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1. Introduction. Let P be a local property of topological spaces
which is preserved under finite products. A bundle map f from a space X
onto a space Y satisfies the following: If ¥ and each point inverse under f
have property P, then X has property P. In this paper* a pseudoregular
map will be defined and the above phenomenon will be investigated,
where it will be assumed that f is pseudoregular. The main theorems of
this paper are:

(I) If f is a pseudoregular map of X onto Y, and Y and each point
inverse under f are Peano continua, then X is a Peano continuum.

(II) If f is a closed pseudoregular map of X onto Y, and Y and each
point inverse under f are locally compact, then X is locally compact.

It would be very interesting if a similar theorem could be proved
if Y and each point inverse under f are locally connected in dimension #.

Dyer and Hamstrom [1] defined a completely regular map (of which
pseudoregular is a generalization) and showed that under certain con-
ditions completely regular maps are bundle maps. It would be then of
interest to find connexions between pseudoregular mappings and fiber
maps of some type.

All spaces will be considered Hausdorff and the notation f: X — — Y
will mean that f is a continuous funection (map) of X onto Y. The nota-
tion S(e, #) will mean an e-neighborhood of x and C1 will be used to denote
closure.

The author wishes to express his gratitude to Professor Louis
McAuley for his unlimited help and patience.

2. Pseudoregular mappings. The following definition is due to Dyer
and Hamstrom [1]:

(2.1) Definition. A mapping f of a metric space X onto a metric
space Y is said to be completely regular provided that it is true that for
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each point ¥ of Y and each positive number ¢ there is a positive number ¢
such that if # is a point of Y and d(», y) < 6, then there exists a homeo-
morphism of f~'(y) onto f~!(x) which moves no point as much as &. (Such
a homeomorphism will be called an e-homeomorphism).

The following definition is a generalization of (2.1):

(2.2) Definition. A mapping f of a metric space X onto a metric
space Y is said to be pseudoregular provided that it is true that for each
point ¥ of ¥ and each positive number ¢ there is a positive number &
such that if # is a point of ¥ and d(x, y) < 4, then there is a continuous
map of f~'(y) onto f~'(#) which moves no point as much as & (Such
a map will be called an e-map.)

(2.3) TaroREM. If f is a pseudoregular mapping from a metric space
(X, d) onto a metric space (Y, p), then f is an open mapping.

Proof. L.et U be an open set in X and let x#¢U. There exists an
£ >0 such that S(e,2) « U and there exists a 6 > 0 such that if
o(y, f(x)) < o, then there exists an e-map hy,: f~'f(z) — — ' (y). It will
be shown that °

8(8, f()) = f(8(e, @) = f(U)

and hence the proof will be complete. Let y<S(3, f(«)); then there exists
an e-map hy: f~'f(2) = — f~'(y). Therefore h,(x)eS (e, ) and y = f(h,(x))
< f(S(e, ®)). Hence S(d,f(x)) = f(S(e,x)) as desired.

(2.4) THEOREM. Let f be a pseudoreqular mapping from a metric
space (X, d) onto a metric space (Y, o). If Y and f~*(y) ave locally connected
for all y in Y, then X 1ds locally connected. :

Proof. Let U be an open set in X, let ¢ be a component of U and
let #eC. Tt will be shown that ¢ is a neighborhood of . Since f~'f(x)
is locally connected, there exist & > 0, &, > 0 and a neighborhood V
of # such that

veS(4ey, ) =« V < S(eg, @) « S(4ey, ) « U

and V ~ f'f(x) is connected. Since f is pseudoregular, there exists a 6 > 0
such thatif o(y, f(#)) < 6, then there exists an e;-map hy: f~'f(2) > — f* ().
And since Y is locally connected, there exists an open connected set Z
such that f(@)eZ < 8(8, f(2)).
Let W = U hy(f 'f(x) ~ V).
YeZ

(a) hy(f'f(z) ~ V) is connected and contained in f~'(y) trivially.

(b) f(W) = Z trivially.

(¢) W is a neighborhood of z by the following argument. There
exists 0, > 0 such that S(d,, f(x)) = Z and there exists 0 < &5 < &, such
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that if d(z,w) < e, then o(f(2), f(w)) < 4. It will now be shown that
S(eq, ®) = W. To prove this, let weS(eg, #); then there exists an e,-map
hywy: £~ f(@) = —f~'f(w) and hence there exists wef~'f(x) such that

Ty (W) = w0, d(@, u) < d(@, w)+d(w, u) < g5+ &5 < ey,
That 1is

’I,Uehj(w)(f—lf(.fl;') ~ S(4e,, a;)) < hf(w)(fﬁlf(w) [ V) < W
Therefore S(eg, 2) = W as desired;
(d) W is connected. This follows from the following argument. Assume

that W is not connected. Then W = 0 v P, O and P open in W, and
0O~ P =@. Then

0 = Uhy(ff(@) V) and P=U) hy(ff (@) ~ V),

where 8 = f(0) and T = f(P). Then S o T =Z since Z = f(W) =
flO)wf(P)=8uv T, and § and T are non-empty. Since Z is con-
nected, either S AT # @ or T ~ S # @. Assume S ~ T # @. Then there
exists a sequence {s;|s;eS8} such that lims; = ¢ where t¢T. Since f is an
open map,

liminff='(s;) o f~(¢).

