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0. Introduction. Lie groupoids have appeared in many problems
of differential geometry of higher order, e.g., in the theories of connections
of higher order, G-structures of higher order, pseudogroups, and in some
theory of differential equations. Originally (see [5]), Lie groupoids were
associated with principal fibre bundles. Ngo Van Que [27] formulated
in 1967 a precise abstract definition of these objects (see also [7] and [18]).
The development of the general theory of Lie groupoids can be found
in the papers of Pradines [22]-[26] and Kumpera [11], [12], and also in
{31, [4], [8], [151-[17], [21], [31]-[34].

In [11] an exponential mapping was defined. This paper is devoted

to a closer examination of this notion.

A Lie groupoid (see [27]) is a collection

(0.1) & = (P, (a,p), M, )
in which

(i) @ and M are smooth (i.e., of class C*) manifolds with countable
bases, M being a connected manifold;

(i) a: ® > M and f: ® > M are surmersions (i.e., submersions
plus onto); '

(iii) <z D - @, where D = {(2,2') e DX P : a(2) = f(2')}, i8 a partial
multiplication which satisfies

(a) B(z:2') = B(2) and a(2-2') = a(?) if (2,2") € D and (2, ') = 2-2’,

(b) for every point # € M there exists an element I, € @ such that
a(l,) = B(l,) =xand 21, =zif a(2) =oand l,-z = zif f(2) = o,

(c) for every element z € @ there exists an element 2~ € @ such that
z:2"' =1, where y = f(2), and 27" -2 = 1, where # = a(2);

(iv) the condition of transitivity holds, which means that (a, f):
@ > M x M is surjective;

(v) the mapping ~! = ($3 2 > 2~! € P) is smooth;
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(vi) for every smooth manifold W and for every two smooth mappings
f,9: W — @ such that aof = fog, the mapping

9= (Wazmrf(2)-9(2) e D)
is smooth.

If & = (P,(e,p), M,") is a Lie groupoid (shortly, L.g.), then @ is
called a space of the groupoid @, M is said to be a manifold of units, a and
B are called mappings “source” and “target”.

The set P, of those elements h, belonging to the space of a Lie
groupoid &, for which a(h) = (k) = @ is called the isotropy group of
@ over . It is a Lie group [27]. For every Lie groupoid @ and every @ be-
longing to M (i.e., to a manifold of the units) a principal fibre bundle

@, = (P, M, vy, qj(z,z)’ )

is determined in the following way [27]: The set @, consists of all elements
h € @ such that ah = @ (i.e., a(h) = x). D, is a submanifold of &. The
projection y: @, — M is equal to §|®P,. The action of the Lie group P,
on &, is determined by the formula - (h, g) = h-g, where he D,, g € D, ;.

A Lie group is a Lie groupoid with a one-element manifold of the
units. A typical example is the Lie groupoid =*(M) of all invertible jets
of the k-th order of a manifold M, where a(j*f) = @, B(j%f) = f(«), and
Jhaf ik = ji(fog) (see [6], [13], and [14]). |

An element h € @ such that ah = 2 and fh = y will be denoted by

h
9.

1. Lie algebroid of a Lie groupoid. Let & = (9, (a, 8), M, ) be an
L.g. The diffeomorphism

D), = (D2 g—>g-h e Dy,)

is called a right translation by the element h € @ (see [11]). The vector field
£on an open set 2 = D is called right-invariant (shortly, r-i) if £ is a-vertical
(e, ar§,= 0, g € Q) and if '§ is invariant with respect to all right trans-
lations by elements h e @ (i.e.; &= (Pp)ey(£,), g€ 2 and gh € Q). See
also [19].

Example. Let X be a vector field on an open subset U of a mani-
fold N and let X be generated by a local one-parameter group of diffeomor-
phisms f,. Then the family f¥ determined on the open set f~'[U] < n*(N)
by the formula

Y =jirf X, Yep'[U],

is a local one-parameter group of diffeomorphisms. It generates a vector
field X* which is r-i (see [30]).
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The mappings o: U —» @, where U is an open set in M such that
poo =idy and aoe: U — M is a diffeomorphism onto an open subset
of M, are called a-admissible B-sections.

