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In [3] a relation between similar structures was introduced: A4*
is said to be elementarily lifted over A, A < A*, iff every projective class 2
containing A also contains 4* (for projective classes, see [4], [1] and [3];
we use the notations as in [3]). In this paper we generalize this notion to
a relation between subclasses U of the similarity class 2%, and structures A
of type ¢ and we describe the closed classes by means of ultraproduects.
The situation is quite similar to the well-known case where one has the
elementary equivalence = as a relation between structures, an induced
compact closure on U, as a relation between the subclasses and the struc-
tures and, finally, a description of this closure by the ultraproduct theorem.

Let % be an arbitrary subclass of %,. We say that A* belongs to the
projective closure of A, A* € ,(N), iff every projective class £ which con-
tains A contains A*. So we have A*e¢¥5(N) iff €5(A%) = €»(A), where
€5(A"%) is the class of all elementarily lifted extensions of A* or, equi-
valently [3], the class of extensions of A* by diagonal-like embeddings.

THEOREM 1. €5 defines a topological closure on the class U, of all rela-
tional systems of type o.

Proof. Obviously, €, is a closure operator:

(x) €5(A) 2 A,

(B) Ay 2 A €5(A,) 2 €5(As),

(Y) €%, = €.

We show that %, is topological:

(3) €5(UW; VA) = €p(Ay) L €(Ns).

Clearly, €5(U; VW) 2 €5(A)UEs(As) by (B); let A" ¢E5(A,)UE€s(As).
By definition, we then have projective classes &, and %, such that
A, =P, but A'¢2,; W, = P, but A'¢P,. Let P, = AI''B; where the
axiomatic correspondence between U and the axiomatic class B; of struc-
tures of type o, is given by a set K; of sentences in L,‘_ =) L[Q,,’,],

AE?,(\(AQB{)A |= .K'-, 'i = 1, 2,
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for suitable B;e®B, and for suitable interpretations of the connecting
relational symbols occurring in 0; (see [3]).
Consider the set Ky g @,€ Lo, 0,y Where

Cef = Md(Kyg,3,) N C =AUBUB,, AU, B;B,.

We relativize all the relational symbols in K, to 4 and B, and those

in K, to A and B,. If @ is a theorem in K;, we denote by @ the trans-
formed theorem. Then the set

K = {0,V ®,|0,cK,}

defines an axiomatic relation I" between W and B. Clearly, A, < Z and
Q[z g n@’ '@ - QII'%.
Assume A'e¢#. We then would have

(A'UB,UB,)" |= K
But (A'UB,;)" |= K, is false. Therefore, there are @,¢K; such that

(AUB)" |= T1®;, i=1,2.

But then (A'UB,UB,)" |= K cannot be.

We call a class U generalized projective iff it is closed with respect to
%5: U is generalized projective iff A is the intersection of all projective
classes containing . This is clear because the projective classes are a basis
for the closure €. '

COROLLARY 1. Generalized projective classes are closed under ultra-
products and under elementa,mly lifted extensions ( for example, ultrapowers
and ultralimits).

COROLLARY 2. Let E be a finite set of models, E = {A,, ..., A,}.
Then A'e645(E) iff A’ is an elementarily lifted extension of one of the A,;.

A closure on %, is called compact iff any set of closed classes with
the finite intersection property has a non-empty intersection.

COROLLARY 3. %5 is compact.

Proof. A projective class is closed under ultraproducts and it is
well known that the classes closed under the formation of ultraproducts
define a compact topology %y on U,. But &, is finer than €y, so €, is
also compact.

Note that the closure defined by the elementary classes is compact
in a much stronger sense. Every class of axiomatic classes with the finite
intersection property has a non-empty intersection. This no longer holds
for ¢5. Let & be any projective class and denote by £, the projective
class of all models in £ of a cardinal greater or equal to a. Clearly, Z,, a
cardinal, has the finite intersection property but the intersection over
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all 2, is empty. Similarly, the underlying class for the Kolmogoroff con-
traction of (U,, €5) is not a set. Define in A, an equivalence by 4 ~yp A’
iff €5(A) = €5(A’). A,| ~5 with the quotient topology is the T,-space
of the projective types in A,. Two models of the same projective type are
elementarily equivalent and of the same cardinal.

