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Abstract

It is known that (Z,,—,) are examples of entropic quasigroups
which are not groups. In this paper we describe the table of characters
for quasigroups (Z,, —n)-
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1. INTRODUCTION

The theory of characters of finite quasigroup has been already considered
by J.D.H. Smith in [3].
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A quasigroup (Q, -) is a set Q equipped with a binary multiplication operation

denoted by - or juxtaposition of the two arguments, in which specification

of any two of z, y, z in the equation x -y = z determines the third uniquely.
A quasigroup (Q,-) is called entropic if

(@-y)-(z-t)=(z-2) (y-1)

for all x,y, z,t € Q.

Let (@,-) be a finite quasigroup. Now we describe how to obtain the
character table of @) (see [3], Chapter 5).

Let R: Q — Q! * — R(z) and L: Q@ — Q!; = — L(x), where
R(z)(q) = q -z and L(x)(q¢) = x - ¢. Then the subgroup G = MIit(Q,")
of Q! generated by the union R(Q)U L(Q) is called the multiplication group
of the quasigroup (@, -).

The group G acts onto @ x @ in the following way:

g:QxQ—QxQ; (x,y)r (9(x),9(y)).

The orbits {C4,...,Cs} of G on @ x @ under this action are called the
conjugacy classess of Q.
We consider the incidence matrix a; of the conjugacy class C;. This is
0 — I-matrix having 1 as its zy-component if (z,y) € C; and 0 otherwise.
The space CQ can be decomposed as a direct sum of subspaces E; such
that

(a)  Vici<s, 3e ecEj(a; — 1) = {0}

(b)  Vjur, Jikij # ins

© E :@(Zq>.

q€Q

To get (a) and (b), decompose CQ into ai-eigenspaces, then decompose each
of these into ag-eigenspaces,and so on. In the case of quasigroup (Z,,, —)
it is enough to end this process with as-eigenspaces. Let e¢;: CQ — E; be
the projection onto E;. Define (s x s)-matrix = = (&;;) by a; = Z;Zl &ije;.
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Finally the character table of the quasigroup @ is the complex (s x ) matrix
U with components

1,
v = (fi)2&my; ",
for 7,1 =1,...,s, where f; = dimcFE; and n; = %
For more details see [1, 3, 5].

In this paper we find the character tables of quasigroups (Z,, —n).
Ifi,5 € Z,, then

. . i—j for i >3
i—nj=
" n+i—j for 1 <j

Every quasigroup (Zy,, —y) has the following conjugacy classes:
Ci={(kt)€Z2: |k—t|=i—1or|k—t|=n—i+1}

fori=1,..., [%]
One can check that |Cj| = nif j = 1 or (j = § + 1 and 2|n) and
|C;| = 2n otherwise.

This is a ,,road map” through the lemmas in this paper:

L2 L4——L6<—1L5 L4 L7
L1 L3 L9 T1 L12 T2

S A

L8 L4 L10 L11
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2. NOTATIONS

ForneN, 0<m< [%] and m € N let
2 cos 217 if 2n

Tnm =
(=1)"™2cos T otherwise.

For n € N define the function g,: Z — {0,1,..., [%}} in the following way
gn(x) = dist(x,nZ). Let a; be the incidence matrix of the conjugacy class

C;. This is 0 — l-matrix having 1 as its xy-component if (z,y) € C; and 0
otherwise. Let w, be the characteristic polynomial of as.

3. MAIN THEOREM

In this section we prove a recursive formula for the characteristic polynomial
of the matrix ay. Before that we give and prove necessary lemmas.

Lemma 1. For every n > 3 we have

Wni2(x) = —2wpi1(x) —wy(z) + (—1)" (22 — 4).

Proof. Let v, = (bij)1<i j<n be the matrix such that

0 for |i—j]>2
bij = 1 for Ji—jl=1

—z for i=7j.
By Laplace’s expansion of the determinant along 1 column we have
(1) Un() = —20p_1 — Up_o(x).

