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1. Introduction. Throughout this paper G will denote a group equipped
with a Hausdorff topology in which left and right translations are contin-
uous functions from @ into itself. The space of all almost periodic functions
on G will be denoted by AP, and the space of all weakly almost periodic
functions on G by WAP. The first of these spaces is contained in the other,
and both consist of bounded complex functions. Both will be considered
with the norm

Iflle = s‘uaplf(t)l, where fe WAP.

It is known that on WAP there exists a unique two-sided invariant
mean u ([1], p. 15, Corollary 1.26) and that every function fe WAP admits
a unique decomposition

(1) f=Ff1+f: where fie AP and u(|fs]) =0

([1], p. 30, Theorem 2.22). The main result of the present paper deals
with the norms of the three members in (1). |

2. The functional x. Our general assumption on @ assures the existence
of the mean g on WAP, but in what follows we need also a mean for some
bounded functions beyond WAP. It will now be constructed.

Put, for an arbitrary function he WAP with x(lh|) = 0 and for an
arbitrary & > 0,

(2) A(hy &) = {te@: |h(2)| > ¢},

and let y, denote the characteristic function of a set A — G. Consider
first the space @, of all linear complex combinations

(3) @o(t) = D eixa,(t), Where A, A(h,, )

=1

for some functions hle WAP with u(|h]) =0 and for some numbers
&; > 0.
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It is easily seen that the space @, is two-sided translation invariant.
Now we prove that

(%) for every poe Dy, there exists te G such that py(t) = 0.

Take a @oe D, of form (3). Clearly,

UA < U A (hyy &)

=]
and applying (2) we get
UA(h,, &) < A(Zmd, ¢) for & =mine,.

i=1 1gi<n

o Sma) =,

=1

teG\A(Zn: Bl &)-

i=1

Since
there exists a point

Thus
n
t€ G’\ U .A.‘,

=1

whence, by (3), we have ¢,(t) = 0.

We define now a linear space @ of functions ¢ = @+ ¢, with gye D,
and ¢ a complex number.

Clearly, the space @ is also two-sided translation invariant. It
follows from (x) that, for every ¢e @, this decomposition is unique. Thus
setting u(p) = ¢, we get a linear functional z on @ which has all properties
of a mean, i.e.

4(p) = 0, whenever pe @ and ¢ > 0;

p(l) =1;

p(,9) = p(p,) = i(p), whenever pe @ and se@G.

- In fact, the first property follows from (x) and the two other are
obvious.

LeMMA 1. If A = @, y ¢ D and u(yy) = 0, and szzmtely many right
translations of a set B < G cover G, i.e.

n
\U Bs; =G  for some points s;e@,
=1
then Bn(G\A4) # 9.
Proof. Suppose, to the contrary, that B = A. It follows from the
assumptions that y, e @,, 50 xpe Py, and hence u(yg) = 0. Therefore,
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we have also x(xg,) = 0 for all ¢ and, consequently,

B X am) =0,

by the linearity of xz. However, the assumption on B gives

whence we get

a contradiction.

3. The main result. Lemma 1 enables us to prove the following
‘LeMmA 2. If A c @, y.¢ D and p(x4) = 0, then, for every function

he AP,

Ikl = sup |k(?)].
teG\ 4

Proof. It suffices to verify that, for each » > 0, there exists a point
we G\ 4 such that |h|,— |h(u)] < .

Take first any point #,e¢ G with
(4) Bl — 12 (%)l < m/2,

and consider the set N, = {se¢ G: |h,— hll, < 7/2}.
Since he AP by assumption, we have the equality

1‘Lnjl N,s; =G
for some finite system of points s;e @ and, therefore,
,-Olt"N"si =d@.
Hence t,N,n(G\A) # @ by virtue of Lemma 1. Thus there exists
a point ue G\ A such that u = t,s for some se N,. Then |k,—k| < 7/2,

whence ‘
(5) [h(to)] — R (208)] < /2.

Inequalities (4) and (5) give [h|l,— |k(%8)] < n, which completes
the proof.

THEOREM. If fe WAP, then, for the unique decomposition f = fi+f,,
where fie AP and u(lfy]) = 0, we have

(i) 1f2lleo < 2 llflloo -
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Proof. For an arbitrary ¢ > 0 consider the set A(f,, ¢) defined as
in (2). For each te G\ A (f,, &), we have |f,(f)| < ¢, and so

FAGIESAVE R AUVIER AUIH
therefore, |f;(?)| < lIflle+ & Thus

sup |f1(8)] < [Ifllos + €.

teG\ A(fy,¢)
Since x4y, g€ P and u(xyg,q) =0, it follows by Lemma 2 that
Ifillo < Ifllo + €. Since & > 0 is arbitrary, (i) follows.
To get (ii) write

Ifelle = If2+f1—Fillo < flleo + If1lleo < 2 [1fllo -

4. Remarks. I. The uniqueness of decomposition (1), i.e. f = f,+f,
for fe WAP, permits to define the following norm on WAP:

1Al = falleo + Ifelloo-
From (i) and (ii) we conclude that the norms ||f|| and [|f|,, are equiv-
alent; moreover, we get the estimation

(iii) 1l < 3 [l flloo -
II. If G is locally compact non-compact, then inequalities (i) and (ii),
and so the number 3 in (iii), are best possible.
Namely, let h £ 0 be a continuous function on G with a compact
support and let g(f) = |h(?)|. Then
g(?)

2(f) = —2
Ja(1) 9l

is a continuous function with a compact support; thus fye WAP and u(|f,)
=0 ([1], p. 41, Corollary 3.7). Taking f; =1 and f = f,+f,, we get
equalities in (i)- (iii).

III. In [2] it is stated that a WAP-function admits the unique de-
composition (1) provided that G is an Abelian locally compact group.
The method of proof in this case also yields inequality (i) (cf. [3]). Possibly,
it can be extended to non-commutative case as well. However, the method
used here is more elementary and the proof would not become easier
even by specializing G in any way.
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