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REMARKS ON LATTICES OF CONGRUENCE RELATIONS
OF QUASI-ALGEBRAS

BY
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Quasi-algebra of type G is a system A = (4, (94, 9<G)), where 4 is
a set and, for each ge@, g, denotes an n(g)-ary partial operation (quasi-
operation) on the set A, i.e. g4: D(g4)—A, where D(g,) < A", ge G.

If D(g,) = A™? for any ge @, then the quasi-algebra 4 of type @
is an algebra of type G. A quasi-algebra B = (B, (¢gg, g¢G))> of type G
is called a weak subquasi-algebra (*) of A if B = A and g < g4 for each
geG. A weak subquasi-algebra B of 4 is said to be an ordinary subquasi-
algebra of A if the set B is closed for any partial operation g4, g €@, i.e.
for each g « G and for each sequence b e B9, if g ,(b) exists, then g,(b)eB
and gp(b) = ga(b).

For homomorphisms of algebras we have in quasi-algebras a few
kinds of mappings. Any ordinary subquasi-algebra h of the direct product
A x B of quasi-algebras A and B of type G such that for any a A there
exists at most one element beB with {a,b)eh is called a partial homo-
morphism of A into B. Any partial homomorphism % of 4 into B such
that for all a e A there exists one and only one element b ¢ B, with {a, b) €h,
is called a full homomorphism of A into B. A mapping h: A—>B (4 and B
are quasi-algebras of type @) such that, for any geG,

1° if (a,,0 < '”'(g)) €D(g4), then (h(a’a)y o< n(g)) «D(gp), and

2° h(ga(as, o < n(9))) = gn(h(as), o < n(g)) for (a,, o <n(g))eD(ga)
is called an ordinary homomorphism of A into B.

An ordinary homomorphism of A4 into B such that, for each g G
and each sequence @ = (a,, ¢ < n(g))ed™, if (h(a,), o <n(g))eD(gp),
then there exists a sequence @' = (a;, ¢ < n(g)) e A™® such that a’<D(g,)
and h(a.) = h(a,) for all o < n(g), is called a strong homomorphism of A
into B. If @' = @, a strong homomorphism of 4 into B is called an exact
homomorphism of A into B.

() Definitions of several kinds of subquasi-algebras and homomorphisms coincide
in general with conceptions of Gréatzer [2] and Stominski [3].
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Concepts of full, ordinary, strong and exact homomorphisms of
quasi-algebras are all equivalent in the case of algebras.

For congruence relations of algebras we have two distinct kinds
of relations in the case of quasi-algebras. Let A be a quasi-algebra of
type G. A relation ~ < 4 xA is said to be a weak congruence relation
of A if

1° ~ is an equivalence relation on the set 4,

2° for each g « @ and each pair of sequences (a,, ¢ < 1(g)), (b, 0 < n(g)
€A™, if a, ~b, for all o <n(g) and g4(a,, 6 <n(g)), galbs, o <n(g)
are defined, then g4(a,, o < n(g)) ~ ga(bs, o < n(g)).

A relation ~ < A x A is called a strong congruence relation of A if

1° ~ is an equivalence relation on the set A,

2° for each g « G and each pair of sequences (a,, ¢ < n(g)), (b,, o<n(g))
cA", if a, ~ b, for all ¢ < n(g), then g4(a,, o < n(g)) is defined if and
only if g,4(b,, 0 < n(g)) is, and then g4(a,, o <n(g) ~ ga(bs, o < n(g))

Obviously, each strong congruence relation is a weak congruence
relation, but not conversely. In the case of algebras strong and weak
congruence relations are equivalent.

We say that two ordinary homomorphisms h: A—B and h': A—>B’
are equivalent if there exists a one-to-one function s: h(4)—>h'(4) such
that b’ = sh. If s is an isomorphism, then we say that h and h’ are ¢so-
morphic.

In the case of algebras there is a one-to-one correspondence (up to
an isomorphism) between homomorphisms and congruence relations. In
the case of quasi-algebras we have the following theorems (2):

THEOREM 1. Weak congruence relations of a quasi-algebra A of type G
are in a one-to-one correspondence with equivalence classes of ordinary homo-
morphisms of A.

THEOREM 2. Strong congruence relations of a quasi-algebra A of type G
are in a one-lo-one correspondence with isomorphic classes of exact homo-
morphisms of A.

A relation induced by a full homomorphism need not be even a weak
congruence relation. For instance, if A is an algebra of type G and B
is a discrete (®) quasi-algebra of type G, then any mapping h: A—B is
a full homomorphism, but the relation induced by » on A need not be
even a weak congruence relation of A.

