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In [2], Frayne et al. gave an example of a simple group with ultra-
powers which are not simple. In this paper* we will obtain necessary and
sufficient conditions for a Boolean ultrapower to be simple, or subdirectly
irreducible, provided the language is countable.

Let A = (A4, #) be an algebra, and B = (B, v, A,’, 0,1> a Boolean
algebra. Assume that B is complete if Y is infinite. The Boolean power
A[B] has as its universe (written [W[B]|) the set of all mappings a of A
into B such that

(i) if a, b€ A, a # b, then a(a)A a(b) = 0;
(i) Va(a) =1.

aed
The fundamental operations are defined by
(iil) f(cgy-- 3 @n_1)(@) = V{te(@B) A ... A @p_1(84_y): f(Boy...,0,_,)= a}.
Let # be an ultrafilter on a Boolean algebra B. Define the relation
64 (A) on A[B] by

0y (A) = {<a, B> € |A[B]: la(a)/\ﬂ(a) e u}.

It can easily be shown that 0,4 () is a congruence on A[B]. We denote
the quotient algebra WA[B]/0,(A) by A[B]/%, and call it a Boolean ulira-
power of A. For £ e [A[B]| let [£], denote the image in |WU[B]/#|.

Remark 1. If B =~ 27 for some I (where 2 is the two-element Boolean
algebra), then A[B] = A[2!] =~ A!. Therefore, A[B]/« =~ N’ /%, and the
Boolean ultrapower in this case is just the familiar ultrapower.

An algebra U is simple if |[A| > 1 and the only congruence relations
on A are A, and V,, where 4, = {{a,a):ac A}, and V, = A X A.
An algebra % is said to be (a, b)-irreducible if a # b and every non-trivial
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congruence on Y identifies & and b. An algebra U is said to be subdirectly
irreducible if there are a, b € A such that U is (a, b)-irreducible. A simplic-
ity sentence is a first-order sentence all models of which are simple. Simi-
larly we define a subdirect trreducibility sentence.

An ultrafilter # on a Boolean algebra is said to be w-complete if,
whenever {zr,: » < o} < %,

N@,e¥.
n<o

% is said to be w-incomplets if it is not w-complete.

Remark 2. Principal ultrafilters on Boolean algebras are always
w-complete. Therefore, B must be infinite in order that w-incomplete
ultrafilters may exist.

An algebra U is a-saturated if every set of formulac {o;(x,): ¢ eI}
in the language of A, with fewer than a parameters from ||, which is
finitely satisfiable in U is also satisfiable in .

From now on we assume that the language of U is countable.

LEMMA 1. An w-saturated algebra A satisfies a simplicity (subdirect
trreductbility) sentence iff U is simple (subdirectly irreducible).

Proof. For the non-trivial direction, assume that U does not satisfy
a simplicity sentence. Taylor has shown in [4] that, for any a, b,¢,d€ 4,
(¢y d) € O(a, b) iff there exists an existential positive formula ¢(z, y, %, v)
which satisfies certain conditions, and % = ¢(a, b, ¢, d). Let {p;(2, ¥, 4, V)};<w
be all such formulae in our language. From [4] one can conclude the
following:

(1) A is not simple iff, for some a, b,0,d € A,

A= Tlgi(a, b, 0, d)&a #b  for all i< w;
(2) for every choice of ¢, (v, ¥, u, )y ooy 01, (@ Y, U, 0),
Voyuo(s £y >,V ... Vo)

is a simplicity sentence.

Therefore, suppose that W does not satisfy a simplicity sentence.
Then, for any ¢, ..., 1%, < o,

() A= "Vayuo(e £y >g,V ... Vo).

Let I' be the set of all formulae of the form

(@ # ?/)&(_I'P{(a’; Y, u, '”))-

From (3) we see that I" is finitely satisfiable in . Since U is w-satu-
rated, and the members of I" contain no parameters from |%|, I" is satis-
fiable in . (1) now implies that U is not simple. A similar proof holds
for the subdirect irreducibility case.
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-Now we need two results in [3]. ’

LeMmA 2. If % is an w-incomplete ulirafilter on a Booloan algebra B,
then A[B]/% i3 w,-saturated.

LeMMA 3. Let &, ..., &, € | U[B]| and suppose that o([Eyly, -- ., [E,,]q)
18 a sentence. Then

AB1/% = o([&odas -5 [£nla)
iff
Vi{éo(a)A ... A&u(ay): U= o(ag,y...,a,)} eX.

THEOREM 1. Let B be a Boolean algebra, and % an ulirafilter on B.
Then N[B]|u is simple (subdirectly irreducible) iff either U i3 w-complete
and A is simple (subdirectly irreductble) or W satisfies a simplicity (subdirect
irreducibility) sentence.

Proof. We will consider the case of simplicity — the ‘subdirect
irréeducibility case has a similar treatment. If U satisfies a simplicity sen-
tence, then, since A can elementarily be embedded in A[B]/# (see [3]),
WA[B]/% is simple. So assume that A is simple and # is w-complete. Let
the formulae ¢ mentioned in the proof of Lemmsa 1 be enumerated as
follows: @o, @1y ey Py .- (R< w). Let

8; = {{ay,y @1, 6, ¢1>: U I= (@, a4, 6, 6,)}.
Let &, 5, a, B be arbitrary elements of |A[B]| such that
V &(a)An(a,) e

ag#ay

(i.e. [£ly # [n])e in |A[B]/%}). Then, since A is simple,
V' V{&(ao) A (1) A a(co) A B(c1): <@g, @1y Coy 01> €8} €Z.

i<w

Hence (by w-completeness) for some ¢ < w we have

{&(ao) A n(81) A a(6) A B(ey): gy @1y €, 0> €8} €U,
l.e.

AB% &= pi([€las [1]as [aly, [Bla),

80 A[B]/% is simple.

Now, assume that A[B]/# is simple and # is w-incomplete. By
Lemma 2, A[B]/% is w,-saturated, hence w-saturated. By Lemma 1,
together with the fact that U is isomorphic to an elementary substructure
of A[B]/%, the proof is complete.

COROLLARY. For a given algebra U and for a given infinite Boolean
algebra B, W[B]/% is simple (subdirectly irreducible) for all % iff U satisfies
a simplicity sentence (subdirect irreducibility semience).
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In view of Remark 1 the above applies to a special case of ultrapow-
ers. Indeed, a similar result can be stated for ultraproducts.

THEOREM 2. Let % be an ultrafilter on a given infinite set I, and assume
that the language of our algebras A, is countable. Then [] W;/% is simple
(subdirectly irreducible) iff either U is w-complete and *<!

{ieI: A; i3 simple (subdirectly irreducible)} € U
or, for some simplicity sentence (subdirect irreducibility sentence) o,

ftel: W =oleu.
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