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1. Preliminaries. Given arbitrary spaces Y and Z, let C,(Y, Z) denote
the set C(Y, Z) of continuous maps on Y to Z equipped with some topology
t. The topology t is said to be splitting (or proper) on C(Y, Z) if for every
space X the continuity of a function f: X x Y = Z implies that of its adjoint
function f: X - C,(Y, Z), where f(x)(y) = f(x, y) for all x and y, i.e, if the
exponential injection

-

Exyz: C(X X Y; Z) _’C(X’ Ct(y’ Z))’ where EXYZ(f) = .f’

is well defined [3].

If for every X the continuity of f: X »C,(Y, Z) implies that of
f: X xY > Z, then t is called jointly continuous on C(Y, Z); equivalently, ¢ is
jointly continuous (or admissible) on C(Y, Z) if the evaluation function
e: C,(Y, Z) xY = Z is continuous, where e(g, y) = g(y) (see [5]).

A space Y is exponential in TOP if for every space Z there is a splitting-
jointly continuous topology on C(Y, Z).

A splitting-jointly continuous.topology on C(Y, Z) is both the greatest
splitting topology and the coarsest jointly continuous [1]. Also it is known
that any jointly continuous topology is finer than any splitting topology [1].

A space Y is called corecompact if for every point yeY and every open
set V containing y there is some open set W bounded in V and containing
y. (W is bounded in V if every open cover of V contains finitely many
members covering W (see [6])).

Ward [9] introduced these spaces under the name quasi-locally compact.
Subsequently, they were investigated under various names. Day and Kelly
[2] studied these spaces under the name spaces which have the property C.
Also Hofmann and Lawson [4] studied the above-mentioned spaces under
the name corecompact. Wyler ([10], p. 227) noted that spaces Y which have
the Day-Kelly property C (i.e., corecompact spaces) are exactly the exponen-
tial objects in TOP, ie, Eyy, is a bijection for all spaces X and Z.
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2. The main theorem. We will prove that if a topological space Y is
exponential in TOP, then Y is corecompact. To prove this, it suffices to show
that if there exists a splitting-jointly continuous topology on C(Y, 2), where
2 is the Sierpinski space, then Y is corecompact. (The Sierpinski space 2 is
the set {0, 1} with the topology |\®}, i1}, |0, 1}}) Hence

C(Y,2)= xweC(Y, 2): WeO(Y)}
with
) = {l if yeW,
Xwiy) = 0 otherwise.

Let A c Y. We denote by (4, |1}) the set
aw €C(Y, 2): yw(A) =1} = xweC(Y, 2): W>A4].

The topology r* defined below is used in the proof of Theorem 4.6 of
[1]. Let Y be an arbitrary topolcgical space, and {A;: i€l a family of open
subsets of Y. Setting

V=UAi

iel

we define the topology r* as follows:
The r*-open sets are defined to be the sets of the form {xy !, W # ¥, and
the r*-open neighborhoods of y, the sets of the form

(AX vAt L...uA4E, 1),

where i, i,, ..., i) is a finite subset of I, A;"j c A,-j, and A;“j J=1,2,...,k)
are open in Y.

LemMa 2.1 ([1]). The topology r* is jointly continuous on C(Y, 2).

THEOREM 2.2. If there exists a splitting-jointly continuous topology t on
C(Y, 2), then Y is corecompact.

Proof. The evaluation map e: C,(Y, 2) xY —2 is continuous. Let V be
an open neighborhood of an arbitrary point yeY. Then x,(y) =1 and the
continuity of e implies the existence of an open t-neighborhood N* of g, and
an open neighborhood V, of y such that

(% N' xV,ce '(i1}).
For every z eV, the last inclusion implies
XV(Z) = e(x;/, Z) = 19

s0 z€V, and hence V, c V.
We observe that the set M' = |y, U o V,} is a t-neighborhood of yx,
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since N* ¢ M'. This inclusion holds, because if an arbitrary y,eN', then,
by (%),
e(u, W =xw) =1,
which implies V, = U, and thus U eM"
We prove now that V, is bounded in V. Let (A;: iel} be a family of

open subsets of V such that

U Ai = V.

iel
We consider the topology r* defined above. Then, by Lemma 2.1, we have

t — r*. Since M’ is a t-neighborhood of y,, there exists an r*-neighborhood
of Xv, say

(A vAtu...uAs, i),
such that

xwe(Ar VAL U...UAL, 1) = M.

Setting
k k
G=J A, and G*= () A},
=1 7 =1 7

we observe that yg.€(G*, |1}) = M', and thus yg.€M', which implies

k
G* = .Ul A}"j oV,
J=
So

k
G= UA,-J,DG*DVy,
=1

J:
and hence Y is corecompact.

Remark 2.3. If a topological space Y is corecompact, then for every
space Z there exists a splitting-jointly continuous topology on the set
C(Y, Z), namely the Isbell topology. Hence Y is exponential in TOP (see [7]
and [8]). )
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