The mapping ¢: a~'[U] - a~'[U’] defined by the formula

p(9) = g-o(ag), gea'[UT],

where o: U — @ is an a-admissible f-section such that eoe[U] = U’,
is called a right translation by the section o (see [11]).

THEOREM 1.1. If & is an r-t vector field on an open set Q c @, then
there ewists exactly one r-i vector field & on Q' = p~'[B[Q]] such that the
restriction of & to Q is equal to &. If & is smooth, then so is &'.

Proof. The existence and uniqueness of £ are evident. Assume
that £ is smooth. We take an arbitrary element a’ LY y belonging to
p'[B[2]] and an element # > y belonging to 2 (Bh = fg = y). Let
@: a”'[U] - a '[U’'] be a right translation by an a-admissible g-section
o: U — @ for which z e U and o(x) = ¢! h. We take ® = Qna™![U]
and @ = ¢[@]. Then he®, ge® and, clearly, &'|0' = (p|0O),(&]60),
which completes the proof.

Let us consider the vector bundle (see [24]) i* (T° D), i.e., first we take:
the vector subbundle 7" ® < T'® of the tangent bundle T'®, consisting
of all a-vertical vectors, and next we pull it back by the imbedding
t = (Maz>1, € D).

The r-i field £ on an open set 2 — @ determines a cross-section &,
of i*(T°®) over f[R2] by the formula )

(§0)z = (D,_)en(n); @ €B[L], he 2, and ph = a.

The correctness of that formula follows from (&), = &'(1,) (for & see
Theorem 1.1). If £ is smooth, then so is &,.

THEOREM 1.2. Every cross-section n of i* (T" @) over an open set U «¢ M’
can be extended uniquely to an r-i vector field n' on B~[U]. If n is smooth,
then so 18 7'.

Proof. We take a cross-section 5 of i*(T° ®) over an open set U =« M..
It determines a vector field " on ~'[U] = & by the formula

n'(h) = ((Dh)*lﬂh(n(ﬂh))’ hep ' [U].

Clearly, 7' is r-i. Let # be a smnooth cross-section. To prove the theorem
it suffices to show that »' is smooth in a neighbourhood of every unit.
l., zeU. '

Fix the unit l, , #, € U, and take a coordinate system z = (Z,, ..., Z,).
of the manifold M in the domain D; s x, and a coordinate system

A

A A
&= (&,..., &, Tpg1s o0y @n+m! Lpim+1r ---:‘ﬁzn-i-m)'
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of the manifold & in the domain D; such that

(a) 1, € D;,

(b) a[D;] = Dz, B[D;] <= Dy,

(¢) (%1 ..., 8,) = Top|D;,

(@) (#nimirs -vs Fonym) = Toa|D;.

Clearly, there exists a neighbourhood V < D; of I,  such that v, ce V
implies r-0eD;. If 0 eV, thenfori =1,...,2n+4+m

(n")o(&;) = (Po)esn(npn) (£;)
= Npo(£,0D,) = ﬂﬂa(qjﬁaa 7> 4;(7 0) GR)-
We take the imbedding
l = (R*"XR™x R"x R™ x R* — R**™ x R**™),
(@, b,c,d,e) — ((ay b, ), (c,d, 6))1
anc_l we put
W =1" [:E[V] xﬁ[V]] c R¥ntim,

W is an open set containing the point

(ﬁl (lzo)y sy £2n+m(l:co)’ ﬁn+l (lzo)7 ey ﬁ2n+m(lzo)) .

There exist smooth functions f;: W - R,7 =1, ..., 2n+m, for which

&(z-0) = (‘f’l(")v ooy Bpim(T), £,(0), '°'7ﬁ2n+m(a))7 t=1,...,2n+m,

where 7, ¢ € V and 7-o is defined. Hence

(1) (&) = 0o (Fs (820 -+ o5 Bnsmn ()s 81(0)5 - -5 B0y m(0)))

n+m

= 2 nﬁa(‘ij) 'fil:i (‘i"l(lﬂa)’ X)) £n+m(lﬁa)7 @1(0'), IXRY) ﬁ2n+m(a)) .

j=1
Finally, to complete the proof it suffices to see that the function
Vaal—)ﬂﬂ,(fj), j=1,...,n+m,

Voo '—’fm (ﬁx(lﬁa)’ ceey 5’n+m(lpo)’ £1(0)y ...y £2n+m(°')))
t=1,..,2n4m, j=1,...,n4+m,
are smooth.

