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1. Imtroduction. Kuratowski [3] has shown that at most 14 distinet-
sets can be constructed from a subset A of a topological space X by applica-
tion, in any order, of the closure, interior, and complement operators.
In [2] Herda and Metzler proved that if 14 distinct sets can be obtained
from A in this manner, then the cardinality of X is greater than or equal
to 7. They showed further that there exist a topological space X of cardi-
nality greater than or equal to 7 and a subset A of X from which exactly
14 sets can be obtained. Anusiak and Shum proved in [1] that if 4 is
a subset of a topological space X of cardinality » < 7, then at most 2n sets.
can be constructed from A by closure, interior, and complementation.

A variation on Kuratowski’s problem was posed recently by Smith [4].
Smith’s problem was to show that if union replaces complement,.
then at most 13 distinct sets can be constructed from A. If X = R! with
the usual topology, then

©0

A=Q(0,1)u{2—%} u(3,4)—{4—i}w y

Ne=] n n=1

where @ (0, 1) is the set of rationals in the interval (0, 1), is a subset of
R! from which 13 sets can be constructed.

In this paper, if A is a subset of a topological space X, we call associ-
ates of A the sets obtainable from A by application of the closure, interior,.
and union operators. We show that if a topological space X has a subset.
A with 13 distinet associates, then the cardinality of X is greater than
or equal to 9. Further, we determine the maximum number of distinct
associates of A for an arbitrary subset A of X if the cardinality of X is.
less than 9.

We note that if X is a finite T';-space (points are closed), then every
subset of X is closed as well as open; hence the number of associates of’
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A is equal to 1. If X is a finite T'y-space (given two distinet points, there
exists a neighborhood of one not containing the other) and 4 is a subset
of X, we show that the number of distinct associates of A is less than or
equal to 7. We prove that if a subset 4 of X has 7 distinet associates, then
the cardinality of X is greater than or equal to 6. If the cardinality of
X is less than 6, we determine the maximum number of distinct associates
of A.

In the following, we let a(A) denote the number of distinet associates
of A, and if X is of cardinality n, we let a*(n) denote the maximum number
of associates of A for an arbitrary subset 4 of X. As usual, A7, A°, and
A’ denote the closure, interior, and complement of A, respectively.

2. In this section we show that the cardinality of X is greater than or
equal to 9 if X contains a subset A with 13 distinct associates. First,
we give in the following diagram the possible distinet associates of A.
The diagram is directed upward by set inclusion.

A~ A =A"UA
l |
A~°~ A" U A
|
[
A°~u4d~° A" uAT°UA
/N /

A°~ A~° AT UA A °PUA
N/ AN /
A°-° A4°7°u4d

| l
A° A =A4A°UA
Fig. la Fig. 1b

LeMMA 1. If A is a subset of a topological space X and if x € A°"'NnA™>,
then {x} is mot open.

Proof. Assume that v € A°°'NnA™° and {x} is open. If 2 € 4, then
x € A° since {x} is open; hence # € A°~ which is a contradiction. If z ¢ 4,
then z ¢ A~ since {x} is open; hence x ¢ A™° which i8 a contradiction.
{Or see [2].)

LEMMA 2. If any one of the equalities

(1) AO—O =A—O’

(2) A°"uvd~° = A°",

(3) A™°~ = 4A°7,

(4) A°'nA~° =0
occurs, then all four occur and a(4) < 7.
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Proof. If A°~° = A~°, then
A°c A°” and A°TudT° =A°".

If A°"UA~° =A°", then A7°<c A4°7, 80 A™°" < A°7, but A°~
€ A™°7, hence A7°~ = A°". If A7°~ = A°", then

A=°c A~ and A°'NA~° =@.

KA 7'NnA™° =0,thenA™° < A°", 8047 °<c A°"°% but A° ° < A™°,
hence A°7° = A~° It follows that a(4)<7.

LEMMA 3. If A° =@ or if A~ = X, then a(4) < T.

Proof. If A° =@, then

A° =A°"° =A°" =0 and A°"UAT°=A4"°
50 ’
A°VA = A°"°VUA = A4°"vud =4 and A°"UVAT°UA =A"°UA,
thus a(4)< 7. If A~ = X, then
A" =A"°=A°"UVA°=A4A""°"" =X,
80
ATUA = A°UA = A"Uvd™PU4d =A4"""Uvd =X and a(4)<T.