Using again Laplace’s formula to expand the determinant along 1 column
and 1 row we have
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2 wn(2)= —2p-1 (@) = (Un—2 + (=1)") + (=) (1L + (—1)"vp—2())
2

= —2p_1(2) = 20_2(z) + 2+ (=1)"F1 .

Now we obtain

wnJrg(x)(: —ZTUp 41 — 20, + 2+ (1)L L —z(—zvn(z) — vp—1(x))

~
~—

—2u,(z) + 2 (=) = v, (2) (2% — 2) + 21 (7) +2- (—=1)"HL

= 2%v,(x) 4+ 220,17 — 22(—1)" =20, () — 2V, 1 (2) + 22(—1)"

=—zwn+1(z)

+2(—=1)" @ — 2wy 1 () + 201 () + 20,_o(z) — 2(—1)" !

=—wn ()

—2205,_1(x) — 2v, () — 205 _o(x) +4(—1)"T1 + 22(—1)"

=0by (1)

= () — wa () + (~1)"(2 — 4). .

Let uy,(x) be a polynomial such that ugy,42(2) = uont1(2) —u2n (), uont+1(2)
= (z + 2)ugn () — uzp—1(x) and uy(x) = ug(x) = 1.

Lemma 2. For every n € N we have

(@) (@ + 2uzn(@)uzns1 (2) = Uy (2) + (2 +2)uf, (2) — 1,

(b) (& + 2uznra(@)uzns1(2) = Uy (@) + (2 +2)uf, o(2) — 1.
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Proof. For n =1 it is clear. Assume that lemma is true for n. We prove
this lemma for n + 1.

u§n+3(x) + (z + 2)u§n+2(x) —1=((z + 2)ugnto(x) — ugnt1(z))ugnis(x)+
(2 + 2y (x) — 1 = (& + 2uzn o)z (2) — uznis (2)((« + 2uznio()
g 1(2)) + (@ + 2ud o (0) — 1 (2 4 2uzna(@)uzn s (@)
— (U341 () + (2 + 2)u3, 1 9(2) — 1) + U3y (2) + (2 + 2)ud, 0 (@) — 1
= (& + 2)uzn2(2)uzn43(2),
hence (a) is true for n + 1.
u%n+3(x) +(z+ 2)u§n+4(:c) —1= u§n+3(m) + (x4 2)uopta(x) (u2nt3(x)
—tuzn2(2)) — 1= ud, 5(2) + (2 + Dz a(@)uznia(®)
(& + 2Juzna(@)uzn g (x) — 1
= 1 3(2) + (& + Dz a(2)uznia()

— (@ + 2)(u2nt3(x) — uont2(x))uznia(z) — 1

= u%n+3 (z) + (z + 2)u%n+2 () = 1+ (z + 2)uznta(®)uzn13(v)

by (a) for n+1
v (a) forn (z + 2)ugnt2()uznis(z)

—(@ + 2)ugn3(¥)uznt2(2)
+(@ + 2)ugnta(T)uzn43(x) — (@ + 2)uzn43(x)uzni2(z)

= (x + 2)U2n+4 ($)U2n+3 (:C)

so we obtain (b) for n + 1. [
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Now we pass to the lemma expressing polynomial w,, by u,.

Lemma 3. For everyn >1
(a) wan+1(2) = (2 — 2)ud, 44 (@),
(8) wan () = (2% — 4)uj, (2).

Proof. For n = 2 it is obvious. Assume that lemma is true for n. We prove
lemma for n + 1. Using Lemma 1 and Lemma 2 we have

L1
Wan42(x) = —xwony1(x) — wop(x) + 20 —4 = —x(2 — x)u%nﬂ(x)
— (2% — 4)u3, (z) + 22 — 4

L2
20 (e — 2, (@) — (02 — A)ud, (2) + 20 — 4

(20— 4) (W (0)— (& + 2)ttzn (2)ttz 1 (2) — 1 + 03, (2) (2+2))
= (22 — 4)ud, 1 (@) + (@2~ 4, (@)~ 2(a? — Duzy (2)uzn (@)
= (22 — ) (ud, 1 (@), () — 2uzn (@)uzn (@)

= (2% — ) (uzn+1 () — uzn(2))? = (2% — d)uf, 5 ()

so we obtain () for n + 1.
By Lemma 1 and 2 and (3) for n + 1 we have

(2 —z)u3, 5(x) = (2—2)((2 + 2)uanta(z) — uzni1(z))?

