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Armbrust and Schmidt (1) prove that every group G of permutations
of a set A is the group of all automorphisms of an algebra whose base
set is A. The algebra which they construct has a single operation whose
rank is equal to the cardinal of A, and they observe that their theorem
is not true if the operations are required to be of finite rank. Given a car-
dinal m, we here consider the following two properties of the group @
of permutations of A:

an(G). G is the group of all automorphisms of an algebra A whose base
set is A, and all of whose operations are of rank less than m.

Pm(G). For every permutation ¢ of A, if for every subset X of A with
fewer than m elements there exists a member of G that agrees with ¢ on X,
hen pe(.

It is almost obvious that a,, (@) implies g, +1(@). Using a construction
similar to the one in (1) we prove that, except in the case m — 2, fn(@)
implies @, (G). Thus for m infinite the properties a,,(G) and B,(G) are
equivalent. The case m = 8, is of course the one of greatest interest.
For m finite, examples show that neither of the two implications can
be reversed, and the problem of characterizing those groups @ for which
@ (@) holds is therefore not completely solved (P 626).

THEOREM 1. For any cardinal m, a,(G) implies By 1(G).

Proof. Suppose 4 = (4, F;>;; is an algebra all of whose operations
are of rank less than m, and suppose the group of all automorphisms
of 4 is . Consider any permutation ¢ of A4 that satisfies the hypothesis
of fmi1(G). Given iel, and a sequence x — gy By eiog Bics s o Dnco(i)y
where ¢(i) is the rank of F;, the set X = {m,|x < 0(4)} v {F;(x)} has
fewer than m 41 elements, and therefore there exists a member ¢ of G

(!) M. Armbrust and J. Se¢ ] um Cayleyschen Darstellungssatz, Mathe-
matische Annalen 154 (1964), p. J0°%3. N '
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that agrees with ¢ on X. Consequently
Fi(gw) = Fi(ow) = o(Fi(a)) = ¢(Fi(x)).

Thus ¢ is an automorphism of A; i.e., gpe@G.

THEOREM 2. For any cardinal m +# 2, fn(G) tmplies a,(G).

Proof. First suppose m >2. Assuming that f,(G) holds, let K
be the set of all one-to-one sequences of elements of A having more than
one term but fewer than m terms. For x<K let o(x) be the type of the
sequence x, and define an operation F, of rank o¢(x) over A by the con-
dition that, for each p(z)-termed sequence y of elements of A,

Y if yeGu
Foy) =1" . ’
y, if  yéGa.

Here Gz is the set of all images ox of the sequence x under the mem-
bers ¢ of G. We complete the proof of the theorem by showing that ¢
is the group of all automorphisms of the algebra

A= <AyFa:>meK-

Suppose ¢geG. Given ze K and a sequence y of type o(x) of elements
of A, observe that yeGwx iff gyeGar. Therefore, if yeGa, then

Fi(py) = @(Yo) = (P(F:r(y))7
but if y ¢G, then

Folpy) = (1) = ¢(Fa(y)).

Consequently ¢ is an automorphism of A.

Suppose @ ¢G. Then there exists a subset X of 4 with fewer than m
elements, such that no member of G agrees with ¢ on X. We can ob-
viously choose the set X in such a way that it has at least two elements.
Arranging the members of X into a one-to-one sequence x, we therefore
have xeK. Obviously xeGx, but on the other hand ¢z¢Gr. Conse-
quently

Fo(gn) = ¢(@1) # ¢(@,) = ¢(Fu(x)),

and ¢ is therefore not an automorphism of A.

The cases m = 0 and m = 1 are trivial. Each of the conditions
Bo(G) and B,(G) implies that G is the group of all permutations of A,
and we may therefore take for our algebra A the algebra with base set A
and no operations.

THEOREM 3. For every infinite  cardinal m, the conditions a,(G)
and B, (G) are equivalent. )
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Proof. By Theorems 1 and 2.
The three counterexamples that follow supplement the above results.

EXAMPLE 1. $,(G) does not imply ay(@).

