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1. Introduction. A set Y in a space is said to be peripherally separable
[6] if BAY is separable. A space is said to be locally peripherally separable
[6] if it has a basis consisting of peripherally separable open sets. A space
X is said to satisfy condition A if, given any collection of disjoint closed
sets {F;]1e A} in X, for each ie A there exists an x;¢ F;, such that

Cl{U Fy)— U F; c Cl{z, | de A}.

This condition guarantees that any pseudo-open mapping f from X
onto Y satisfies the following property: for each subset 8 of Y, there
exists a subset T of f~'(8), containing exactly one point of each f~'(S),
such that f(ClT) > C18 (we have f(C1T) = C18 by continuity). This prop-
erty is analogous to the defining property of almost open mappings:
a mapping f: X — Y is almost open [1] if, for each ye Y, there is a point
xe f~'(y) such that whenever U is an open set containing z, then y ¢ Intf( U).
(Equivalently, f(2™") c ™, where 2™ — {W|ze IntW}. Note that the
continuity of f implies f(#'™%) > y™*)

Jones [6] has investigated the property of local peripheral separability
in metric spaces and has shown that a connected, locally connected,
locally peripherally separable metric space is separable. Treybig [10]
and Roy [7] have given examples showing that the hypothesis of local
connectedness is required. We show that, in the class of stratifiable spaces,
condition A implies that every open set is peripherally separable. We
conclude from this that a connected stratifiable space satisfying condition A
is separable. In fact, we show that, in the class of Nagata spaces, con-
dition A is equivalent to the separability of a space minus its isolated
points. Analogous results are given for developable spaces. All spaces are
assumed to be T,.

2. Semi-stratifiable spaces. The following diagram summarizes the
relationships between several generalizations of metric spaces which we
shall refer to:
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We also recall that the Nagata spaces are precisely the stratifiable
first countable spaces (see [4], Theorem 3.1), and the semi-metric spaces
are precisely the first countable semi-stratifiable spaces (see [5], Corol-
lary 1.4).

LemMA. If X is a stratifiable space, then, given an open set U < X,
there is a sequence {U,} of open sets such that

UU,=U and OIU,< U,., for each n.

Proof. Let {U,} be the sequence of open sets assigned to U by the
stratification of X. Let U, = U,. Since X is normal ([4], Theorem 2.2),
there exists an open set V, such that ClU, < V, < ClV, <« U. We let
U, = U,uV, and continue by an obvious induction argument.

THEOREM 1. If a stratifiable space X satisfies condition A, then every
open subset of X is peripherally separable.

Proof. For an open U, let {U,} be the sequence assigned by the
Lemma. Let ¥y =ClU, and F, =ClU,,,— U, for n =1,2,... Then
{F,|n is even} and {F,|n is odd} are collections of disjoint closed sets,
so for each n such that F, = @ there exists an x,e F, such that

OlUF2n“UF2n < Ol {‘IDZn} and OIUF2n+1_UF2n+1 < Cl{m2n+1}°

Thus, Bd U < Cl{z,} which implies that Bd U is separable. (Separa-
bility is inherited in stratifiable spaces.)

Example 1. This example shows that Theorem 1 does not hold for
Hausdorff developable spaces (nor for semi-metric or semi-stratifiable
spaces). Let X be the closed upper half-plane with the following topology :
points above the z-axis are open; a basic open neighborhood of & point
2 on the x-axis is p together with the intersection of an open disk centered
at p with the open upper half-plane. To see that X satisfies condition A,
let {F,|Ae A} be a collection of disjoint closed subsets of X. The set

B = CIUFA'_UFM
2 A
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considered as a subset of the usual z-axis, has a countable dense subset D.

Let (d) be a conntable local basis in X at d for each de¢ D, and let

{U,, U, ...} be an enumeration of {_J#(d). By an induction argument, for
d

each n we can find an z,¢ U, N (some F,,)) such that 2(n) # i(m) whenever
n # m. Then D < Cl{x,}, so B < Cl{z,}. Thus X satisfies condition A,
but the open upper half-plane is an open set with non-separable boundary.
(In faet, X is not even locally peripherally separable.)

