B of disjoint compact subsets of X
there exists a partition L between A and B such that cmp, L < «;

(ii)) cmp, X = a if cmp, X < 2 and the inequality cmp, X < a does not
hold.

It is easy to see that cmp, is monotone with respect to closed subspaces
(cf. [4], Th. 3.2.1), i.e.

(%) cmp, A <cmp, X if A< X is closed.

LEMMA 4.2. Let X, and X, be closed subsets of a metrizable space X
= X, U X,; then

cmp, X <cmp, X, +cmp, X, + 1.

Proof. The proof of Lemma 4.2 is by transfinite induction on
k(X,, X;) =cmp; X, +cmp, X,. The case k(X,, X,) = —2 is trivial. Assume
that we have verified the assertion for k(X,. X,) <x. Let cmp, X, = 1,,
cmp, X, = x,, where a, +2, = 2. Consider two disjoint compact subsets 4 and
B of X. Our lemma will be proved if we find a partition Lbetween A and B
such that cmp, L < a; +a,. Since cmp, X, =a,, there exists a partition
L in X between X, " A4 and X, n B such that cmp, L = B < x,. Let Lbe a
partition in X between 4 and B which extends L. By (*) cmp, (L~ X,) < ;.
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We have
cmp, L=cmp, (LN X)) UL)< o, +f+1 <oy +2,.
Thus the proof is completed.

LEmMMA 43. If X has transfinite compactness degree then the ordinal
cmp, X is also defined.

Proof. Let X has transfinite compactness degree.

It is enough to prove that if 4 and B are disjoint compact subsets of X
then there exists a partition L between A and B such that L has cmp,. This
can be shown by transfinite induction on cmp X. If cmp X = —1 then the
proposition is true. Assume that the proposition is true for all ordinal
numbers less than o«. For every point xeA there exists an open
neighborhood U of the point x such that U, nB =@ and cmpFrU, < a. It
follows by our assumption that Fr U, has cmp,. Since 4 is compact we

can choose a finite number of points x;, x,,..., x,€A4 such that
k

AcUgyvu...uU,.Let U= ) U,, then L=FrU is a partition between
i=1

= k
A and B and cmp, L =cmp, FrU <cmp, U Fr U,,- By virtue of Lemma 4.2
i=1

L has cmp,.

Now we are in position to prove Theorem 3.1.

According to Lemma 4.3 it is sufficient to show that K, has no cmp,.
Conversely, assume that K, has cmp, and let

a=min{cmpL: L=Lin...NnL, k=1,2,...},

where L; is a partition between the pair of ith opposite faces in K, (see
Section 2).

First let us check that a # —1, i.e. that L, n ... n L, is not compact for
m=1, 2, ... Indeed, since in I" the intersection of partitions between distinct
pairs of the opposite faces of I" is not empty, for n=1, 2, ... (cf. [2], Th.
1.8.1) we can choose

ge(Lin...nL)n(I™x!1} x ... x{1)x{0!x ..) fori=1,2,...

Y
]

The sequence {g;};2, has no limit points in K, thus L, n... "L, is not
compact.

Now we will show that if cmp, (L, ~ ... ~L,) =2 then we can find
other partitions L,, L,, ..., L,,,, where L; is a partition between the pair
of i'th opposite faces in K, such that cmp, (L, n... nL,,,) <2 This will
contradict the choice of a. Let

Ay =" %10} x 10} X ..) N pmiy(0),

B,  =(I"""'x{0]x {0} X ..)" pmii(1).
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Since these sets are disjoint and compact there exists a partition L between
ApsynLin...nL, and B,y nLyn...NnL, in Ly~ ... nL, such that
cmp,(CLNLyn...NnL,) <a. Let us extend L to a partition Lin K, between
An+, and B, . Clearly cmp,(LNL;n...nL,) <a. Let

X =(Lopaii(D)U(LNpaiy(0).

If X =@ then Lis a partition between p,,.,(0) and p,},(1). Putting L, ,
=L and L;=L for i=1,2,...,n we get required partitions. Assume
X # @. The set X is closed in K, and disjoint from I™*!x {0} x [0} x ...,
so we can find an open set U in I such that:

I"™'x0'x{0x ...cUnK,cUnK,<K,\X.
By the Wallace Lemma (see [1]) there exist positive numbers c,, c,, ..., ¢,
such that
" 1'x {0} x {0} x ... ([0, ¢c;]x ... x[0,c,]xIxIx ..)nK,< K,\X.

Let K =([0,c,]x ... x[0,c,}xIxIx ..)nK,, then
LAnKnpli()eLAUNK, np,t,(1)=0Q;

the proof that LnK np_,},(0) = @ is similar. Therefore M,,,;, =K nLis a
partition between p,!,(1)nK and p,!,(0)n K. Obviously M; = L,nK is a
partition between p; '(0)~nK and p; '(1)nK for i=1, 2,..., m. By (%) it
follows that

cmpy(Myn ... M )=cmp(KNnLin...nL,NnL)<a.

Now, let f: K - K, be a homeomorphism defined by the formula:

Xy X; X,

f((xl, Xs, ...)) = (a, Cz, ceey c—p, xp+l, ...).
Let us put f(M,)=L, for i=1,2,...,m+1. It is easy to check that
L, ..., L,,, are required partitions. This completes the proof.

5. An example. Let J = {0} U[3, 1] = I. By a minor modification of the
reasoning in Section 4 one can prove that the space J* K, has no
transfinite compactness degree. More specifically, one has to consider “the
i'th opposite faces” p;!(1) and p; ' (3) in J* nK,, (p;: J®* n K, — J being the
i'th projection) and then the arguments given in Section 4 lead to a
contradiction with the existence of the number

a=min{cmp, (L~ ...nL): k=1,2,...),

where L; is a partition between p; !(1) and p7!(}) in J*nK,,.
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Now let X =J°nK,, Y=1{0,1}*nK, and let f: X — Y be defined by
the formula:
0 if x;=0,
1 if xe[d, 1]

The function f is perfect since it is closed and the inverse image of each ye Y
is homeomorphic to I" for some ne w. Moreover it is easy to check that f is

open.

6. The proof of Proposition 3.3. Let us assume that there exists ke w
such that L, ... L, is locally compact. Then for every xe(/*x |0} x
x {0} x ..)NnL,n...n L, there exists an open neighborhood U, of x in
K, such that U, in L, n ... N L, is compact. Since I* x {0} x ... is compact
we can choose x;,...,x, such that (I*x{0}x ..)nL,n...NnL,
c U, n...nU, . Forevery ye(I*x {0} x ..)\L; N ... N L, there exists an
open neighborhood ¥, of y in K, such that

((xl)) (y i where Vi = {

V,nLin...nL,=0 and Ix{0}x ...cVu U U,
i=1
Proceeding in the same way as in Theorem 3.1 we can find K < K,
homeomorphic to K, such that

*x{0}x ... cKc{V,u U U,,.

i=1

Then
KnLin..nLc(U Uy)nLin...nL,
i=1

and thus the intersection being a closed subset of the compact set
(U U,l.) NnL;n...n L, is compact. But we have shown in Theorem 3.1 that
i=1

the intersection of finite partitions between the pairs of ith opposite faces in
K, cannot be compact.
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