From Theorem 1.2 it follows that if £ is an r-i vector field on an open
set 2 = &, then for any point g € 2 there exists a globally defined r-i
vector field n on @ such that £|@ = 7|©@ for an open set @ = 2, where
geo.

We shall continue to assume that the r-i vector fields under con-
sideration are smooth.
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Let & and n be some r-i vector fields on an open set B~'[U], U = M.
Then the following statements are true:
(i) The Poisson bracket [&, n] is also an r-1 vector field.
(ii) If f belongs to C®°(M | U), then the vector field (fop)-& is also r-
and we have

(foB) & =(f-&)'y [& (foB) m] = (foB)(&, n]+(Beé)(f) m,

where &, 18 a cross-section of i*(T° D) over U determined by the formula
(&)= &(L,), 2 € U (for (f-&,) see Theorem 1.2).
_ (i) & i8 B-related to ewactly one vector field X on U. If we denote by
B+ the morphism

P (T°P)s v > Pe(v) e TH,

then X is equal to B0 &, and it is denoted by P, &.

(iv) The vector space of all smooth global cross-sections of i* (T D), namely
C®(i*(I°®P)) with bracket [, ] defined by [&,n] = [&,7']s, i8 an R-Lie
algebra. This bracket has the property

[&,f-n] =F-1& 0]+ (B E) ().

(v) The morphism B has the following properties:

(a) Be i3 an epimorphism,

(b) C°(Ba): C°(i*(T°®)) - C°(TM) is an R-Lie algebra homomor-
phism.

A Lie algebroid (shortly, L.a.) is a collection

A=(4,1,17)
in which
(1) A is a vector bundle over any manifold M;
(2) [,]: 0~(4) x C(4) - C>(4) is a mapping such that (C*(4), [,])
is a Lie algebra (over R);
(3) y: A — TM is an epimorphism of the vector bundles;
(4) if #, u € C*(4) and f € C*(M), then

[n,f-ul =fIn, pl+(on)(f) u;
(8) C=(y): C*(4) - C®(TM) is an R-Lie algebra homomorphism.
Thus an arbitrary L.g. & = (@, (a, B), M, -} determines any object
(1.1) (*(T°®), [,1,84)

which is a Lie algebroid (see [24]).

This definition is almost identical with that of Pradines [24]. It differs
in that Pradines does not require for the morphism y to be an epimorphism.
The reason is the fact that Pradines associates such an object with an
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object more general than L.g., namely with the differential one (sec also
1], [2], [9], [10], [20]).
Example. The L.a. of the L.g. =*(M) is isomorphic to

(J*(T3), 1 , 1,h),
where
(i) J¥(TM) is the vector bundle of the k-th order jets of vector
fields of M,
(i) B = (J*(TM)> j%6 > O (w) e T M), |
(iii) [,]: C®(J*(TM)) x C°(J*(TM)) — C(J*(TM)) is the only map-
ping for which (C®(J*(TM)), [, ) is a Lie algebra and

[o, f-n] = flo, 71+ (Bo)(f) 7

for o,neC*(J*(TM)) and feC™(M).
. Investigations of such objects were carried out by Libermann [13],

[14].

Example; The L.a. of the trivial L.g. M XG XM is a collection
(TM xg,[,]1,8), where

(i) g is the Lie algebra of the Lie group G;

(ii) TM x g is the vector bundle over M in which a fibre over » € M
is equal to T,M X g;

(iii) f = (TM xg> (v, u) >0 eTM);

(iv) if X, X’ are two vector fields on M and k, h': M — g are two
smooth mappings, then

[[(X’ h)) (X'a h”)]] = ([X’ .X'],.Z’xh' _ZX’h'I'[h’ h'])-

A smooth mapping F': |2 — &', where @ and P’ are spaces of the
L.g.’s

(1.2) P = (¢; (ay B), M, ')’ P = (dy’ (o', '), M, "-)7

and 2 contains all units 1.,z € M, is called a local homomorphism from
@ into &' if '

(i) a'oF = a|Q, f'oF = p|Q,

(ii) 2,2, 22" € 2 implies F(z2-2") = F(z)-F(2').

