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Abstract

In this paper, we introduce the notion of a bi- BL-algebra, bi-filter, bi-
deductive system and bi-Boolean elements of a bi- B L-algebra and deal with
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tient of bi- B L-algebra. Also present a classification for examples of proper
bi- BL-algebras.
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1. INTRODUCTION

bistructure is a tool as this answers a major problem faced by all algebraic struc-
tures - groups, semigroups, loops, groupoids etc. that is the union of two sub-
groups, or two subrings, or two subsemigroups etc. do not form any algebraic
structure but all of them find a nice bialgebraic structure as bigroups, birings,
bisemigroups etc. Except for this bialgebraic structure these would remain only as
sets without any nice algebraic structure on them. Further when these bialgebraic
structures are defined on them they enjoy not only the inherited qualities of the
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algebraic structure from which they are taken but also several distinct algebraic
properties that are not present in algebraic structures.

The study of bialgebraic structures started recently.  The study of
bigroups was carried out in 1994-1996. Further research on bigroups and fuzzy
bigroups was published in 1998. In the year 1999, bivector spaces were intro-
duced. In 2001, concept of free De Morgan bisemigroups and bisemilattices was
studied. It is said by Zoltan Esik that these bialgebraic structures like bigroups,
bisemigroups, binear rings help in the construction of finite machines or finite
automaton and semi automaton. The notion of non-associative bialgebraic struc-
tures was first introduced in the year 2003, [19)].

BL-algebra have been invented by P. Hajek [9] in order to provide an alge-
braic proof of the completeness theorem of ”Basic Logic” (BL, for short) arising
from the continuous triangular norms, familiar in the fuzzy Logic framework. The
language of propositional Hajek basic logic [9] contains the binary connectives ®
and — and the constant 0.

Axioms of BL are:

(A1) (9 = x) = ((x = ¥) = (¢ = 1))
(A2) (pOXx) = ¢

(43) (pOx) = (X © ¢)

(A1) (2O (¢ = X)) > (x O (x = ¢))
(A50) (9 = (X =) = (9O X) = ¥))
(Asp) (0O X) = ¢¥) = (¢ = (X = ¥))
(A6) (¢ = x) = ) —

(A7) 0— w.

In this paper, we generalize the notion of BL-algebra and introduce notion of
bi- B L-algebra and study it. The notions of bi-filter, bi-deductive system and bi-
Boolean elements of a bi-BL-algebra are introduced and studied this structure
in detail. We construct the quotient of bi-BL-algebra, also present classes of
examples of proper bi-B L-algebras.

(x = ¢) = ¥) =)

2. PRELIMINARIES

2.1. Definitions and Theorems

Definition 2.1 [9]. A BL-algebra is an algebra (A,A,V,®,—,0,1) with four
binary operations A, V,®,— and two constants 0,1 such that:

(BL1) (A,A,V,—,0,1) is a bounded lattice,

(BL2) (A,©®,1) is a commutative monoid,

(BL3) ® and — form an adjoint pair i.e, a ® b < ¢ if and only if a < b — ¢,
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(BL4) aANb=a® (a — D),
(BL5) (a —b)V (b—a)=1,
for all a,b,c € A.

A BL-algebra is called an MV-algebra if x=~ = x, for all x € A, where x~ =
z— 0.

Definition 2.2 [9]. A filter of a BL-algebra A is a nonempty subset F' of A, such
that for all z,y € A, we have

(1) z,y € F implies x ©y € F,

(2) x€ Fand z <y imply y € F.
Definition 2.3 [17]. A non-empty subset D of BL-algebra A is called a deductive
system if

(1) 1e D,

(2) fxeDandx—yeDimplyyeD.

Proposition 2.4 [17]. A non-empty subset F' of BL-algebra is a deductive system
if and only if F is a filter.

Theorem 2.5 [9]. Let F be a filter of a BL-algebra A. Define: x =p y if and
only ifv -y € F andy — x € F. Then =p is a congruence relation on A.
The set of all congruence classes is denoted by 4, i.e., 4 = {[z]|z € A}, where
[x] ={y € Alx =F y}. Define ¢, — M, on % as follows:

[Zle [yl =[x oyl [z] = [yl =[x —y], 2]N[y] = [z Ay, [z]U[y] = [z Vy]
Therefore (%, Mn,U,e,— [1],[0]) is a BL-algebra with respect to F'.

Definition 2.6 [9]. Let L be a BL-algebra. An element a € L is called comple-
mented if there is an b € L such that a Vb =1 and a A b = 0; If such element b

exists it is called a complement of a. We will denote the set of all complement in
L by B(L).

For any BL-algebra A, B(A) denotes the Boolean algebra of all complement
elements in L(A) (hence B(A) = B(L(A))).

Definition 2.7 [7, 9, 18]|. Let A and B are BL-algebras. A function f: A — B
is called homomorphism of BL-algebras if and only if:

(1) f(0)=0,

(2) flzxy)=f(z)* fy),

3) fle—=y) = flz) = fv),
for all x,y € A.
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3. bi-BL-ALGEBRA

3.1. Definition and some examples

Definition 3.1. A bi-BL-algebra is an algebra (L,A,V,®,—,0,1) with four
binary operations and two constants if L = L1 U Ly where Ly and Lo are proper
subsets of L and

(i) (L1,N,V,®,—,0,1) is a non-trivial BL-algebra,
(ii) (L2, A,V,®,—,0,1) is a non-trivial BL-algebra.