QuEsTION. If a Moore space X satisfies condition A, then is every
open set in X peripherally separable? (P 935)

Example 2. [0, [ is a normal, first countable space satisfying
condition A ([9], Example 3.23), but containing non-peripherally separable
open sets.

THEOREM 2. For a semi-stratifiable space X, the following are equiv-
alent:

(1) Every open set is peripherally separable.

(2) Fvery set is peripherally separable.

(3) C1Y — XY is separable for every Y < X.

(4) X — D, where D is the set of isolated points in X, is hereditarily
separable.

Proof. We clearly have (4) - (3) - (1) and (4) —(2) - (1). To
prove (1) — (4), first note that § = X — D is a semi-stratifiable space
([6], Theorem 2.2). If § is not hereditarily separable, then there is an
uncountable subset B of § which has no cluster points ([5], Theorem 2.8).
Then X — B is an open subset of X having a non-separable boundary.

COROLLARY 1. If X is a stratifiable space satisfying condition A, then
X satisfies each condition in Theorem 2.

COROLLARY 2. A connected stratifiable space satisfying condition A is
separable.

THEOREM 3. Let X be a first countable space with the property that
ClY — Y 4s separable for each Y < X. Then X satisfies condition A.

Proof. Let D be a countable dense subset of
CILAJFI—LAJFM

where {F,|4ie A} is a collection of disjoint closed sets in X ; let #(d) be
a countable local basis at each de D, and let {U,, U,, ...} be an enumera-
tion of | {#(d)|d e D}. Since U, is a neighborhood of some de D, U,NF,,,
# @ for some A(1), so let z,¢ U, NF,,,. Assume we have found (1), ..., A(n)
in 4 and @y, ..., @, in X such that A(¢) ## A(j) if ¢ # j and with x;e U; NFy;.
Then, since U,,, meets infinitely many of the sets F,, we have
UpiraNFyppyy # O for some new A(n-+1), and we let @,,,¢ U, ;NFyyp ).
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Now
ClUF,—UPF, < Cl{x,}.
A A

COROLLARY 3. If X s a semi-melric space satisfying any one of the
conditions in Theorem 2, then X satisfies condition A.

This corollary tells us that hereditary separability implies condition A
in semi-metric spaces. That separability alone does not imply condition A,
even in complete Moore spaces, is shown by the following example:

Example. Let X be the z-axis together with the rational points
above the z-axis. Points above the z-axis are open; a basic open neigh-
borhood of a point p on the z-axis is p together with an “open” disk tangent
to the z-axis at p. That X does not satisfy condition A is proved in [9],
Example 1.25.

COROLLARY 4. For a Nagata space X, the following are equivalent:

1) X satisfies condition A.

2) Every open subset of X is peripherally separable.

3) Every subset of X is peripherally separable.

4) ClY — Y s separable for every Y — X.

() X — D, where D is the set of isolated points in X, is separable.

(
(
(
(

COROLLARY 5. Ewvery subspace of a Nagata space satisfying condi-
tion A also satisfies condition A.

That condition A is not hereditary in general is seen by considering
[0, 2]; see [9], Example 3.24.

3. Developable spaces. We have seen that condition A implies the
separability of a Nagata space minus its isolated points. That this is not
true for developable spaces (even developable Baire spaces) is shown by
Example 1. We do have results for some types of developable spaces,
however. For example, in a developable Baire space with condition A,
the non-isolated points are at least contained in a separable subspace.
We begin with the following theorem, which also gives a result for devel-
opable spaces containing a dense set with empty interior.

THEOREM 4. Let X be a developable space satisfying one of the following
properties:

(1) X 48 a Baire space with no tsolated points, or

(2) X contains a dense set B with empty inierior.

Then if X satisfies condition A, it is separable.

Proof. For X satisfying property (1), let B = X. Otherwise, let B

be the dense set given by property (2). Suppose B has been well ordered,
B = {b,|y < I'}, where I' is an ordinal.
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Let %, > %, > ... be a development for X. Letting n be a fixed pos-
itive integer, we first define a set C, having no cluster points and an
empty interior.