LevMmA 4. If A° =A or if A=~ = A, then a(4) < 3.
Proof. If A° = A, then

A= = A" = A°TUA™° = A,

and also A°~° = A~° by Lemma 2. Further, no new associates are obtained
by taking unions, thus a(4)<<3. If A = A~, then A7° = A° = 4°"°
and, therefore,

A°" = A°"UAT° =A™

by Lemma 2. Further, taking unions just gives A~ again, thus a(4) < 3.
THEOREM 1. If a topological space X contains a subset A which has
13 distinct associates, then the cardinality of X is greater than or equal to 9.
Proof. Let A be a subset of X with 13 distinct associates; then
A°~ and A™°" are distinct, Hence A°~'NA™° # @ by Lemma 2; in fact,
A°~"'Nn A™° contains at least two points by Lemma 1. Let 4° = {@,, ..., z,}.
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A construction of 13 distinct associates from A° by adding a minimum
number of points is shown in Fig. 2a.

al‘i— = {®1y --+y Butss Tnier Tnir)
A7 = {®yy o0y Tpygy Bpys)
ATUA™ = {@, ..oy Tprg}
A" = {@1y eeey Zpyry mn+2} A™° = {zy,..., Tri1y Tpiay wﬂ+4}
AT = {Byy eeey By Ty}

A° = {&y, ..., 2,}

Fig. 2a
A- =A"UVAd
A7 TUA = {@1y oooy @pyny Tpysy Lppq}

AT UVATVA = {1, .00y Bpisy Tnir}

' /

o— -o° —
AT UVA ={®), ..y Tpiy Tpyay Tpigy Tppr} AT°VA = {2y, .., Bpyys
/ Tnt3s Tpiss Tnig}
o—o
A°T°PUA = {®yy..y @y y @y 1y Tpyyy Tppr}

(]
A =A°VA = {@yy ..y @py Ty gy Tpyq}

Fig. 2b

It follows from Fig. 2b that z,,,€ A, since z,,;, 7,,,€ A~ and
A T'NA° = {®,,3, T,,4} I8 Open; also z,,, € A, otherwise,

AT°UA =A7° A°"UA°UA = A°TUATS,
and
A7 °"UAd =A"°".

Since A has 13 associates, A° # @ and A~ # X by Lemma 3. Hence
n>1, and n+7 is less than the cardinality of X. Therefore, the cardi-

nality of X is greater than or equal to 9.
Further, if X is of cardinality » > 9, then there are a subset 4 of

X and a topology 7 on X such that a*(n) = a(4) = 13. For let

A = {z,, Ty, Tgy T19y T11) T12y +vy Ty}
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and let )
2 = {X7 B, (@1}, {T1y T}y {Byy Tsy Ty Tyy Tgy To}y {T1y T2y T4y Ts}s
{@2y Tgy T} {“’9}}'

Then # is a basis for the weakest topology = on X such that A has
13 distinct associates. This example, of course, i8 not unique.

3. In this section we determine the maximum number of associates
of A if A is an arbitrary subset of X and the cardinality of X is less than 9.

THEOREM 2. If X i8 a topological space of cardinality m <9, then
a* (n), the mazimum number of associates of A for an arbitrary subset A of
X, is given in the following table:

1 | 2 3 | 4 5'6'7 8
a*(n) | 1 3 3 | 5 7| 8 ll_O 12

Proof. First we note that if A =@ or if A = X, then a(4) = 1.
In particular, if n = 1, then a*(1) = 1. So we assume in the following that
A #0 and A # X. Further, if A° = A4 or if A~ = A, then a(4)<3
by Lemma 4. So we also assume that A° # A and A~ # A in the sequel.

If n =2, then it remains to consider the case 4 = {x,}, 4° = @,
and A~ = X. In this case, a(4) = 3 and the trivial topology on X gives
the maximum number of 3 associates.