Definition 3.2. If L is a bi-BL-algebra and also a B L-algebra, then we say that
L is a super BL-algebra.

Definition 3.3. A bi-BL-algebra L = L1 U L5 is said to be finite if it has a finite
number of elements and if L has infinite number of elements, then L is said to
be infinite bi- B L-algebra.

Example 3.4. Let L; = {0,a,¢,1} and Ly = {0,b,¢,1}. Define ® and — as
follow:

@‘0 a c 1 —>‘0 a c 1

010 0 0 O O (1 1 11

14 a |0 a a a a |01 1 1

c |0 a c c c |0 a 1 1

110 a ¢ 1 1 10 a ¢ 1

©]0 b c 1 =0 b ¢ 1

0|10 0 0 O 0O (1 1 11

Lo b 10 b b b b [0 1 1 1

c |0 b ¢ ¢ c |0 b 11

110 b ¢ 1 1 |0 b ¢ 1

For L, whose tables are the following:

®|0 a b ¢ 1 —10 a b ¢ 1
00 O 0 0 O 1 |1 1111
I a |0 a 0 a «a a |[b 1 b 11
b 10 0 b b b b la a 1 1 1
c |0 a b b b c |0 a b 11
1/0 a b ¢ 1 1 {0 a b ¢ 1
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Then L; and Ly are BL-algebras and L. = L1 U Lgy is a bi-BL-algebra but L is
not a BL-algebra since (a — b) V (b — a) = bV a = ¢ # 1. In this example
LiNLy# {0, 1}

Example 3.5. Let L; = {0,a,b,c,d,1} and Ly = {0,d,e,1}. Define ® and —
as follow:

(0 a b ¢ d 1 =10 a b ¢ d 1

00 0 0 0 0 O 0|1 11111

a |0 a ¢ ¢ d a a |01 b b d 1

14 bl10 ¢ b ¢ d b b 10 a 1 a d 1

c |0 ¢ ¢ ¢ d c c |01 1 1 d 1

d|0 d d d 0 d d |d 1 1 1 11

1({0 a b ¢ d 1 1 |0 a b ¢ d 1

®]0 d e 1 =0 d e 1

00 0 0 O 0 |1 1 11

Lo d|0 0 d d d |d 1 11

e |0 d e e e |0 d 11

1|0 d e 1 1 |0 d e 1

For L, whose tables are the following:

®10 a b ¢c d e 1 =10 a b ¢ d e 1
00 0 0OOOOO 0|1 111111
a |0 a c ¢c d e a a |01 b b d e 1
I b 10 ¢ b ¢ d b b b |0 a1 a d d1
c |0 ¢ ¢c ¢c d e c c |01 1 1 de1
d|0 d d d 0 d d d |d1 11111
e |0 e b e d e e e |0 d bdd 11
110 a b ¢ d e 1 1 |0 a b ¢ d e 1

Then L, and Lo are BL-algebras and L = Li U Lo is a bi-BL-algebra but L
is not a BL-algebra since (a — e) V(e — a) = eV d = e # 1. In this case,
LiNLo 75 {O, 1}

Example 3.6. Let Ly = {0,a,c¢,1} and Ly = {0,b,¢,d,1}. Define ® and — as
follow:

@‘Oac 1 —>‘Oac 1
010 0 0 O O (1 1 1 1
14 a |0 a a a a |01 1 1
c |0 a a c c |0 ¢ 11
110 a ¢ 1 1 10 a ¢ 1
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—]0 b d 1

®|0 b d 1
0[0 000

b

1 1 11
b 1 1 1

0
b
d
1

0 0 b b

Lo

0 b 11

d |0 b d d

0 b d1

0 b d 1

1
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For L, whose tables are the following:

®10 a b ¢ d 1 =10 a b ¢ d 1
00 0 0O OO 0|1 1 1111
al0 a 0 a 0 a a |d 1 d 1 d 1
L b {0 0O 0O 0 b b b e ¢ 1 1 11
c |10 a 0 a b c c |b c d 1 d1
d|0 0 b b d d d |la a ¢ ¢ 1 1
1 ({0 a b ¢ d 1 1 |0 a b ¢ d 1

Then L, and Ly are BL-algebras. L = Li U Ly is a bi-BL-algebra also L is a
super BL-algebra. In this case, Ly N Ly # {0,1}.

Remark 3.7. Special case of bi-BL-algebra:

A non-empty set (L,A,V,®,—,0,1) is called a bi-BL-algebra if L = Ly U Ly
where Lj and Lg are proper subsets of L (denote the least element by 0 and the
greatest element by 1) and

(i) (L1,A,V,®,—,01,1;) is non-trivial a BL-algebra,
(i1) (Lo, A,V,®,—,02,15) is a non-trivial BL-algebra.