Let ¢, = b,. Let ¢, be the first element of B such that ¢, ¢ St(c,, %,,).
Suppose a < I', and assume ¢, has been defined for all y < a. Then we let
¢, be the first element of B such that

c.¢ U St(cw Uy),

y<a

if such an element exists. We continue by transfinite induction on y < I
until we reach an a such that no such ¢, exists. Let C,, be the set of ¢,’s
so defined.

We now prove several facts about each C,,.

(a) C, has no cluster points.

For let ze X. If St(x, %,) contains points of C,, let ¢, be such a point.
Then St(¢,, %,) is an open set containing z, but it contains no other points
of C,. Hence « is not a cluster point of C,.

(b) C, has an emply interior.

For suppose U is an open set in X contained in C,. Letting xe U,
we see that UnSt(x, %,) contains no points of C, other than x. Since »
is not an isolated point, we have a contradiction.

(¢) UC, is a dense subset of X.

For let U be an open set in X. Since B is dense in X, U contains some
element b of B. Then, for some integer n, we have St(b, #,) =« U. Now
if b¢ 0,, then we must have be St(c,, #,) for some ¢, preceding b. Thus
c,eSt(b,%,) = U.

(d) UC, has an empty interior.

If X is a Baire space, this is true since each C, has an empty interior.
Otherwise, (JC, = B, which has an empty interior by the hypothesis.

To obtain a collection of disjoint closed sets in X, we let
¥, =0,—(C,v...uC,_,)

for each positive integer n. Since each C, has no cluster points, each F,
is closed. The F,’s are also disjoint, and

Ulﬂn = U Cn'

By condition A, for each n there exists a point x,e¢ F, such that

ClUF,—UPF, < Cl{xz,}.
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But since (JF, is a dense set with empty interior, CIlUF,—F,
n n n

is a dense subset of X. Thus X = Cl{z,}.

THEOREM 5. If X 48 a developable Baire space satisfying condition A,
then X can be written as DuUS, where D is the set of isolated points of X
and S is separable. (D and S are not necessarily disjoint.)

Proof. X —ClD is a Baire space containing no isolated points. An
elementary argument shows that if a space Y contains a dense Baire
subspace, then Y is Baire. Thus Y = Cl(X — C1 D) is a Baire space contain-
ing no isolated points. Since condition A is clearly closed hereditary,
Y is separable by Theorem 4.

Now let B = BdD. (Note that X — D is contained in Y UB.) For each
positive integer =, let

F, = [St(B, %,)—St(B, %, .,)]nD,

where %, > %, > ... is a development for X. We have the following facts:
(a) The F,’s are disjoint.
(b) Each F, is closed in X. (For suppose ze C1F, — F,. Then ze¢ B,
so St(x, ,..) is a neighborhood of  missing F,.)
(¢) B=CIlUPF,—\F,. (For suppose be B. Then b¢ (_JF,, but each
n n n

St(b, %,) meets some F,,, m > n.)

Thus, since X satisfies condition A, for each % there cxists a point
x,¢ F, such that B < Cl{z,}. Then § = Y uCl{z,} satisfies our require-
ments.

Theorem 5 holds for complete Moore spaces since such spaces are
Baire. In fact, a slightly larger class of Moore spaces, introduced by Rudin,
is contained in the class ot Baire spaces: a Moore space is said to satisfy
Axiom 1’ [8] if it has a development %, > %, > ... with the property
that if U,, U,, ... is a sequence of sets such that U,e¢ #%,and C1U, ., < U,
for each n, then

NU, + 9.

(That this axiom is weaker than the completeness axiom of Moore is shown
in [8], Theorem 9.) An easy arguinent shows that a Moore space satisfying
Axiom 1” is a Baire space.

COROLLARY 6. If X is a locally compact semi-stratifiable Hausdorff
space satisfying condition A, then X can be expressed as DuS, where D is
the set of isolated points of X and S is separable.

Proof. Creede has shown that a locally compact semi-stratifiable
Hausdorff space is @ Moore space ([5], Corollary 4.11). Also, locally compact
Hausdorff spaces are Baire.
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That the requirement of semi-stratifiability in Corollary 6 cannot

be substantially weakened is shown by the spaces [0, 2] and [0, £[,
which are locally compact and satisfy condition A ([9], Examples 3.22
and 3.23).
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