PROPOSITION 1. Let U be a generalized projective class and assume that A
18 categorical for all cardinals greater or equal to m. This ymplies that if Aeq
s of a cardinal greater or equal to m, then A’ is projectively equivalent to A
iff A" and A are isomorphic.

For algebraically closed ficlds, one even infers that two project-
ively equivalent fields have the same transcendence degree over the
common prime field, and so they are isomorphic.

PROPOSITION 2. A generalized projective class WA is connected iff all
models in A are elementarily equivalent. The connected components of a gener-
alized projective class W are just the classes of elementarily equivalent models
in UA.

Proof. Let A be a class in A, and assume A;eq, ¢ = 1, 2, are not
clementarily equivalent. Then there is a theorem peL, where A4, |= p
and A4, |= T]p. But then

A = (ANMd (p))U (ANMd( TIp))

shows that U is disconnected. Let U be a generalized projective class of
elementarily equivalent models and assume A = A, U A, with generalized
projective classes UA; and A,. Then if 4;eU;, ¢+ = 1, 2, one has isomorphic
ultralimits A4;, of A; and, therefore, U,NA, = G, A is connected.
A connected component Wy of a generalized projective class A is genera-
lized projective, S0

A = MA(K)NUA = A,

where K is the complete theory of a model in g. But A is connected,
50 U = A.

The following theorem is similar to the ultraproduct theorem:

THEOREM 2. Let A be an arbitrary class of relational structures of type o.
Then A’ <N, belongs to the generalized projective class € »(W) iff there is a sub-
set y of W and an ultrafilter u on y such that every projective class containing
u-almost all Aey contains A'.

Z contains u-almost all Aey means {A|AePNy}eu.

Proof. Assume first that, for A'e‘ZIq, one has a subset y of A with
the properties described in the theorem. Then, clearly, A<%,(y) because
a projective class # containing y contains u-almost all 4 ey and, therefore,
A'e?. Then, €5(y) € €5(N) yields A’ c¢@5(N).
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- Assume now, conversely, A'e¢%,(%A). Then we have A’'e¥,(y) for
a subset y of A. Let, namely, card(4) = a and let

A, = {A| AU, card 4 > a},
U+ = {A| AN, card A > o™},
a* successor of a. The isomorphism types in A, form a set represented

by a subset y of A and it is easy to see that all models in ‘6,(%[,,+) are of
a cardinal greater or equal to a*. So

Co(A) = €2(y)VEs(Us+)
and A'e%5(A) yields A’ ¥, (y).

Consider the neighbourhood filter SB(A) of A'. A basis for B(A4)
is given by the complements A, —F = 2 of all projective classes Z not
containing A'. If A'¢#, then 2Ny # @, otherwise # 2 y and, therefore,
A’ e . Moreover,

Fp={A|Acy, A¢P}, A 4¢P,

is a filterbasis f on . f is finer than B(A’), so A’ is a limit point for f.
Now, there is an ultrafilter u on y finer than f and also converging to A’.
If #.is any projective class containing u-almost all Aey, then A'eZ2,
otherwise Fzeu would yield a contradiction.

COROLLARY 1. A’ e%45(N) iff A cb5(y) for some subset y of UA.

We call a projective class # compatible with an ultraproduct
tel
iff # contains u-almost all factors A;. Clearly, A2 if # is u-compatible
with A.
COROLLARY 2. A’ %5 (N) iff there is an ultraproduct
A=X A;u
tel
with factors A;eW such that any projective class which is u-compatible with A
contains A'.
Proof. Let A’ ¢%5(A) and choose y and u according to the theorem.
Then, if £ is any projective class, u-compatible with
A=X Alu,

Aey
we have A'e¢#. Otherwise, we would have Fzeu, a contradiction because u

is proper. Now, assume that there is an ultraproduct

tel
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with the properties of the corollary. Consider y = {4]|A4 = A, for some
tel} and the ultrafilter on y corresponding to u call it also u. Then, if 2
is any projective class containing u-almost all Aey, we get that £ is com-

patible with 4 and, therefore, A’ ¢2. So A’ ¢¥,(Y) by the theorem.
The corollary suggests a relation <, 4 f A’ iff A is an ultraprod-
u

uct with an ultrafilter u and any u-compatible projective class of A
contains A’

COROLLARY 3. U i8 generalized projective iff W is closed under the re-
lation § .
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