Now, we present classes of examples of proper bi-B L-algebras which is similar to
BL-algebras [11]:
3.2. Classes of examples of bi-B L-algebras

We start details with the linearly ordered set(chain).
Loy =1{0,1,2,... n},

(n > 1), organized as a lattice with A = min and V = maz, and organized term
equivalent:

E?’H—l == (Ln+17 ®7_ 7n)7
with:

rOy=max(0,x+y—n),z- =z —0, (0=n"),

hence x = y = maz{z|lzr © 2 <y} = (x ©y~)” = min(n,y — x + n). Hence, for
n =1,...,6, we have the linearly ordered MV -algebras L1, Lo, L3, L4, L5,Ls,
[11].
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3.2.1. Classes of examples of finite, linearly ordered bi-B L-algebras

The examples are one of the following forms:

1. Linearly ordered MV U linearly ordered MV,

2. Linearly ordered MV U linearly ordered BL or linearly ordered BL U
linearly ordered MV,

3. Linearly ordered BL U linearly ordered BL.

e (1) Examples of the form: Linearly ordered MV U linearly ordered
MV.

Denote Herl,nJrl == £m+1 @] £n+1, for m,n > 1.

1. Example of the form: Hs, 11 = Lo U Ly4q for n > 1.

Denote H27n+1 =LoULyy1 = {—1, 0} @) {0, 1,2,... ,TL} = {—1, 0,1,2,... ,TL}.
For n = 1,2,3,4,5, since elements are from integer numbers then we have the

linearly ordered bi-BL-algebras Hoo = Lo U Lo, Hoz = Lo U L3, Hoy = L2 U Ly,
Hos = Lo ULs, Hog = L2 U Lg, whose tables are the following:

-1 0 1 —]-1 0 1
-1[-1 -1 -1 1| 1 1 1
Fa 0j-1 0 0 0]-1 11
1|-1 0 1 1|-1 0 1
©|l-1 0 1 2 —|-1 0 1 2
—1[-1 -1 -1 -1 1] 2 2 2 2
Has 0|-1 0 o0 0 0]-1 2 2 2
1|-1 0 0 1 1|-1 1 2 2
2/-1 0 1 2 2[-1 0 1 2
©/-1 0o 1 2 3 —|-101 2 3
-1[-1 -1 -1 -1 -1 —-1] 3 3 3 3 3
2 0|-1 0 0 0 0 0|-1 3 3 3 3
24 1l-1 0o 0 0 1 1[-1 2 3 3 3
2(-1 0 0 1 2 2(-1 1 2 3 3
3/]-1 0 1 2 3 3/-1 01 2 3
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1 2 3 4

4 4 4 4 4 4
-1 4 4 4 4 4
-1 3 4 4 4 4
-1 2 3 4 4 4

-1 0

1 2 3 4 4
-1 0 1

-1

2 3 4

_>

-1

-1 -1 -1

-1

0
1
2

4

-1

Hos

01O 10 10 10 10 10 10
<o o 0 0 <
MO I 0 0 F N
NN O DD F N A
— oo <H MmN —~
oI F MO N A O
) ™ N o~ o~
| (N
\_,1,.012345
51,.012345
41,.001234
NHO OO AN ™M
,
N|H OO OO+ ™
,
—|lHocococo o~
,
01,.000000
N o~ o~~~
[ T R R B
Ol o= m <
,
<
z

> 1.

L3 ULy for n

2. Example of the form: 3,1

Lnp = {-2,-1,0,

L3 U Ly = {—2,—1,0} U {0,1,..
.,n}. For n = 1,2, since elements are from integer numbers then we have

the linearly ordered bi-B L-algebras H3 o = L3U Lo, H3 3 = L3U L3, whose tables

are:

Denote Hs p 41

1,2,..

—]-2 -1 01

©l-2 -1

—2
—1

-2
-1

-2
-1

-2
-2
-1
-1

-2
—2
-2
—2

-1
-2
-2

—1

Hs2

-1 11
-1 0 1

0
1

0
1

-1 0 1 2

—2

2 2 2 2
2 2 2 2
-1 2 2 2
-1 1 2 2

-1 0 1 2

2

-1
-2
-2
-2

ﬁ

-2

-1

-2
-2

-2 -2 =2

-2
—2
-1

-1
0

-1 -1
0 0

-1
0

-2
-2

1
2

-1
-1

-2
-2

©

-2

-1
0

Hs.3

1
2

-algebras

n > 1are BL

Remark 3.8. The examples of the forms H,,41,n+1, for m,

thus are super BL-algebras.
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e (2) Examples of the form: Linearly ordered MV U linearly ordered
BL or linearly ordered BL U linearly ordered MYV'.

Denote Himt1n+1p+1 = Lmt1 U Hnt1p+1 = L1 U (L1 U Lpy1) = (Lig1 U
Lyi1)ULpi1 = Hmt1n+1 U Lpt1, by associativity of U.

Example. The set H27272 = Lo U H272 = {—1,0} U {0,1,2} = H272 ULy =
{-1,0,1} U{1,2} = {—1,0,1,2}, organized as a lattice in a obvious way and as
bi-B L-algebra Hg 22 = Ha o U Lo with the following tables:

©l-1 0 1 2 —|-10 1 2
-1[-1 -1 -1 -1 -1| 2 2 2 2
Ho22 0] -1 0 0 0 0|-1 2 2 2
/-1 0 1 1 1/-1 0 2 2
2/-1 0 1 2 2/-1 0 1 2

Remark 3.9. The examples of the forms H;,41,n41,p+1, for m,n,p > 1 are BL-
algebras thus become a super BL-algebras.

e (3) Examples of the form: Linearly ordered BL U linearly ordered
BL or equivalent forms.