If Q = &, then the local homomorphism is called a homomorphism
from & into @&’ (see [27]).

Let F: &2 — @' be a local homomorphism from & into @’. It is
eagsy to see that the mapping

F, = (i*(T°®) 2 v > Fy(v) €™ (T° D))

has the following properties:
(i) B, is a morphism of the vector bundles;
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(ii) if & is a cross-section of ¢*(T° ®), then & and ( F',o £)’ are F-related
(see Theorem 1.2);

(iii) ¢*(F,) is a Lie algebra. homomorphism;
(iv) the diagram

F )
'i*(T°¢) __"___> i"(TOQ )

% A
TM

is commutative.

From these properties we infer that the following definition is justified
[11], [24]:

Definition 1.1. Let

A=(4,1,17 and A" = (4, |Iy]]’17”)

be arbitrary L.a.’s over a manifold M. A morphism H: A — A’ of the
vector bundles is called an L.a. morphism if C®(H): 0®°(4) - C0®(4")
is a Lie algebra homomorphism and the following diagram is commutative:

The assignment of the L.a. (1.1) to an L.g. (0.1) and of the L.a. homo-
morphism F, to an L.g. homomorphism F is a covariant functor from
the category of L.g. into the one of L.a. It is called the Lie functor for L.g.

2. Groupoid of 3-admissible g-sections I, ,,,(M , #). The L.g. & defined
by (0.1) determines another very important object, namely the groupoid
of p-admissible a-sections (see [11] and [12]) I,,,(M, @). It consists
of such local sections ¢: M |U — @ of the surmersion a: & — M for which
U and U’ = poce[U] = M are open sets and foo: M|U > M|U’ is
a diffeomorphism. The element o(x) will often be denoted by o,, and the
topology of M by TopM. We define the mappings

a,b: T,1oo(M, @) — TopM
by the formulas
a(e) = D,, b(o) =poac[D,],
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where ¢: M|D, - @ (i.e., D, is the domain of the ¢) for ¢ belonging to
I, 100(M, #). The multiplication z-¢ for ¢: M|U > P and z: M|U’
— @ belonging to I', 1,.(M, @) is defined if foo[U] = U’, and we have

0o =(Usx F> Tp(a,) Oz € D).

The collection (I, 0,(M, ®), (a,b), TopM,-) is a groupoid. It is
called a groupoid of p-admissible a-sections. The isotropy group over the
unit M of this groupoid is denoted by I,(M, &). It is easy to find that
there exists a natural isomorphism between the groupoid I',,,.(M, #) and
the groupoid of local right translations of & (see [11]).

Let & be an arbitrary L.g. defined by (0.1). For each cross-section
& of i*(T° @) the r-i vector field generated by £ is denoted by &’ (see Theo-
rem 1.2). Every integral curve y of & lies in @, for some point = € M,
namely if y passes through 2, then y lies in @,,.

Let & be an arbitrary fixed global cross-section of ¢*(T°®). It is easy
to see that the following statements are true:

(i) If 2, 2" belong to @, z-2’ is defined, and y is an integral curve of
&' passing through 2, then 9’ = @,0y is also an integral curve of & and
it passes through z-z'.

(ii) We take a certain point #, € M and

p: ' xI, - P,

a local one-parameter group of diffeomorphisms (shortly, l.o-p.g.d.),
which generates ¢’ on an open set Q' < @ containing I, , I, = (—¢, ¢).

Then

(8) 2,2',2°2' € Q imply ,(2:7') = @(2)-2, tel,;

(b) z2€ 2" and 15, € Q' imply ¢,(2) = ¢(ls,) 2, t€l,;

(c) if I,e&, sel,, lygq,) € ', then for every t eI, such that
t+8el, we have

(Pl+s(lz) = ¢t(lﬁ(¢s(lx))).¢8(lz)’

THEOREM 2.1. Let & belong to C*(i*(T°®)). For every point © e M
there exist a netghbourhood U <« M of ®, a number ¢ > 0, and an l.o-p.g4.d.

(2.1) ¢': BUIXI, - D
which generates &' on p~'[U].
Proof. Let us take an arbitrary fixed point # € M and an l.o-p.g.d.