25 (2 — ) (@ + 2)uznra(x) — ugnia ()2
+ (22 — 4)((z + 2)ud, o (2) + udy 4 (2)

-1 (l‘ + Q)UQnJrQ(CU)UQnJrl(x)) =
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= (z = 2)(=(z + 2)%u3, 15 (@)

+2(x + 2)ugn i1 (2)uzny2(x) — U3, 4 (2)

+ 2(z + 2)ud, o (z) + 2u3, 4 (z) — 2

— 2(z + 2)ugn 2 (x)uzni1(z)

= (z = 2)(ufppa(2)(—2° — 22) + ufy g —2)

= —z(2? — )u3, o(z) — (2 —2)ud,  (x) — 20+ 4
®)

L1
= —zwopt2(x) — wopt1(x) — 22 + 4 = wapy3(x)

hence («) is true for n + 1. ]

Lemma 4. Letn € N and 0 < j, k < [%] Then
Tnj - Tk = Tn,k—j| T Tn,gn(k+j)-

Proof. Consider the following cases:

1. nisodd and j+ k < [%] Then

25 2km
Tnj* Tpk = 2CO8 o 2 cos —
n n

= Tn,k—j] T Tngn(k+j)-
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2. nisodd and j + k > [%]. Then g, (j + k) =n— (j + k) and

T - e = 208 (%ﬁ) 2 cos (21%
=2 <cos <M) 1 cos (M))
B <C°S <W) + cos (27r - M))

= 2cos <M> + cos (Q(n —U k))ﬁ) = T |k—j| T Tn gy, (k+5)-

n n

3. niseven and j+ k < [%] Then

. y k
Tpj - Tpp = (—1)’2cos (‘E> (—1)*2cos (_77>

n n

, i — k i + k
= (—1)/**2 <COS <u> + cos <W) = T fk—j| T Tngn(j+k) -

n

4. niseven and j+ k > [%] Then

Tnj - Tnk = (—1)2cos (‘E> (—1)*2 cos (%)

n

= (—1)j+’“2 (cos ((jfnk)ﬂ> + cos ((jtf)ﬂ))

— (—1)F12cos (@) + (=1)*2(=1) cos (7‘(‘ — M)

n

= (—1)F72cos (w) + (=1)" 9 cos (w — M)

n n

= Tn,k—j] T Tngn(j+k)-



156 G. BiNczAK AND J. KALETA

Lemma 5. Letn € N, y € Z and j € {0,1,..., [2]}. Then

{9n(G + 90(¥): lgn(y) — 31} = {9n(y — 5), gn(y + 5) }-

Proof. There exists k € Z such that kn <y < kn+n. Let us consider the
following cases:

1.Ify—kn< [%] then ¢, (y) =y — kn and
gn(y +7) = dist(y + j,nZ) = dist(y — kn + j,nZ)
= dist(gn(y) + j,nZ) = gn(gn(y) + 7)

and

= dist(gn(y) — j,nZ) = |gn(y) — jl.

2. Ifkn+n—-y < [%] then ¢, (y) = kn +n — x and
gnly — J) = dist(y — j,nZ) = dist(j — y,nZ)
= dist(kn +n —y + j,nZ) = dist(gn(y) + j, nZ) = gn(gn(y) + J)
and
gn(y +j) = dist(y + j,nZ) = dist(—y — j,nZ) =

dist(kn +n —y — j,nZ) = dist(gn(y) — j,nZ) = |gn(y) — jl.