Denote Hut1,n41,p+1,g+1 = Hmtinet U Hppig41 = (L1 U Lng1) U (Lpy U
Lg+1) = Hmt1n+1,p+1 U Lg+1 = L1 U Hpg1 p1,g+1, by associativity of U.

Example. The set H272’272 = H2’2 U H272 = H2’272 ULy = {—1, 0,1, 2} U {2, 3} =
{-1,0,1,2,3} = LaU Hp22 = {—1,0} U{0,1,2,3}, organized as a lattice in a
obvious way and as bi-BL-algebra Ha 29 = Ho 2 U Ly with the following tables:

®©|-1 0 1 2 3 —-/-1 01 11

-1{-1 -1 -1 -1 -1 -1 3 3 3 3 3

Hoas 0,-1 0 0 0 O 0|-1 3 3 3 3
o 1]-1 O 1 1 1 11-1 0 3 3 3
21-1 0 1 2 2 21-1 01 3 3

3/-1 0 1 2 3 3/1-1 01 2 3

Remark 3.10. The examples of the forms H;41,n+1,p+1,g+1, for m,n,p,q > 1
are BL-algebras thus become a super B L-algebras.
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3.3. Classes of examples of finite, non-linearly ordered bi- B L-algebras
The examples are one of the following forms:

1. Linearly ordered MV U non-linearly ordered MV,

2. Linearly ordered MV U non-linearly ordered BL or linearly ordered BL U
non-linearly ordered MV,

3. Linearly ordered BL U non-linearly ordered BL.

e (1) Examples of the form: Linearly ordered MV U non-linearly or-
dered MV.

Denote Hy i1, (nt1)x(m+1) = Lp+1 U Lt 1)x (m+1), for p,m,n > 1.
We present two families of examples.

1. Examples of the form: Hj(i1)xm+1) = L2 U Lyppnyxmer) for
n,m > 1.

Denote HZ,(n+1)><(m+1) =Ly U L(n+1)><(m+1)a with n,m > 1.
We present four examples.

Example 1. The set Hyoxo = Lg U Laxos = {—1,0} U {0,a,b,1} =
{-1,0,a,b,1}, organized as a lattice as and with operations — and ® in the
following tables, is a non-linearly ordered bi-BL-algebra, denoted by Hzoxo =
Lo U Loy,

/-1 0 a b 1 —1-1 0 a b 1
11 -1 -1 -1 -1 1] 11 1 11
0l-1 0 0 0 0 0/-1 1 1 1 1
H22x2 al-1 0 a 0 a al—-1 b 1 b 1
bl-1 0 0 b b bl-1 a a 1 1
1/l-1 0 a b 1 1|-1 0 a b1
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Example 2. Theset Hy 312 = LoUL3yxo = {—1,0}U{0,a,b,¢,d, 1} = {-1,0,qa,b,¢,d, 1},
organized as a lattice as and with operations — and ® in the following tables, is
a non-linearly ordered BL-algebra, denoted by Ha3x2 = L2 U L3x2.

®|l-1 0 a b ¢ d 1 —1=-1 0 a b ¢ d 1
-1|/-1-1-1-1 -1 -1 -1 -1 11 1 11 11
0o{-1 0 0 O O 0 O 0|-1 1 1 1 1 1 1
oy al-1 0 a 0 a 0 a al-1 d 1 d 1 d 1
232501 0 0 0 0 b b bl—1 ¢ ¢ 1 1 1 1
cl-1 0 a 0 a b b c|l—-1 b ¢ d 1 d 1
d{-1 0 0 b b d d d{-1 a a ¢ ¢ 1 1
1{-1 0 a b ¢ d 1 1{-1 0 a b ¢ d 1

Example 3. The set Hy3x2 = Lo U Laxo = {—1,0} U {0,a,b,c,d e, f,g,1}
= {-1,0,a,b,¢,d,e, f,g,1}, organized as a lattice as and with operations —
and © in the following tables, is a non-linearly ordered BL-algebra, denoted by
Ho3x3 = L2 U L3xsa.

-1
-1 —
~1
-1
-1
-1
~1
~1
~1
-1
-1

©

Q@ OO OO OO e

O 00 O OO O OO N

D AU TR O OB

RO 0O 0 © O O Y%

Q"2 0 0 8 OO e

—HQ S0 Q0 R O

Ho,3x3

HQ 0o Q00 8 O

SO OO OO OO oo
TR O O R O o
QL O O Q OO OO

-1

1
-1
-1
-1
-1
-1
-1
-1
-1
-1

i

il et N )

—HQ %S0 0 R O

(IR SIS R TS T T NS B )
SIS TR = U I« N )
SIS IS I I I
0O U HQY B ~ o
QOO 0 R R,Q ===
I e e e e e ] K
QR R RS =
el e el e s U

Q

Example 4. The set Hyyx2 = Lo U Lyyo = {—1,0} U {0,a,b,c,d,e, f,1} =
{=1,0,a,b,c,d,e, f,1} is a bi-BL-algebra.
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2. Examples of the form: Hj (i i)xms+1) = L3 U Lipgi)xmer) for
n,m > 1.

We present here only one example.