@: 2 x I, - @ which generates & on the open set 2 = @ containing the
unit I,. Put U = +~![2]. By (ii) the mapping ¢’ must be defined by

q)’(z’t) =q)(lﬁz) t)'z’ ZEﬂ_l[U], tEIc'
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It suffices to show that ¢’ is an l.o-p.g.d. which generates &’|8~'[U].
By the above it is easy to find that

(8) ¢'(2,0) =2, 2 [U];

() 9iss(2) = 9(95(2)), 2, 05(2) € B (U, 8,1, 8+tel,;

(¢) ¢’ generates &'|f~'[U].

To complete the proof it remains to see that ¢'(-,1), teI,, is a dif-
feomorphism.

Let ¢’ be an L.o-p.g.d. which generates & on f~'[U],where ¢ is a cross-
section of the vector bundle i*(T° ®) over the open set U = M.

Put

Exp(t, &) = got|U.
The mapping Exp (¢, &): M|U — & is an a-section. It is easy to find

that
(i) the mapping

p = (UxIL>(y,1) > (BoExp(t, &) (y) € M)

is an lo-p.g.d. which generates f,¢&’;
(ii) Exp(¢, &) is a B-admissible a-section, i.e.

Exp(t, &) € I, 10 (M, P);
(iii) if U’ = y,[U], then
gi: PIFI[U] > B|Ip7'[U'], tel,

are left translations.

The mapping 8: I, - I, ,.(M, @) is called a local smooth one-par
ameter subgroup (shortly, 1.8.0-p.s.) of the groupoid I',,,(M,P) on th
open set U = M ([11], [12]) if

(i) 8;:= 8(t) is defined on the set U;

(ii) the mapping 8 = (U x 1,5 (@, t) — 8,(») € P) is smooth;

(iii) Sy =¢| U;

(iv) s,t,8+tel, and @, o 8,(») e U imply

8ost(@) = 8;(Bo 8, (@) 8, ().

THEOREM 2.2. (a) If & is a local cross-section of i* (T" D) over an open
set U c M, and ¢’ is an l.o-p.g.d. (2.1) which generates £, then

8 = (I> t > Exp(t, &) € Typool M, &)

18 an 1.8.0-p.8. of I', 0(M, D) over U. (In this case § is said to be generated
by &)

(b) Conversely, every l.s.0-p.s. of I, ,.(M, ®) over an open set U c M
18 generated by ewactly one cross-section of i* (T° D) over U.
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Proof. (a) is evident.
(b) Let 8 be an ls.o-p.s. of I, ,,,(M, ®) over an open set U < M.
The uniqueness of £ which generates S follows from the equality

0
(2.2) E(@) = (8)(®))s (W ), veU.
0

We take the cross-section defined by (2.2). It is easy to see that the
mapping
¢ = (BUIXI,> (2,1) > 8y(pz)-2 € D)

is an l.o-p.g.d. which generates &’. The above considerations prove that
&' is smooth, and so is £&. Now we see that

(Exp(t, &))(2) = ¢'(Ly 1) = Sy(2), wel.

A vector field on a manifold is called complete if it is globally defined
and generated by a global one-parameter group of diffeomorphisms
(shortly, g.o-p.g.d.). An r-i vector field 5 on an L.g. & defined by (0.1) is com-
plete if and only if the vector field f.7 is complete on the manifold M
(see [11] and [12]).

A cross-section £ of i*(T°®) is called complete if &' is complete on @.

An ls.0-p.s. of I',,.(M, ®) is called a global smooth one-parameter
subgroup (shortly, g.s.o-p.s.) of the group I,(M, &¥) if it is over M and
is defined on R.

A mapping 8: R — I',(M, &) is a g.8.0-p.s. of I',(M, ®) if and only if

(i) the mapping 8 = (M X R 3 (z, t) > 8(t)(x) € D) is smooth;

(1i) S s a homomorphism of the additive group R into I',(M, ®).

If & is a complete cross-section of i*(T° D), then

8 = (Rat—Exp(t, §) e I,(M, D))

i8 a g.s.0-p.s. of I',(M, D), and

(i) (8C)(@))sol(0/02)]0) = &(2), ® € M,

(ii) Bo 8 is a g.o-p.g.d. which generates P &.