Now we find eigenvectors for the matrix as.
Let neNand 0 < j < [%] Let

Unj = [@n,0,(0) Trogn (i) Trogn(25)s - - s Tnga(kd)s - - - s Tmga((n—1)7))) € C™-
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Lemma 6. Let 0 < j < [%] Then vector vy, ; is an eigenvector of the
matrix az corresponding to an eigenvalue Ty, ;.

Proof. We must show that

(*) T * Tngu(ki) = Tnoga((k—1)5) T Tngn((k+1)5)

for k=1,2,...,n—1 and

() T Tng,(0) = Tn,ga(j) T Ln,gn((n—1)j)
and
(% *) Tn,j * Tp,ga((n—1)7) = Tn,ga(0) T Tn,g,((n—2)j).

By Lemma 4 we have

Tn,j* Tn,gu(ki) = Tn,lj—gn(ki)| T Tn,gn(i+gn(kj)).

Hence
Tn,j Tngn(kj) = Tngn((k—1)7) T Tn,gn((k+1)5)

by Lemma 5 for y = kj and this ends the proof of (x).
Obviously ¢,(0) = 0 and g¢,,(j) = j. Moreover

gn((n — 1)) =dist(nj — j,nZ) = dist(—j,nZ) = dist(j,nZ) = gn(j)-
Therefore
Cl?n,j : xn,gn(O) = 'Inyj : ‘TT%O = .In,j + x”ygn(j) = xn,gn(j) + xn,gn((n—l)j)

and (xx) was proved.
We have

Tnj - Tn,gn((n—1)7) = Tn,j " Tnga(j) = Tnj * Tnj = Tn0 F Tn,g,(25)

= Tn,gn(0) T Tnyg(~25) = Tngn(0) T Tn,gn((n—2);)

and (* * x) was shown. ]
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Notice that if the vector [y1,y2,...,yn] is an eigenvector for the matrix as
then the vector [y, y1, Y2, .., Yn—1] is also an eigenvector for the matrix as.
LetneNand 0 < j < [%] Let

un 7j -

[%1,00 ((n=1)1)) T1,90(0) T, g0 (5)> g (25) - - - > g (k) - - » Tgn((n—2)5))] €C™-

Let Ey, j4+1 = lin(vnj, un,j) and e, j+1 be a matrix of the projection C" onto

Enaj"l‘l'
Lemma 7.
1 forj=1lor(j=7%5+1and2|n)
d’L'mEnJ' =
2 otherwise.
Proof. If j = 1 then E,; = lin(vy0,uno) = lin([zno,...,Tnol, [Tn0,

N ,.%‘n,()]), SO dimEml =1.
If 2ln and j = 2 + 1 then v,;—1 = [2,-2,2,...,(=1)""12] (since

Tpp = =2, 2ng = 2 and g,("f) = 0 for k odd and g,("%§) = % for
k even) and uyj—1 = (—1)""'vy, j_1 hence dimE, ; = 1.
Otherwise
xn,gn(O) xn,gn(j—l)
det =ap0—ap ;1 =425, 1 #0

x”ygn((n_l)(j—l)) :Cn,gn(O)

hence vy, ;1 and w, j_1 are linear independent vectors. [ ]

Observe that dimEy, 1+. .. +dimE =nandC" = E,1®...0F,

(3] [l

Lemma 8. Ifn=2r+1 and r > 3 then
Up(r) = 2" + 2"+ (1 —r)2" 2+ ...
If n =2r and r > 2 then

Up(z) =21 +0- 2" 24 (2 —r)a" 3 ...
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Proof. us(x) = 2> + x — 1 and ug(z) = 22 — 1. Therefore lemma is true
for n =>5 and n = 6.
If lemma is true for n = 2r and n = 2r — 1 then

ugr41(2) = (T + 2)ugr — uzr—1(7)
=@ +2)@ 2 =) B ) = (@ e 2 (L= (r = 1)) )

="+ Q22" '+ (2—r)—Da" 2+ ...
and

U2r4-2 (SC) = U2r+1($) - u2r($)
=" 4 A=) @ 2 )" 4 )
=" +(1-D)z" (1 —r =02 2+ ... =2"+0-2" (1 —r)a" 2+ ...