The set H3oxo = L3z U Loxs = {-2,-1,0} U{0,a,b,1} = {—-2,—-1,0,a,b,1},
organized as a lattice as and with operations — and ® in the following tables, is
a non-linearly ordered bi-B L-algebra, denoted by H3 aoxo = L3 U Laxo.

Ol-2 -1 0 a b 1 —-1-2 =1 0 a b 1

—-21-2 -2 -2 -2 -2 =2 -2 1 1 1 1 1 1
-1/-2 -1 -1 -1 -1 -1 —1|-2 1 1 1 1 1

Hzox2 0|—-2 -1 0 0 0 0 0l-2 -1 1 1 1 1
a|—2 -1 0 a 0 a al—2 -1 b 1 b 1

b| -2 -1 0 0 b b b|—-2 -1 a a 1 1

1]-2 -1 0 a b 1 1/1-2 -1 0 a b 1

Remark 3.11. The examples of forms H, 1 (ny1)x(m+1), for p,n,m > 1 are
BL-algebras thus are super BL-algebras.

e (2) Examples of the form: Linearly ordered MV U non-linearly or-
dered BL or linearly ordered BL U non-linearly ordered MYV.

Denote for u,v,n,m > 1, the bi-BL-algebras: H, 11 v41,(n+1)x(m+1) = Lut1 U
Lot U Lny1yxma1) = Lut1 U Hor 1, (nr1)x(mr1) = Hut1,041 YU Lng1)x(m+1)s DY
the associativity of U.

We present two examples.

Example 1. Consider the bi-BL-algebra Ha2ox2 = Lo U Haoxo = Hoo U Loxo
the underline set, {—2,—1,0,a,b, 1} can be considered either as the union of sets:
H29)0x2) = [{—2,1} U{-1,0}] U {0,a,b,1} = [La U Lo] U Lax>

or as the union

H27(272><2) = {—2, —1} @] [{—1,0} @] {0, a,b, 1}] =Ly U [LQ @] Lgxg] =Ly U H2’2><2.
It has the following tables:

©|-2 -1 0 a b 1 —-|-2 =1 0 a b 1

—-2|-2 -2 -2 -2 -2 =2 -2 1 1 1 1 11

-1{-2 -1 -1 -1 -1 -1 —1] -2 1 1111

Hooox2 0| -2 -1 0 0 0 0 0|-2 -1 1 1 1 1
a|l—2 -1 0 a 0 a al—2 -1 b 1 b 1

b| -2 -1 0 0 b b b|—-2 -1 a a 1 1

1(-2 -1 0 a b 1 11-2 =1 0 a b 1
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Example 2. Consider the bi-BL-algebra Hy 29)x2 = L2 U H(22)x2- The set
HQ,(2,2)><2 = L2 U H(2,2)><2 = {—1, 0} U {0, a, b, C, d, 1} = {—1, 0, a, b, C, d, 1}, orga-
nized as a lattice and a bounded lattice with the operations — and ® form the
following tables is a bi-BL-algebra, denoted by Hs (2 2)x2-

®l—-1 0 a b ¢ d 1 —=|-1 0 a b ¢ d 1
-1({-1-1-1-1-1-1-1 -1 1 11 11 11
oOof-1 0 0 0 0 0 O of-1 1111 11
2 al—-1 0 a 0 a 0 a al-1 d 1 d 1 d 1
2@20x2 01 0 0 b b b b b|-1 a a 1 1 1 1
cl—-1 0 a b ¢ b c cl—-1 0 a d 1 d 1
d{—-1 0 0 b b d d di—-1 a a ¢ ¢ 1 1
11-1 0 a b ¢ d 1 11-1 0 a b ¢ d 1

Remark 3.12. The examples of forms Hy,i1u11,(nt1)x(m+1)s fOr u,v,n,
m > 1 are BL-algebras thus become a super BL-algebras.

¢ (3) Examples of the form: Linearly ordered BL U non-linearly ordered
BL or equivalent forms.

Denote for w,v,n,m,p > 1, the bi-BL-algebras: Hyi1v41,(nr1,mil)x(pr1) =
Hut1,041 U ‘C(TLJrl,erl)X(erl)-

Example. Consider the bi-BL-algebra Hjs 22)x2 = Ha2 U Hgo)xa =
(Lo U /:,2) U H(g’g)xg = Lo U Hg}(g}g)xg with the underline set H2,2,(2,2)><2 =
HyoUHp9)x2 = {—2,-1,0}U{0,a,b,¢,d,1} = {-2,-1,0,a,b,c,d, 1}, organized
as a lattice, with the operations — and ® in the following tables:

-2 -1 0 a b ¢ d 1 —-|-2 -1 0 a b ¢ d 1
-2|-2 -2 -2 -2 -2 -2 -2 =2 -2 1 111 1 1 11
-1!/-2-1-1-1 -1 -1 -1 -1 -1 -1 11 1 1 1 11
0{-2-1 0 0 O O 0 O 0|-2 -1 1 1 1 1 1 1
al-2-1 0 a 0 a 0 a al-2 -1 d 1 d 1 d 1
b|l-2 -1 0 0 b b b b b -2 -1 a a 1 1 1 1
cl-2 -1 0 a b ¢ b ¢ c|l—-2 -1 0 a d 1 d 1
d{-2 -1 0 0 b b d d d|-2 -1 a a ¢ ¢ 1 1
1/1-2 -1 0 a b ¢ ¢ 1 1/-2 -1 0 a b ¢ d 1

Remark 3.13. The examples of forms M1 yi1,(nt1,m+1)x(p+1), fOr %, 0,7,
m,p > 1 are BL-algebras thus become a super B L-algebras.
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3.3.1. Example of infinite bi- B L-algebras

By [11] we present example of infinite, linearly ordered bi-B L-algebra.