If n = 3, then first consider A = {#,}. If A° =0 and if A~ = {&,, z,}
or if A~ = X, then a(4) = 3. Next consider 4 = {z,,2,}. If A- =X
and if A° = @ or if A° is a singleton, then a(A4) = 3. For » = 3 it is not
- difficult to check that there are 5 topologies on X which give the maximum
number of 3 associates for a subset A of X, one of which is the trivial
topology with 4 = {#,} or A = {®;, ®,}.

For n =4 we show that a*(4) = 5. First, let A = {z,}. If A~ =
{®,, @5}, then A~ has just 4 subsets, so a(4) < 4.

I A = {z,,, 2} and if A° =@, then

A° =A°"°=A°" =0 and A" UAT°=A4"°,
IA™° =0, then
A" =A°"vd~° =0 and a(d) =3.

If A=° + @, then, since x,, z; € A~ and A = {z,}, we have x, € A™°
and a(4)<5.
IfA_ = {wl’mz’wa’ 4134} = X and if AO =g’ then

AT° =4 VAT° =A"" =47 =X, A°=A°°=A°" =0

n

and
a(4d) = 3.
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Next, let A = {@,, z,}. If A~ = {@,, ®,, x;} and if 4° = {x,}, then
{x,, x5} is the only other possible distinct associate of A in Fig. 1a, and
a(A4) < 4. So suppose that A° = @; then

A° =A°"°=A4°" =@ and A°"UAT°=A4A"°,

IfA™° =0,then A™°~ = A° VA ™ ° =@ and a(4) =3. If A™° # 0,
then, since ;€ A~ and A = {x,, #,}, we have

A™° = {&,, @3} or {®,, s} and a(4d) =4.

If .A_ ={ﬂ')1, $2,$3,w4} =X, then

A™° = A" VAT°  =A""" =4~ = X.

IfA° =0,then A° = A°7° = A°~ = @ and a(4) = 3.S0 assume that
A° = {x,}; then x, e A°~ and A°” is not a 3-point set, since A°~'NA™
is not a singleton by Lemma 1. If A°~ = {z,} or A°~ = {x,, @,}, then

A°"UA = A°°UA = A°VUA =A and a(4) =3.

If A°- = {«,, x;}, then

A°TVA = {®,, @, @3}, A°"°VA = {m), 2, 35} Or {wy, Ty}
and
a(d) = 5.

If AO— == {ml,wz’ws’wg} - X, then Ao_o =X 311(1 a(A) =3-
Finally, let A = {x,, %;, ¥3} and assume that A~ = X; then
A™° =A°"UAT°=A4"°"" =4~ =X.

If 2, A°~, then A°" VA = X; whereas if #,¢ A°”, then A°"u A4
= A. Similarly, if x, € A°°, then A°°"°UA = X; whereas, if v, ¢ A°~°,
then A°7°UA = A. Hence a(4)<5.

If A={s,x} and # ={X, @, {x,}, {x;,z,}}, then & is a basis
for a topology r on X such that a(4) = a*(4) = 5.

A different approach will be used in the remaining cases.

n = 5. We show that a*(5) =7 Dby giving an example of a subset
A of X and a topology = on X such that a(4) = 7. Let

B = {X,@, {1}, {®1, @3}, {2, 25} )

be a basis for the topology r on X and let A = {=,, #,}; then a(4) = 7.

If A° =0 or if A— = X, then a(4) <7 by Lemma 3; so we will
agsume that A° 2@ and A~ #X. If A°°'ndA™° =@, then a(4)<< 7
by Lemma 2; 80 we will assume that A°"'NA~° = @. We have already
assumed that 4° # A and A~ # A since, otherwise, a(4) < 3 by Lemmas 4.

Given a subset A of X, at least 3 pairs of associates of A in Fig. 1a
are equal since X is of cardinality n = 5. If more than 3 pairs of associates
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of A in Fig. 1a are equal, then a(4) < 5. So it remains to consider the
case in which exactly 3 pairs of associates are equal. In this case the
cardinality of A° is equal to 1 and the cardinality of A~ is equal to 4,
since exactly 3 pairs of associates of A are equal and the cardinality of
X is equal to 5.