Hence there is a sequence {v;|v;ef '(s;)} which converges to
hy(z)ef ' (¢). Assume that o; = hy,(u;), where w;ef'f(z). By the above
there exists a positive integer N such that if n > N, then d(v,, hy(z)) < &,.
It will now be shown that if » > N, then w,eV. Since if » > N,

A (U, ) < d(thy, 'vn)_f'd(fvn, ht(w))“l‘d(ht(a;)’ w) < &t &3t &5 < 4és.

Therefore wu,eS(4e,, ) = V' and hence v, = hy (uy)ehs (f'f(@)
N V) c W.

This yields a contradiction since we now have a sequence {v,} which
converges to hi(x) and v,e0, hy(x)eP. Therefore W is connected.

(e) W < U since if weW, then f(w)eZ and hence there exists
a yef 'f(x) ~ V such that hyu,(y) = w. Therefore

d(z, w) <d(x,y)+dy,w) < e&+te < 4de
and hence weS(4¢,2) <« U.

(f) € is a neighborhood of x since W is a connected neighborhood
of x and hence W < C.

This completes the proof, since we have shown that, given any open
set U of X and any component C of U, then (' is open.

(2.5) LEMMA. A mapping f from a topological space X onto a topolo-
gical space Y is closed if and only if given any y in Y and any neighbor-
hood U of f~'(y) then there exists a neighborhood V of y such that if veV,
then f~'(v) ¢ U (i.e., f7(V) = U).
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Proof. This is just a restatement of the theorem that “A decom-
position 2 of a topological space X is upper semi-continuous if and only
if the projection P of X onto 2 is closed” ([2], Theorem 12, p. 99).

(2.6) LEMMA. A pseudoregular map such that the inverse of each point
is compact is a closed map.

Proof. Let f: X - — Y be a pseudoregular map of X onto ¥ such
that f~*(y) is compact for all y in Y. Let y ¢ Y and let U be a neighborhood
of f~'(y). Since f~'(y) is compact, there exists an e >0 such that
S (s, f’l(y)) c U and since f is pseudoregular, there exists a positive
number & such that if o(y,w) < 8, then there is an e-map hy,: f(¥)
—> > f~'(w). Therefore if weS(3,y), then f'(w) = 8(e, f~'(y)) and hence
f is closed by (2.5).

(2.7) Definition. A mapping f is guasi-compact if for every open
set of the form U = f~'f(U), f(U) is open.

(2.8) LEMMA. If f is a quasi-compact mapping of a topological space X
onto a connected space Y such that f~*(y) is connected for all y in Y, then X
18 connected.

The proof is trivial.

Tt should be noted that if f is an open or closed mapping, then f
is quasi-compact. Hence, by (2.3), any pseudoregular mapping is quasi-
-compact. The following lemma is due to Ponomarev [3]:

(2.9) LEMMA. If f: X —~ — Y is a closed mapping such that Y and
f~Y(y) are compact for all y in Y, then X is compact.

(2.10) THEOREM. If f is a pseudoregular mapping from a metric
space X onto a Peano continuum Y such that f~'(y) is a Peano continuwm
for all y in Y, then X is a Peano continuum.

The proof follows from (2.4), (2.6), (2.8), (2. 9) and the Hahn-Ma-
zurkiewicz Theorem [5].

(2.11) THEOREM. Let f be a closed pseudaregular map of a metric
space X onto a metric space Y such that Y and 1 (y) are locally compact
for all y in Y. Then X is locally compact.

Proof. Let ze¢X, let U be a compact neighborhood of f(z) and
let V be a closed neighborhood of # such that V ~ f'f(x) is compact.
There exists an ¢ > 0 such that 8(4e, ) = V ~ f~'(U) and by the pseudo-
regularity there exists a positive number d such that, if g(y flz) <4,
there exists an e-map h, of f'f(x) onto f~'(y). o could also be chosen
such that S(8, f(#)) = U. By the continuity of f there exists a positive
number & < ¢ such that if d(z,w) < e, then o(f(x), flw)) < d. Let

C= U  Ihlf'fl@)~V)
YeCI[S(8,f@))]
It will be shown that S(e, ) = C.
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Let weS (e, ®); then o(f(2), f(w)) < 6 and hence there exists an
e-map hyy of f'f(x) onto f'f(w). We now want to show that
wehyuy(ff(€) ~ V) or that there exists a vef 'f(#) ~ V such that
hsa)(v) = w. This follows since let » be any element of f~'f(x) such
that hy.,(v) = w,

dz,v) <dx,w)+dw,v) <ete<e.

Therefore veS(2e, #) = V and hence S(¢, ) = C.

Therefore OCl[S(}ey, 2)] = S(ey,2) =« C. Let g = fIC1[S(3e,2)]; 9
is a closed map. g{CI[S(}¢,, )]} is a closed subset of U and hence is com-
pact. g~'(y) is closed and contained in h,(f 'f(z) ~ V) and hence g='(y)
is compact. Therefore, by (2.9), CI1[8(}¢,, #)] is compact and hence X
is locally compact.

(2.13) Definition. A locally compact connected space will be
called a generalized continuum [5].

(2.14) THEOREM. If f is a closed pseudoreqular map of a metric space
(X, d) onto a metric space (Y, o) such that ¥ and f~'(y) are generalized
continua for all y in Y, then X s a generalized continuum.

The proof easily follows from (2.8) and (2.11).
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