Example. The linearly ordered set(chain) Hpz) o = P(Z)U Ly = (Z~ U —oc0) U
Ly = {—00,...,-3,-2,—1,0} U {0,1} = {—o0,...,—3,—2,—1,0,1} with the
operations — and ® defined by the following tables, is a linearly ordered bi-BL-
algebra, denoted by Hp(z) 2 = P(Z) U L.

© | —o0 3 -2 -1 0 1
—Xx0 | 0 0 -0 0 o0 —0 —00
Hpz) -3 | o0 -6 -5 -4 -3 -3
-2 | o0 -5 -4 -3 -2 -2
~1| —o0 -4 -3 -2 -1 -1
0] o0 3 -2 -1 0 0
1| o0 3 -2 -1 0 1
— | —o0 -3 -2 -1 0 1
| 1 1T 1 1
~3|-c0 - 1 1 111
~2|-c0 - -1 1 111
~1|-c0 -+ =2 -1 1 1 1
0] —o00 -3 -2 -1 1 1
1| -0 -3 -2 -1 0 1

3.3.2. Classes of finite bi-BL-algebras such that are not super BL-
algebras

The examples will be of the form: non-linearly ordered MV /B L-algebra U MV /BL-
algebra, more precisely of one of the following forms:

1) non-linearly ordered MV | linearly ordered MV,

2) non-linearly ordered MV [ J non-linearly ordered MV,

3) non-linearly ordered MV | linearly ordered BL,

4) non-linearly ordered MV |J non-linearly ordered BL,

5

(
(
(
(
(5) non-linearly ordered BL | linearly ordered MV,
(

)
)
)
)
)
)

6) non-linearly ordered BL |J non-linearly ordered MV,
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(7) non-linearly ordered BL [ linearly ordered BL,

(8) non-linearly ordered BL [ non-linearly ordered BL.

e (1) Examples of the form: non-linearly ordered MV (] linearly or-
dered MV.

Denote, for p,q,n >1

Dp+1yx(g+1)n+1 = Lp+1)x(g+1) U Lnt1-

We present three examples of above form.

Example 1. The bi-BL-algebra

Dayo2 = Laxz U La,

with the underline set

D2><2,2 — L2><2 U L2 — {O)Q) ba C} U {Ca 1} — {Oa a, b) C, 1}5

is organized as a lattice with the following tables:
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Doy2.2

note that Dayo o is not a BL-algebra, since (a — b) V

thus Day2 2 is not a super BL-algebra.

Example 2. The bi-BL-algebra
Doyx2,3 = Lax2 U L3,

with the underline set

is organized as a lattice with the following tables:

Doyxo3

®|0 a b ¢ 1 —10 a b ¢ 1

0/0 0 0 0O 0/1 1 111

al0 a 0 a a alb 1 b 1 1

b0 0 b b b bla a 1 1 1

c|0 a b ¢ ¢ c|0 a b 1 1

110 a b ¢ 1 110 a b ¢ 1
(b —
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a)=bVa=c#1

D2><2,3 = L2><2 U L3 = {07 a, b7 C} U {C7 d7 1} = {07 a, b7 &) d7 1}7
10 a b ¢ d 1 —10 a b ¢ d 1
00 0O OO OO 01 1 1 1 11
al0 a 0 a a a alb 1 b 1 1 1
b0 O b b b b bla a 1 1 1 1
c|0 a b ¢ ¢ ¢ c|0 a b1 1 1
d|0 a b ¢ ¢ d d|0 a b d 1 1
110 a b ¢ d 1 110 a b ¢ d 1
note that Dayo 3 is not a BL-algebra, since (a — b) V (b —

thus Doy 3 is not a super BL-algebra.

Example 3. The bi-BL-algebra
Doyx3z2 = Laxz U Lo,

with the underline set

Doxs2

a)=bVa=c#1

Doyso = Lox3 ULy ={0,a,b,¢,d,n} U{n,1} ={0,a,b,¢,d,n,1},
is organized as a lattice with the following tables:
®|l0 a b ¢c dn 1 —10 a b ¢ d n 1
0|0 0O OO OOUDO 0/1 1 11111
al0 0 a 0 0 a a ald 1 1 41 11
b0 a b 0 a b b blec d1 ¢c d 1 1
c|0 0 0 ¢ ¢ ¢ c clb b b1 1 11
d|0 0 a ¢ ¢ d d dla b b d 1 1 1
n|0 a b c dn n n|0 a b ¢c d 1 1
1{0 a b ¢ d n 1 10 a b ¢ d n 1
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note that Dayg o is not a BL-algebra, since (b — d)V (d - b) =dVb=n#1
thus Day3.2 is not a super BL-algebra.

e (2) Examples of the form: non-linearly ordered MV |J non-linearly
ordered MV.