Every g.s.0-p.s. of I',(M, ®) is generated by exvactly one complete cross-
section of i*(T° D).

3. Exponential mapping for Lie groupoids. We denote by C3(i* (T° ®))
the set of all global cross-sections & of i*(T° @) such that 8, £ has a compact

support. They are complete.
The mapping

Exp, = (O (i*(T°®)) > & —Exp(1, &) e I (M, D))

is called an exponential mapping on the L.g. @ defined by (0.1) (see [11],
[27], and [28]).
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For a cross-section & e CY (i*(T°®P)) and a number s € R the equality
Exp(1, s&) = Exp(s, §) holds.

THEOREM 3.1. Let F: | Q2 — D' be a local homomorphism from
& into @' defined by (1.2). Assume that x, 18 an arbilrary point in M,
& e OP(i*(T° D)) a cross-section, and & > 0 a number such that the relation

(Expoté)(a,) € 2

holds for every tel,,,. Then there ewist a number & (0 <& <¢) and a
neighbourhood U of @, such that

(i) (Bxpoté)(@w)e 2 for v U and |t <1+¢,

(i) (Bxpor (40 £) (@) = F((Expoé)(a) for v € U.

Proof. Since f,0(F40 £)(®) = B0 £(®), We have

FooteCPi™(T9).
Put
§~1[2] is an open subset of M x R containing {#,} x I, ,,. It is easily

seen that there exist a neighbourhood U of z, and a number &' (0 < &' < ¢)
such that

UxI,,<c8'[Q]
For an arbitrary point (#,?) e U X I,,, we have
(Expoté) (@) = S(=, 1) € 2.
Hence the mapping
S = (IH,. 5 t > Fo((Expet£)| U) € Iy 100 ( M, di))
is an 18.0-p.s. of I',;o(M, ®) over U, which is generated by (#.08) T.

Therefore, equality (ii) holds.

Let us take the cross-sections &, ..., £, € CX(i*(T°®)) which are
a basis of *(T°®) over U c M. The r-i vector fields &;|®,, ..., &, D,
are a basis of T'(®,) over @, Np~'[U] for an arbitrary point # € M. A basic
property of the exponential mapping is given in the sequel.

THEOREM 3.2. For each point ®x,€ U there ewist open neighbourhoods
U, < B of 0 and U’ <= U of », such that the mapping "

Exp, = (Um x U 3 (a,...,a™, o) |—>(Exp¢ i a‘E,-)(m) € cD)

=1

48 a diffeomorphism onto its open image.

For the proof we need the following lemma which is known from
theory of differential equations:

8 — Collnquium Mathematicum 47.2



278 J. KUBARSKI

LemMma. If Z,, ...,Z,, are some vector fields on the manifold M, then for
any point Yy, € M there exist a neighbourhood W of y, and a cube

or = {(ay...,a™) eR™: |a'|< K,i=1,...,m}, O0<K< o,
such that for each point y € W and a € Qg there exists an integral curve

Py.a* I, - M, ‘Pﬂ.a(o) =Y,

m
of the vector field > a'Z;, and the mapping

i=1
p = (WXI, X Qg3 (Yt a)>p,,(l) € M)
18 smooth.

Proofof Theorem 3.2. From the above lemma it follows that for any
point 2, € U there exist neighbourhoods U,, =« R™ of 0 and U’ = U of =,

such that the mapping Exp, is smooth. To prove the theorem it suffices to

show that the differential (E—x-p,,)...(o_zo, is an isomorphism. First, we shall
prove that the differential at the point a = 0 of the mapping

EE),,(%) = (Uma (aty ..., a") — (EXPOZ":1 a‘Ei)(mo) € ¢zo)

{=1
is an isomorphism. Denote this mapping by x» and identify the tangent
spaces T'((R™) and leo(quo) with R™ by means of the following isomor-
phism:
m
T(R™) > 2 ce; > (c1,...,c™) e R™,

t=1

m
T, (2,)2 D dE (L) (6 ...y €™) € BT,

=1

Then xs, = id,,,. Indeed, if b=(b,...,0™)€eR™ is an arbitrary
point and 4, = (B> 8 > 8-b € R™), then
d
-
0

at

%ug (D) = (%0 2p)ag

m
because x0 4, is an integral curve of the vector field 3 b &;| @, , and x04,(0)
i=1