If A°°° = A°", then”

A°"c A™° and A™°=A°"ud""
If, in addition, A° = A°~°, then
A° = 4°"° = A= ={p}, A~° =A"UA° = {n,,u,, 25},
A~ = {@y, ®,, 03,2}, and A~ ={&y,...,%} =X,

but then
A °=A°"UA°=4""°"=4" =X,

which is a contradiction. If instead A~ = A~°", then
A° ={m}, A°7°=A" ={z,},

A™° = A°"VA™° = {&), x5, 05, %}, and A™°" =47 =X,
which is also a contradiction since more than 3 pairs of associates of 4 in
Fig. 1a are equal.

If A° = A°"°, A7° =A°"vAd~°, and A °" = A", then

A° =A°"° = {&,}, A° = {xy, 2y},
A7° = A°"VA™° = {xy, B3, %3, 2,}, and A" =47 =X,

which is again a contradiction.
n = 6. We show that a*(6) = 8 by first noting that if

# = {X,@, {1}, {25, 24, T,y T} {w11w37w4}7 {w6}}
and
A = {z,, 25, ¥},

then # is a basis for a topology 7 on X such that a(4) = 8. As in the case
n = b, we assume that

A° #@B, A- #X, A 'NnA™°#0, A°#A, and A #A

Given a subset A of X, at least 2 pairs of associates of A in Fig. 1a
are equal since X is of cardinality n = 6. If more than 2 pairs of associates
in Fig. 1a are equal, then a(4) < 7. So it remains to consider the case in
which exactly 2 pairs of associates of A are equal. In this case the cardinal-
ity of A°isequal to1 and the cardinality of A~ is equal to b, since exactly
2 pairs of associates of A are equal and the cardinality of X is equal to 6.
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If A°7° = A°", then 4°" < A™° and A7° = A°"VA~°. Hence
A° = {m}, A°° =A° ={m, a3}, A7° = A" VA™° = {2y, %,, %5, ¥},

A7 ={2yy..., %}, and A7 ={z;,...,7} =X,
but then
A=A UVUA T =A4"°" =4 =X,

and more than 2 pairs of associates of A in Fig. 1a are equal, which is
a contradiction.
If A °=A4°"UA™° and A7 °" =4, then

A° ={x,}, A°7° = {2, 2}, AT = {x,,,2},
A7 ={®y, ..., x5}, and A" =47 ={x4,...,2} =X,

which is a contradiction.
If A=° =A°"UA° and A° = A°"°, then

A° =A°° ={=}, A°7 ={=,},
A7° =A°"vAdA~° = {,, w'zy-'”a’%}’
A7 ={@y..., 2}, and A" ={m,...,%} =X,

which is again a contradiction.
If A° =A°°and A~ °~ =A™, then

A° =AT° ={m}, A ={m,3}, A° ={m,o, 5},
A°"UA~° = {w,, x5, %3, 2,}, and AT =47 ={m,,...,5}.

Hence, #, € A and z; or z,€ A since A°"'NA~° = {x,, x,} is open
and z;, v, € A~ . If &, € A, then

A°"UAT°UA =4 and a(4)<S8.
If v, ¢ A, then
A°"UAT°VUA = A°"UA™° and «a(4)<S8.
n = 7. We show that a*(7) = 10 by first noting that if

% = [X’ B, (@1} @1y To}y {@sy Tsy Tey Tr}y {1, Tay Tyy T}y {6y 21} {w’l}}
and .
A = {®,, 2, T},
then # is a basis for a topology v on X such that a(4) = 10. As in cases
n = b and » = 6, we assume that

A° #£@, A~ £X, A 'NnA° =0, A°#A, and A #A.
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Given a subset A of X, at least 2 associates of A in Fig. 1a are equal
gince X is of cardinality n = 7. If more than 2 associates of 4 in Fig. la
are equal, then a(4)< 9. So we consider the remaining case in which
exactly 2 associates are equal. Since the cardinality of X is equal to 7
and exactly 2 associates are equal, the cardinality of A° is equal to 1 and
the cardinality of A~ is equal to 6.

If A°7° =A° = {x,}, then

AT = {my, @}, A7° ={2, 25,2}, A°TVAT® = {2, 24,5, Ty},
A" ={®y,..., %5}, and A" ={w,,...,5}.

Hence x, € A since z, € A°; also a2, € A gince z; e A~ and {, x,}
is open. Thus A°"°UA = A4 and A7°"UVA4A = A7,580 a(4)<10.