For n,m,u,v > 1, denote,
Dnt1)x (m+1),(ut D) x (v+1) = Ln1)x(mt1) YU Lus1)x (v+1)-
Example. The bi-B L-algebra
Dayo2x2 = Lax2 U Laxo,
with the underline set
Doy29x2 = Laxa U Layo = {0,a,b,n} U{n,c,d,1} ={0,a,b,n,¢,d, 1},

is organized as a lattice with the following tables:

®10 a b n c d 1 =10 a b n ¢ d 1

0{0 00O O O O oOf1 111 111

al0 a 0 a a a a alb 1 b 1 1 11

Do ans b0 O b b b b b bla a 1 1 1 1 1
' n|0 a b n n n n n|0 a b 1 1 1 1
c|0 a bn c n c c|0 a b d 1 d1

d|{0 a b n n d d d|0 a b ¢c ¢ 11

110 a b n ¢ d 1 1{0 a b n ¢ d 1

note that Doy 2x2 is not a BL-algebra, since (a = b)V (b = a) =bVa=n#1,
thus Day22x2 is not a super BL-algebra.

e (3) Examples of the form: non-linearly ordered MV |J linearly or-
dered BL or equivalent forms.

Denote, for p,q,n,m > 1,
Dps1)x(g+1)mnt1mt1 = Lpr1)x(g+1) Y Hnt1,m+1-
Example. The bi-BL-algebra
Doyo22 = Loxa UHoo = Loxa U (LU L) = Daxoa U Lo,
with the underline set

D2><2,2,2 = L2><2 U H2,2 = {070/7 b7 C} U {C, d7 1} = {070/7 b7 & d7 1}7
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is organized as a lattice with the following tables:

®l0 a b ¢ d 1 =10 a b ¢ d 1
00 0 0 OO O 0Of1 1 1 1 11
al0 a 0 a a a alb 1 b 1 1 1
D2><27272 b 0 0 b b b b b a a 1 1 1 1
cl|0 a b ¢ ¢ c c|0 a b 1 1 1
d|0 a b ¢ d d d|{0 a b ¢c 1 1
110 a b ¢ d 1 1{0 a b ¢ d 1

note that Day2 29 is not a BL-algebra, since (a = b)V (b - a) =bVa=c#1,
thus Daoyg 2,2 is not a super BL-algebra.

e (4) Examples of the form: non-linearly ordered MV |J non-linearly
ordered BL or equivalent forms.

Denote, for m,n,p,u,v > 1,

D(m+1)><(n+1),p+1,(u+1)><(v+1) - E(m—i—l)x(n—l—l) U 7-[p—i—l,(u—l—l)><(v-l—1)-
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Example. The bi-B L-algebra:

Day222x2 = Loxa U Haoxo = Loxo U (Lo U Laxz) = (Laxa U Ls)

= Dax22U Loxa,
with the underline set

Doy222x2 = Loxo U Hyoxo =1{0,a,b,p} U{p,n}U{n,cd 1}

= {0) a, bapa n,c, d’ 1})

is organized as a lattice as with the following tables:

Doy2.92x2

Qa0 3I"V o OO
(=N o N olNeloNoNeN o] fo)
QL Q QO O
T O O
TRTRRRY o o
S I 3I IV o o3
O3 o3IV e o0
QU A3 IV o O
= 0 IV oL O
R o IV o ol
N eoNoNoNoR<SES =
QR QL QLR
SIS IS TS S R e e
RBRRRY R -~ RT
S 0O QR R~~~ ~3
O 0 = =R ==
Q. ~ Q- =R
e i ) R

note that Day2 2 2x2 is not a BL-algebra, since (a = b)V (b —a) =bVa=p#1
thus Doyx22,2x2 is not a super BL-algebra.

¢ (5) Examples of the form: non-linearly ordered BL (] linearly ordered
MYV or equivalent forms.

We consider here only two examples among all possible examples.
Example 1. The bi-BL-algebra
Dooxa2 = Hooxa ULy = (L2 U Laxa) ULy = LU (Lax2ULy) = L2UDaxao,
with the underline set
Ds9x22 = Ha2x2U Ly = {0,n,a,b,m} U{m,1} = {0,n,a,b,m, 1},

is organized as a lattice with the following tables:
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®|l00n a b m 1 =10 n a b m 1
0j]0 0O 0 0 O O of1 111 1 1
n|0n nn n n n|{0 1 1 1 1 1
Doox22 a |0 n a n a a al0 b 1 b 1 1
bl10n n b b b b0 a a 1 1 1
m|{0 n a b m m m|0 n a b 1 1
110n a b m 1 110 n a b m 1
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note that Dy o292 is not a BL-algebra, since (a = b) V(b —a)=bVa=m#1
thus Da 222 is not a super BL-algebra.