= x,. Now, the theorem is implied by the following fact:
If p: P> N, q: PP - N are coregular mappings and f: P - P’ is
a mapping such that gof = p, and p, € P, , = p(p,),
fH =127 [{zo}]: Plp ' [{@o}] = P’|q ' [{%o}],

and (fy)sp, i an isomorphism, then f,, is also an isomorphism.
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The mapping inverse to Exp, is called the exponential coordinate
system determined by the cross-sections &y, ..., &, € C3(:*(T° ®)) which are
a basis in a neighbourhood of » € M.

COROLLARY. There ewists an open set Q = @ which contains all units
and 8 contained in the set

E = {(Expo &) (a): we M, £ eCP(*(T°9))}.

THEOREM 3.3. Let m and 1t be any subbundles of i*(T°®) such that
NI D) =m®n. Let &,..., &, € C(m) and Emi1y oy Emen € C5 (M) De
cross-sections which are a basis of m and n, respectively, over a non-empty
subset U ¢ M. Then the cross-sections &, ..., &y Epniyy -y Emyn are a basis

of ¢*(T°®P) over U. Let Exp, be defined for these sections. Then for each
point ® € U there ewist neighbourhoods U' < U of o, U, < BR™ of 0, and
U, = R" of 0 suck that the mapping
A U, xU, XU —» @
defined by
Aa, b, y) = Exp,((a, 0), BoExp,((0, b), 4))- Expa((0, 1), 9)
18 a diffeomorphism onto s open image.

Proof. Let Expy,: WX U, - @ be the diffeomorphism onto its
open image £, where W c R™*" = R™ X R" and U, c U are open sets
such that 0 e W and = € U,.

Since 4 is smooth, we can take neighbourhoods U,, =« R™of 0, U, < R*

of 0, and U’ = U, of # such that A[U,, xU,xU'] c 2. We denote by
(#*(2), ..., #™7"(2), a(2)) the exponential coordinates of z e 2. Then

w‘(]?—x—p,((a, 0),y)) =d, i=1,...,m+n9yecU,acW.
Let us take the mapping
t = (Bxp,)oi: U, xU,xU' -~ WxTU,
which is of the form

ta,d,y) = (tu(ai b), y)'

To prove the theorem it suffices to show that the differential (2,)sq,0,
is an isomorphism. For ¢ = 1, ..., m+n we have

t;(al, .OO’ am, bl’ CIC, bn)

= of ((Erp,, 3ate) (8o (Expo pRS éns)(@) - (Exp, pNTI (m)).
i=] =1 i=1
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Put

75 = (L.2 8 —1(0,...,0,8,0,...,0)eR) fori,j=1,...,m+n,
7—1
m+n

where ¢ > 0 and X I, < U, X U,. Then 7,;(s) = 8- 48}. Therefore, £,(0, 0)
= 6; and
det [#,,(0,0): i,j<m+n] =1 #£0,

which completes the proof.

THEOREM 3.4. An injective homomorphism F: @ — @' of the L.g.’s (1.2)
18 an tmmersion.

Proof. It is easy to prove that a homomorphism F = & — @’
is an immersion if and only if #,: ¢*(T°®) — i'*(T°¥’)is a monomorphism
of the vector bundles. Let F be injective. We shall prove that F, is a mono-
morphism. Let us take a vector v € ¢*(T°®) such that #,(v) = 0. Assume
that & e CP(i*(T°®)) is a cross-section for which £(#) = v. Then (Theo-
rem 3.1)

(Bxpot(Fy0 £)) (9) = (FoExp,té)(2).

Since F,o0 (@) = F,(v) =0, we have (F,o0£)'(l,) =0. Hence the
integral curve of (F.o0&) passing through l, is constant, and since
t > (Expo t(F40 &)) (@) is such a curve, we obtain

(Expot(Fi0 &) () = 1,.

Consequently, F ((Exp,i£)(»)) =1,, and from the injectivity of
F we get (Expyté)(w) = l,. Since ¢t +— (Expyié)(@) is an integral curve
of &, we have v = &(x) = £'(I,) = 0.
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