(2) Theorems 1 and 2 are a bit more precise than Theorem 2, II, Section 13,
of Gratzer [2], where it is proved that there exists a one-to-one correspondence between
ordinary homomorphisms and weak congruence relations and a one-to-one corre-
spondence between exact homomorphisms and strong congruence relations in quasi-
algebras.

(®) A quasi-algebra B is called discrete if D(gg) = U for each geG.
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Relations induced by strong homomorphisms are in general only
weak congruence relations. (For example, relations induced by strong
homomorphisms which are not exact homomorphisms.)

Any quasi-algebra A of type G has the following two trivial con-
gruence relations:

1° zero-congruence relation ¢:: aw if and only if a =b (a,bed),

2° unit-congruence relation 6: a6b for all a, beA.

It follows from the definition that ¢ is a strong congruence relation
and 0 is, in general, only a weak congruence relation. Note that the inter-
section of weak (strong) congruence relations is again a weak (strong)
congruence relation. Hence we have the following theorem:

THEOREM 3. Weak congruence relations of a quasi-algebra A of type G
form a complete lattice under the inclusion as the partial order.

Proof. Infimum for any set Z of weak congruence relations of quasi-
algebra A of type G is the intersection of all elements of the set Z. Sup-
remum for the set Z is the intersection of all elements of a set Z' = {p: o is
a weak congruence relation of a quasi-algebra A such that a = ¢ holds
for any aeZ}.

The set Z’ is not empty because 0eZ’.

Note that so defined supremum is not, in general, equal to supremum
in the lattice of all equivalence relations defined on A4 (see an example,
p- 190).

THEOREM 4. Let o, and o, be strong congruence relations of a quasi-
algebra A and let p,0 g, denote the relative product of o, and p,. Then the
relation p,0 g, 18 a strong congruence relation if and only if 9,005 = 030 0;.
Moreover, we have then p,Ug, = 0,0 05, Where p,Up, denotes supremum
of e, and g,.

Proof. Let o, and g, be strong congruence relations of A. As is known,
010 0, i8 an equivalence relation if and only if g,0¢, = 0,0 0,, and hence
the condition is necessary. To prove sufficiency, let us assume that g, 0 o,
= 0,00, and let (a,, 0 < n(g)), (b,, 0 < n(g))eA™®, where ge@, be se-
quences such that a,,0¢:b, for all o <n(g). Let (c,, o <n(g))eA™
be a sequence such that a,p,¢c, and ¢, 0,b,, 0 < n(g).

If (a,, 0 <mn(g))eD(gq), then (c,, 0 <n(g))eD(gs) because p, is
a strong congruence relation in A. Consequently, (b,, ¢ < n(g)) eD(g4) be-
cause g, is a strong congruence relation in A. Thus we have

94(asy 0 < n(9)) 0194(csy o < n(g))
and

gA(cai’ o< n(g)) Q2gA(ba7 o< n(g))7
whence also

gA(“a’ o< n(g)) QIOQZgA(bcn o< n(g))‘
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Hence g,0 g, i8 a strong congruence relation of A. Now, by Cohn [1],
I1,6.6, we infer that g¢,Ug,; = 9,0 0,. This completes the proof of Theo-
rem 4.

Theorem 4 is a generalization of a well-known theorem for algebras
(see, for example, Cohn [1], I1,6.7). From Theorem 4 we have immediately
the following corollary:

COROLLARY. The set of strong congruence relations of a quasi-algebra A
of type G forms a lattice with zero under the inclusion as the partial order.

If o, and g, are weak congruence relations, then the condition ¢,0 g,
= 040 0, does not suffices for p,0p, to be a weak congruence relation.

For instance, let A = {4, +> be a quasi-algebra such that
A = {a,b,c,d,e,f} and + is a 2-ary partial operation defined by the
following table:

Let o, and g, be two weak congruence relations described by the
following tables ( x means that a pair belongs to g, or g,, respectively):

o | ¢c d e f | a b ¢c d e f

“ e Qo ™8
|
|
|
X
|
|
e Qo o8
|
|

The relation ,0g0, has the following table:

0,00, a b ¢ d e f
a X X — — — —
b X X = = = —
¢ - - X X = -
a - = X X = =
e e
f |- =-=- - X

Obviously, 0,0 o3 = 050 0,1, but ¢,0 g, i8 not a weak congruence relation
because ap,0 03b, c0,00:d, a+c¢c =¢ and b+d =f, and it is not true
that ep,0 p,f.
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