Hence lemma is true for n = 2r + 1 and n = 2r + 2. [ ]

Lemma 9.

{ n+2 for n even

n+4 forn odd

Proof. Consider the following cases:

1.If n is even and n = 2k + 1. By Lemma 6 we know that z, 1,..., Tk
are eigenvalues of the matrix ao. Hence they are roots of w,. Obviously
Tn, #2fori=1,...,k, so by Lemma 3 they are roots of u,,. Therefore
we have

(%) un(2) = (x — 2n1)(@ — Tp2) ... (& — Tp i)
Using Lemma 8 we obtain x,, 1 + ... + 2, = —1 and Zl§i<j§k T iTn,j
=1-—k.
Hence
x%,l +...+ x%k = ($n,1 +...+ az:n,k)2 -2 Z T iTn,j
1<i<j<k

=1-2(1—-k)=2k—1=n—2

andx%o—i—xi,l—l—...—i—mi’k:4—|—n—2:n+2.
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2. Assume that n is odd and n = 2k. Then

(%x) un(x) = (x —2p1)(@ —2n2) ... (& — Tpp—1)

because ¥, 1,...,Tn k-1 are eigenvalues of the matrix as by Lemma 6,
hence they are roots of w,, and by Lemma 3 they are also roots of u,. So
by Lemma 8 we have ().

By Lemma 8 it turns out that x,, 1+... 4+, -1 = 0 and Zl§i<j§k—1
Tniln,j = 2—k.

Hence

2 2 2
Tpp+ ot a = (@a1+ . F T 1) — 2 E T, i%n,j
1<i<j<k—1

=0-202-k)=2k—-4=n—4

andacgho—l—mi,l+...—|—:r7217k_1+xn7k:4+(n—4)+4:n+4.
|

Lemma 10. Let n,k € N and ged(n, k) = 1. Let A = {0,1,..., [%]} and
f+ A— A be a function such that f(x) = gn,(kx). Then f is a bijection.

Proof. It is sufficient to show that f is 1 — 1. Suppose i,j € A, i < j and
f@) = f(j). Let © = dist(ik,nZ) = dist(jk,nZ). There exist p,q € Z such
that |ik — pn| = |jk — qn|.

If ik — pn = jk — gn then (i — j)k = (p — ¢)n hence n|j — i (since
ged(n, k) =1) but j —i € A and we have a contradiction.

If ik — pn = —jk +gn then (i+ j)k = (p+q)n hence n|i+j but i,j € A
so0<i+j< [%] + [%] — 1 < n and we obtain a contradiction. [

Lemma 11. Let n,k,p e N and 0 < k < [%] Then |vpn pk|* = plvnkl*.

Proof. Let us note that gp,(px) = dist(px,pnZ) = p- dist(x,nZ) = pg,(z)

for any z € Z, Unp,kp = [(xpn,gpn((i—l)pk)))i=1,...,pn] = [(l‘pn,pgn((i—l)k))i:l,...,pn]
and g,((n+1i—1)k) = g, ((i — 1)k).

Consider the following cases:
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1.If 2|n then z,,; = QCOS(QII;”) 2cos(2]7r) = Zp,;. Hence vypnr =

(T, g, ((i=1)k)) )i=1,...pn) A0 Vpnpk = [Un ks Vnks - - Vx| and o k]? =
p—times
p|vn,k|2'
2.1f 2 fn and 2 fp then zpy, ,; = (—1)P72 cos(z—;%) = (—1)72 cos(%) = Tnj,
Upnpk = [Un,k> Un ks - - - » Un k] and ’Un,k;|2 = p|vn,k|2.
p—times

3.1f 2 /n and 2|p then xpnpj = QCOS(Q—Z‘M) = 2COS<2E) = 2(20052(E) -

1) = 4cos? (n) = n] — 2 and by Lemma 4 we have zp,,; =
T0+ T (2j) — 2 = Trgn(25)- By Lemma 10 vy, pr = [V ks Unks - - - s Un )
p—times

(since ged(2,n) = 1), where coordinates of v, ;, arise as a result of the
permutation of coordinates of v,, . Hence |vpn,p;§|2 = plon.xl?