If A=° = A°"uvAd~° then more than 2 associates of A in Fig. 1a
are equal. For if A°7° 3= A~°, then A~°" = A~ sgince

A° = {wl}, A°™° = {z,, mz}) AT = {wly Ty, ms}y
A7 = AT UAT® = {1, @2y gy 04, B}y AT ={2y,..., 0 =47;
for otherwise,
A" =X = A7° = A°UA™° = A~°",

If A=° = A~, then

A° = {m}, A°7° ={m,x}, A°" = {x,,,, 2},

A™° = {=,, 4, 4, Tg},

AO-UA-O ={w1,...,w5}, alld. .A—o— ={£B1,...,£6°} =.A.—-

Hence, #, € A and z, or z5€ A since A°"'NA™° = {x,, x;} is open.
Further, if x4 € 4, then

A~ UA™"UA = A,
and if xq ¢ A, then
A°TUAT°UA = A" UVA~°,

Hence a(4) < 10.

n = 8. By Theorem 1 the maximum number of associates of A for
an arbitrary subset A of X is less than or equal to 12. Let A = {x,, x;, z,}
and let

2 = {X’ By (@1} {1y Do}y {Tay o ovy Ba}y {B1y Tay Ty g}, {7, T3}, {ws}’i

then # is a basis for a topology v on X such that a(4) = a*(8) = 12.
We remark that r is the weakest topology on X such that a(4) = 8 and
that this example is not unique.

4 — Colloquium Mathematicum XXXVIIN.1
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4. Finally, in this section we draw some conclusions about associates
of 4 in a finite T';-space X.

THEOREM 3. If X is a finite T y-space and A is a subset of X, then a(4),
the maximum number of associates of A, is less than or equalto 7. If a(A) = T,
then the cardinality of X is greater than or equal to 6.

Proof. In a finite T, -space, A~ ° = A°~° and A°~ = A™°" (see Theo-
rem 3 in [2]). Hence A°"UA~° = A°", and a(4)< 7 by Lemma 2. If
a(Ad) = 7, then the cardinality of X is greater than or equal to 5 by
Theorem 2.

If a(A) = 7 and the cardinality of X is equal to 5, then we must have

A° ={m}, A7° = {m,as},
A°T = {@y, @y, B}, and AT = {B, Dy, T, Ta}.
But if , € A, then A°"UA = A~ ; whereas if , ¢ 4, then A°" U4 =
= A°~. In either case a(4) < 6, and we have a contradiction.

However, if the cardinality of X is equal to 6, then there exist
a T,topology r on X and a subset A of X such that a(4) = 7. For let

B = lX, B, {@1}, {1, T3}, {Ty, Ts, Te}, {T5y Te} {we}}y
A = {®,, &}
then & is a basis for a T,-topology 7 on X such that A has 7 distinet as-
sociates.

THEOREM 4. If X is a Ty-space of cardinality n <6, then a*(n),
the maximum number of associates of A for an arbitrary subset A of X, is
given in the following table:

n l 1 2 3 4 b

2 3 5 6

a* (n) l 1

Proof. If n = 1, then 7 = {X, @}, which is vacuously a T,-topology
on X, and a*(1) = 1. If n = 2, then the trivial topology is not T, and the
discrete topology gives a(A4) = 1 for all subsets A of X. The remaining
topology v = {X, @, {«,}}is T, and gives a(4) = 2for A = {&,} or 4 = {w,}.
If n = 3, then a*(3) < 3 by Theorem 2; if

T = {Xrga{wa}r{wna’a}} and A = {z,},
then 7 is a T,-topology on X such that 4 has 3 distinet associates. If
n = 4, then a*(4) < 5 by Theorem 2; further, if
B = {X,g;{ml}r{wa, w4}} and A = {z,, 2},

then # is a basis for a T,-topology r on X such that A has b distinct as-
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sociates. If » = b5, then, by the proof of Theorem 3, a*(5) < 6; further, if
B = {X’ B, {®:}, {@y, @a}, {4, T}, {“’5}} snd A4 = {2,,2,},

then &£ is a basis for a T,-topology v on X such that A has 6 distinet as-
sociates.
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