Let A be the union of two disjoint sets B and C, each with at least
three elements, and let ¢ be the group of all those permutations of A
that map B onto B and C onto (. Clearly $,(@) holds. We claim that
the only unary operation F that is preserved by every member of @ is
the identity map. In fact, if F(x) =y +# @, then there exist g, 0 €@
such that ¢(z) = o'(@) but o(y) # o’(y). If F were preserved by both ¢
and ¢', then we would have

a(y) = Flo(x)) = F(o' (2)) = o' (y),

a contradiction. Tt readily follows that a,(@) fails.

ExampLe 2. If m is a non-zero finite cardinal, then a,,(G) does
not imply L (G).

Let A4 be a set with m-+1 elements, and let ¢ be the alternating
group on A. Given an (m—1)-element subset X of A, every one-to-one
mapping of X into 4 can be extended in exactly two ways to a permu-
tation of A, and one of these permutations is even, the other odd. There-
fore, every permutation of A agrees on X with some member of . This
shows that f,(G) fails.

To prove that a,(G) holds, we construct a single operation F of
rank m—1 over A, such that the group of all automorphisms of the al-
gebra A = (A, F') is . Arrange the elements of A4 into a one-to-one
sequence @ = (g, £y, ..., &yy. If the (m—1)-termed sequence y of ele-
ments of A is not one-to-one, then we let ¥(y) = y,. On the other hand,
if ¥ is one-to-one, then there exists exactly one member ¢ of G that maps
&; onto y; for ¢ = 0,1,...,m—2, and we let F(y) = o(&pm_,).

If y is not one-to-one, then obviously F(¢y) = ¢(F(y)) for every
permutation ¢ of A. Consider now the case when vy is one-to-one, and
let o be the member of ¢ that maps x; onto y; for ¢ = 0,1,...,m—2.
If the permutation ¢ of A is even, then the member ¢’ of G that maps a;
onto ¢(y;) for i = 0,1,...,m—2 is equal to ¢o, and therefore

F(py) = go(@n_,) = ¢(F(y)).

On the other hand, if ¢ is odd, then ¢’ # go. Since two distinct
permutations must differ in at least two places, we must have ¢ (o (@m_y))
# 0 (®y_ ). Therefore

Flgy) = o' (@n_1) # ¢o(@n_y) = ¢(F(y)).

This shows that the automorphism group of A is G.
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ExAMPLE 3. If m is a non-zero finite cardinal, then B, ,(G) does
not imply a,(G).

Proof. First consider the case m > 1. Let A be the union of disjoint
sets By, By, ..., By, all with the same number »n of elements, where
n=m-+2. Let G be the group of all permutations ¢ of A such that ¢
maps each of the sets B; onto a set B;. Thus each geG’ induces a per-
mutation ¢* of the family B = {B,, B, ..., B,}. We let G be the set
of all pe@’ such that ¢* is even.

Consider any permutation ¢ of A that satisfies the hypothesis of
Bmi1(G). If u,veB;, then ¢ agrees on {u, v} with some member of &, and
therefore ¢ (u) and ¢(v) belong to the same member of B. Thus ¢eG’ .
Furthermore, if we pick x;e¢B; for ¢ = 0,1,..., m—1, then ¢ agrees on
the set {wy, #;, ..., ®m_;} With some member o of . The induced maps ¢*
and o* agree on m—1 of the members of B, and must therefore be equal.
Consequently ¢* is even, so that ¢eG. _

In order to prove that a,(G) fails, we shall show that if an operation
F of rank r << m is preserved by all the members of @, then it is preserved
by every member of G'. Observe first that if # is any r-termed sequence
of elements of 4, then F(x) must be one of the terms x,, for otherwise
we can find a permutation in G that moves F(x) but leaves all the terms z;
fixed. Given ge@G’, it is also easy to see that gz = ox for some se@@, and
from this it follows that

F(gw) = F(ox) = o(F(2) = o(@,) = ¢(2p) = ¢(F(2)).

Regarding the case m = 1, we observe that f£,(#) holds iff A4 is
partitioned into sets B;, with G' consisting of precisely those permuta-
tions of 4 that map each B; onto itself. On the other hand, a,(G) means
that ¢ is the set of all automorphisms ot an algebra with a set U of dis-
tinguished element, and with no operations of positive rank; i.e., ¢ is
the group of all those permutations of A that leave each member of U
fixed. From this it is clear that f,(G) does not imply «a,(G).
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