Theorem 1. Letn € N and 0 < j < [%} Then

o2 {4n forj=0or (j =75 and 2|n)
n?j =

2n  otherwise.

Proof. Assume that ged(n,j) = 1.
Let n = 2r+1. According to the fact that g, ((i—1)k) = gn((n—i+1)k)
and by Lemma 10 we have

‘Un,j‘Q - Hxn,Ov Tndy---sTnrsTnrs--- 7xn,1”2 = 2(1.721,0 +... x: ) - 3?72170

using Lemma 9.
Let n = 2r. Then

”Un,j’2 = Hxn,Oa Ty« sLnr—1,Tnr, Tnr—1,--- 7xn,1]’27
by Lemma 10. Hence
‘Un,j‘Q = Q(xiﬁ 4+ ...+ xfw) — mfw — x%m =2(n+4)—4—4=2n,

by Lemma 9.
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Assume that ged(n,j) # 1. Let p = ged(n,j), n = pn/, j = pj’, where
ged(n’,j') = 1. By Lemma 11 we have |vy, |* = plvns j/|*.

One needs to consider the following cases:

1.If j = 0 then v, ; = [2,2,...2] and |v, j|* = 4n.

n—times
2.If2 fn and j # 0 then 2 fn’ and |vy,;|? = plvns y/|* = p2n” = 2n.

3.1f 2|n, 2fn/ and j # O then 2|p and j # § (because if j = % then
En' =j=pj' =825 and n’ =25 but 2 fn’). Hence [Un ;12 = plon j|? =
p2n' = 2n.

4.1f 2|n, 2|n’ and j' = %/ then j = pj’ = p%/ =2 and |v,;]* = plow /> =

pdn’ = 4n.

5.1 2|n, 2|n’, j # 0 and j/ # % then 5/ # 0, j # 2 and |vy, | = plon ;1> =
p2n' = 2n. -

Let b = (bij)lgi,jgn € Mn((C) be a matrix. Then let b = [bll’---7b1n]-
Obviously ~is a linear operation.
For1<i< [%} let e; be a matrix of the projection of C" onto F,, ;. We

know (see [3]) that lin(aq,... ,a[ﬂ]ﬂ) = lin(eq,. .. ,e[ﬂ]ﬂ).
2 2
[5]+1
Let ne N, 1 <1< [%} and a; = fijej.
i=1

Lemma 12. Letn € Nand 1 <1i,5 < [%] + 1. Then

(1fori=1or (i=5+1,(2n) andj=1)

2 forj=1andi+#1and (if2]ntheni7ég+1)

§ij =
1 .on .
3%ngn((i-1)(G-1)) for2nandi = 5 +1landj#1

| Tngn((i-1)(j—1)) Otherwise.
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Proof. It is obvious that

3o

a; = E Sijéj and €; =
Jj=1

[1,0,...,0] o vy j—1 _ 2051
‘U ] 1‘2 ’UnJ—l -
n,)]—

[vn,j—1%

where o means the scalar product of vectors. Using Theorem 1 we have

1 n

) oy Unii—1 for j =1 or (j =5 + 1 and 2|n)

6. —

J 1 '
—¥pj—1 otherwise.
n
_ _ _ @i o €j
Hence €4, ... ,€[n]41 are pairwise orthogonal. Therefore §; ; = BN
2 €

Consider the following cases:

LLIfi=1and j=1or (j =% +1and 2[n) then

_ — 1 1
51‘_61106]'_ %2 . n 1
J= T = = =L
&;[? #h}n,jfﬂ 4%2471
2.Ifi=1and j#1and (j # 5+ 1if 2|n) then
_ _ 1 2
gl.za]loe‘j: 52 frd E :]_
T ElR T mlongor 220
3.1fi=7%5+1,2n and j =1 then
- 1
a; O €1 -
P i R
‘ |e1]? Tozdn
4.Ifj=1andi# 1and (i # 5§ + 1if 2|n) then
7. 06 2
fi,l—aloel = t— =2

- ’61‘2 471—24n
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5.1f 2lnand i = § + 1, j# 1 and j # 5 + 1 then

- 1 .
€= a; 0€;  nTnga(5(-1) 190 :
W T2 T 1 12 otman(5G-1)
& n_2‘vnu—1’ 2 2

6.1f 2ln and i = § + 1 and j = 5§ + 1 then

&ij=

_ _ 1
a; O €; %xn,gn(%%) . 1.%'
&2 iiz|vn -1l

7.1f2nand j =4 +1,i# 1 and i # § + 1 then a; = [b1,...,by|, where

1 forj=dorj=n—1+2
b =
0 forj#iandj#n—i+2.

Moreover v, n = [2,-2,...2(=1)"*]. Hence

1 +1 n—i+1
37 (2(=1)" +2(-1) ) i
=2(-1)"* =2, g (1)1

5, . _ 2n
vy 1
vl 4n

8.Ifi#1,j#1,(i# 5+ 1and j# 5+ 1if 2|n) then

(. = 3 (g (=) (G- 1) F Tnga((nit1)(G-1))
%, 1
=2n

2
nTngn((-0G-1) _
T3n ngn ((i-1)(j1)
| ]

, C; _ .
Let fl = dlm(CEn,i’ n; = ‘TJ and Yi,j = \/flfj,inj ! for 1,] € {1, ceey [%]}
Then (©;);; i<[2] is the character table of the quasigroup (Z, —p).
<i,j<|%

The next Theorem gives the description of the character table of the

quasigroup (Zn, —n).
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Theorem 2. Letn € N and 1 <14,j < [%] + 1. Then
1f07‘i:10r(2':%+1,(2|n)andj:1)

V2 forj=1andi+#1and (zf 2[ntheni7ég+1)

¥ij = 1 n
(=17 for2/nandi= 5 +landj#1

V2
2

L Tn,g.((i-1)(j—1)) Otherwise.

Hence for n even we obtain

J=1 j#1
i=1| i =1 pig =1

i # 1|Pij = V2|pij = @xn,gn((ifl)(jfl))

and for n odd we have

jo1 | iALiA3+1 j=%+1

i=1 |Pi=1 pij =1 pij =1

i# 1,17 24101 = V2| @i = B g((i-1)G-1) [P1d = ETn,ga((i=1)(i-1)

i=5+1 |pj=1 @ij=(—1)771 pij=(-1)2

Proof. We must consider the following cases (we use Lemma 7 to
calculate f;):

IL.LIfi=1and (j=1or (j =%+ 1 and 2|n)) then

n
Pij = ﬁ@-,% =1
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2.1fi=1, j #1 and (if 2|n then j # § + 1) then

3.1f2n,i= % + 1 and j =1 then

n
Pij = \/Ifj,z'g =1L

4.1f2[n,i= 5 +1and j = § + 1 then

n 1
Pig = V1~ = ST g

5.1f2|n,i =% +1and j # 1 and j # 5 + 1 then

n 1 q
Yij = ﬁﬁm‘% = 3%ngn(-1y) = (C17
6.1fi #1 and j = 1 and (if 2|n then ¢ # § + 1)then
n
Pij = \/ifj,ia = V2.

7.1fi# 1andi# § +1 and 2n and j = § + 1 then

n 1 n 1
Pij = \/iéj,z'g = 25%,%(3(1‘—1)) =V2(-1)% = \/%%,gn((z‘—n(j_n)-

8.1f i # 1 and (if 2|n then i # 5 4 1) and j # 1 and (if 2|n then j # § +1)
then

V2

n
Pig = V2 o~ g Fngn((i-1)(-1))-
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