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ON SOME FORM DETERMINED BY A DISTRIBUTION
ON A RIEMANNIAN MANIFOLD

BY

G. ANDRZEJCZAK (1.0D%)

In the present paper we consider the orientation form of a distri-
bution E defined on a Riemannian manifold M. It is proved that, for
E integrable, that form is closed if and only if leaves of F are minimal and
the orthogonal complement E' is involutive.

Relations between the orientation form and the property of having
totally geodesic leaves are also studied.

Throughout the paper, M denotes an m- dlmensmna,l connected Rie-
mannian manifold of class C* with a Riemannian metric g and the Levi-
Civitd connection V. Let ¥ <« TM denote an arbitrary but fixed (smooth)
n-dimensional distribution over M, and let E+ be the orthogonal comple-
ment of E.

The distribution ¥ determines a 1-dimensional subbundle E*cA™(T* M)
defined as follows:

¢ € B*nA™(T, M) iff, for any Y e E*nT M,

e(¥X,y...;’) =0 for pe M.

The natural metric in E* gives rise to the subspace E, of normed
n-covectors:

¢ € B,nA*(TyM) iff ¢ € E* and |p(X,, ..., X,)] =1 for some (any)
orthonormal frame (X,,..., X,) in EnT ,M,p e M.

B, is a (not necessarily connected) 2-fold smooth covering of M.

Definition 1. The distribution F is orientable if E, is not connected.

Remark 1. It is easy to see that two different Riemannian metrics
give rise to diffeomorphic coverings of M. Hence the notion of orienta-
bility depends on the distribution only.

Definition 2. An orientation form of E with respect to the Rieman-
nian metric g over an open subset U of M is any continuous section
wel(U,E,).

The fact that E, is a smooth covering of M implies smoothness of
the orientation form.
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Remark 2. We can always define the orientation form locally.
A distribution admits a globally defined orientation form if and only if
it is orientable. One can define the orientability of ¥ in a different way
by considering the action of the fundamental group =(M, p,) (p, fixed
in M) over the 2-element set of orientations of the space EnT, M. The
action defines an induced homomorphism =(M, p,) - S, (the permuta-
tion group of a 2-element set). The definition is as follows: E is orientable
if the induced homomorphism = (M, p,) - S, is trivial.

Definition 3. The distribution F is minimal at a point p € M if
for some (any) orthonormal frame (X,, ..., X,) of ¥ over a neighbourhood
of p we have

(2 7xX) () =0,

where + denotes the component normal to E.

Definition 4. A distribution F is involutive at a point ¢ if for any
smooth Z,,Z, e I'(F) we have

[Z1,Z:)(q) € F,.

THEOREM 1. Suppose that the disiribution E — T M admits the orienta-
tion form w over an open set U — M. Then for p € U the following two con-
ditions are equivalent:

(i) dw(p) = 0;

(ii) E is minimal at p and E* is involutive at p.

Proof. Let V < U be a connected neighbourhood of p such that there
exists a basis of F over V. Let (X,, ..., X,) be a fixed orthonormal frame
of E over V, X, being vector fields on V. Changing, if necessary, the order
of the n-tuple we may assume that

w(Xl’ ceey Xﬂ) = 1-

This and the condition w € I'(U, E*) make it possible to compute the
value of w(X,,...,X; ,,Z,X;,.,,...,X,) for any Ze Z(M) and 2 <n
by the formula

o(Xyy ..., X; 1,2, Xi+1’ X, =92, X;).

Let Y, Y,, Y, be arbitrary vector fields orthogonal to E. Condition (i)
is equivalent to the conjunction

do(Y, X,y ..., X,)(p) =0
and
do(Y,,Y,, X;, ..., X;y ..., X,)(p) =0 for i< n,

where ~ means that the term is omitted.
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We obtain successively
dw(Y, Xl’ ooy Xﬂ)
= T (0( Xy ooy Z)+ D (—1 (X, Xy Ly oy Xy ooy XT,)
<

= — Zg([yy X1, X,)

- — Zg(vyx,., X,.)+29(VX,Y, b.4)
= ——Z Yg(xuxwzxfg(r xo—Zg(Y Vz, X

- —o[r, 7).

do(Y, Xl, veey X,)(p)= 0 for any ¥ e I'(E+) iff (va‘xi)l(p)=o;
Ao (X1, Yoy X1y oeny Xy onny X,) ‘
= —([Ty, Yal, X1y eeny Xyy oony X,) = (—1)9([ Y4, Y.], X)),
dw(Y,, Y,, X,y ..., )ff,, 4y X,)(p) = 0 for any i§ n
iff  [Y,, Y,)(») e BT, M.

CoroLLARY. Under the assumption of Theorem 1 and the assumption of
involutivity of E|, we have the following two pairs of equivalent conditions:

(i') do(p) = 0 for any p e N,

(ii') N i8 minimal and B+ is involutive at points of N, N being any
integral manifold of E|y;

(i"”) do = 0,

(ii") all the integral mamifolds of E |y are minimal and E* |, is invol-
ulive.

Remark 3. If the codimension of F equals 1 (n = m —1), then also
the invelutivity of E+ is assured.

If E is orientable and minimal, and E* is involutive, then the global
orientation form « determines an n-dimensional de Rham cohomology
class of M.

PROPOSITION. Suppose that M i3 compact orientable and that there
exists an orientable distribution E on M such that

(i) B and E' are involutive,

(ii) entegral manifolds of E and E+ are minimal.

6 — Colloquium Mathematicum XLI.1



82 G. ANDRZEJCZAK

Orientability both of E and M yield orientability of E+. Moreover, if
w and p are global orientation forms of E and E*, respectively, then wAu
i8 a volume element of M, and so

[w]Ulu] # 0

in the cohomology algebra of M.
Consequently, the cup product

U : H*(M) QH™ "(M) -~ H™ (M)

i8 an epimorphism.

Now we come to relations between the orientation form and the
property of having totally geodesic integral manifolds.

Definition 5. A form ¢ over U = M is parallel in a direction of ¥
if Vxp = 0 for each X € E|.

THEOREM 2. If E i3 a distribution orientable over U «c M and w 18
the orientation form, then we have the following two pairs of equivalent conditions:

(i) o t8 parallel in a direction of E,

(ii) |y 18 tnvolutive and its integral manifolds are toially geodesic;

(i) Vw =0,

(ii") E|y and B |, are imvolutive and their integral mamifolds are
totally geodesic. ‘

Proof.Let V, (X,,..., X,), Y, ¥,, ¥, be as in the proof of Theorem 1.
For ¢ < n,

(Vg,0)(Xyy ..oy Xp)
=X, 0(X,, ..., Xu)—w(Vx,Xu Xy X)) — oo —0(Xyy .oy Xy VX‘Xn)

- _2 9(Vx X;, X;) = —%Z’xig(x,,x,) —0.
J J
For ¢,j < n,
(inw)(Xl, ey Xy 1 Yy Xy ey X)
= —o(Xy, ..., X, ), inyr X1y ooy Xp) = _g(VJqY, X;)
= —X,9(Y, X;)+9(¥, Vg, X;) = g(¥Y, Vg X)).
Hence

(1) VX‘

Since [X;, X;] = Vx,X,—VxX,,

(Vra)(Xyy ooy X)) = = Yg(Vy Xy X) = 0.

w=0fori<n if VyX,eI'(V,E)forij<n.
we have (i) iff (ii):
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For i< n,
(Ve o) (Xyy ooy Xy ¥oy Xiiyy ooy Xp)
= —o(Xyy ..oy, Xy, Vp Yy Xipyy ooy X)) = —g(Vp, Yoy X))
Hence
(Vo) (Xyy ooy Xy gy Yoy Xy ooey X)) =0 for i<n
iff VyY,eI'(V,E').

Combining this with (1) we have the equivalence of conditions (i’)
and (ii’).
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