Example 2. The bi-BL-algebra

D3 ox22 = H3ox2 ULy = (L3U Loxa) ULy = L3 U (LoxaULy) =L3U Dy,

with the underline set

D3,2><2,2 — H3,2><2 U L2 — {_2) _1)05 a, b) C} U {C) 1} — {_2) _1)05 a, b) C, 1}

is organized as a lattice with the following tables:

-2 -1 0 a b c¢ 1 —-|-2 -1 0a b c1

-20-2 -2 -2 -2 -2 -2 =2 -2 1 111111
-1({-2-2-1-1-1-1 -1 -1({-1 111111

Ds 9as 0o(-2-1 0 0 0 0 O 0|-2 -111111
e al—-2 -1 0 a 0 a a al—-2 -1 b1 0b11
b|—-2 -1 0 0 b b b b|—-2 -1 a a 111
cl-2-1 0 a b ¢ c cl—2 -1 0a b 11

11-2 -1 0 a b ¢ 1 11-2 =1 0a b c1

note that D3 2x22 is not a BL-algebra, since (a = b)V (b - a) =bVa=c#1
thus D3 2x2,2 is not a super BL-algebra.

e (6) Examples of the form: non-linearly ordered BL (J non-linearly
ordered MV or equivalent forms.

Example. The bi-BL-algebra

Doox22x2 = Hooxa U Laxs = (Lo U Laxa) U Laxo

= Lo U (Lax2 U Loxa) = L2U Dy 9x2
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with the support set

D3 9yx22x2 = Ha2x2U Laxo = {—1,0,a,b,n} U{n,c,d, 1}

- {_1707 a, b7n7 C, d7 1}7

is organized as a lattice with the following tables:

®l-1 0 a b n ¢ d 1 —-|-1 0 a b n ¢ d 1
-1{-1-1-1-1-1-1-1 -1 11111111
Oof-1 0 0 0 0O O 0 O 0j—-1 1 11 1111
al—-1 0 a 0 a a a a al-1 b1 b 1 1 1 1
b|—-1 0 O b b b b b b|—-1 a a 1 1 1 1 1
n|i—-1 0 a b n n n n n|—-1 0 a b 1 1 1 1
cl-1 0 a b n ¢ n c cl—1 0 a b d 1 d 1
di-1 0 a b n n d d di—1 0 a b ¢c ¢ 1 1
1{-1 0 a b n ¢ d 1 1{-1 0 a b n ¢ d 1

note that Da 2x2 2x2 is not a BL-algebra, since (a - b)V (b = a) =bVa=n#1
thus Dg 2x2,2x2 is not super BL-algebra.

e (7) Examples of the form: non-linearly ordered BL [ linearly ordered
BL or equivalent forms.

Example. The bi-B L-algebra

D3 2x222 = Haoxa UHoo = (L2 U Laxa) U (L2 ULy) = Lo UDayo2U L,

with the underline set

D2,2><2,2,2 == H2,2><2 U H2,2 == {_1707 a, ba C} U {C, d7 1} - {_17 O,G, b7 c, d7 1}7

is organized as a lattice as with the following tables:
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®| -1 0 a b c d 1 —|-1 0 a b ¢ d 1
-1{-1 -1 -1 -1 -1 -1 -1 -1 1111111
0] -1 O o o 0 0 o0 o(-1 1 11 1 11
a|—1 0 a 0 a a a al-1 b 1 b 1 1 1
b|—1 0 O b b b b b|—-1 a a 1 1 1 1
c|—1 0 a b c c c cl—1 0 a b 1 1 1
d| -1 0 a b c c d di -1 0 a b d 1 1
1-1 0 a b c d 1 1/-1 0 a b ¢ d 1

note that Dy 24222 is not a BL-algebra, since (a -+ b) V(b —a)=bVa=c#1
thus D3 2x2,2 is not a super BL-algebra.

e (8) Examples of the form: non-linearly ordered BL U non-linearly
ordered BL or equivalent forms.

Example. The bi-B L-algebra
Do ox2,22x2 = Haoxa UHooxa = (L2 U Laxo) U (L2 U Laxo)
= Lo UDayx22U Loxs = Dr2ax22U Laxa,
with the underline set

Djoyx229x2 = Hooxo U Haoxo ={0,m,a,b,p} U{p,n,c,d,1}

= {0’ m,a, bapa n,c, d’ 1})

is organized as a lattice as with the following tables:

— 3 a3 =0 3 ol®
O O OO OO OO OO
S3I33333 S oS
s s oo 3 3 o
IS III o 3 of3
A S e 3T oo I ola
LI IV o0 3 ol
— A 3SW oo S ok
— S a3Ss oo 3 old
OO OO OO OO +HO
S3I3I3I3 2 o=~~~
2 e 2909898 K2
S S S s
VRVWRWRW =
S o R FE P RF = =S
S e S e S Sy S SR I
S - T O Y W
— o e e

R TE S oo S o
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note that D 222 2x2 is not a BL-algebra, since (a = b)V(b — a) =bVa=p#1
thus D2 2x222x2 is not a super BL-algebra.

3.4. bi-Homomorphisms, bi-Filters and bi-Boolean center

Definition 3.14. Let L = (L1ULy, A, V,®,—,0,1) and K = (K1UKy, A, V,©, —
,0,1) be two bi- B L-algebras. We say a map ¢ from L to K is a bi-homomorphism
of bi-BL-algebras. If ¢ = ¢1 U ¢po where ¢ = ¢ |1, from Ly to Ky and ¢ = ¢ |,
from Lo to K9 are BL-homomorphisms.

Definition 3.15. Let ¢ : L — K be a bi-homomorphism, where L = L U Lo
and K = K; U Ky are bi-BL-algebras the kernel of the bi- homomorphism ¢
as Ker(¢) = Ker(¢1) U Ker(¢z); here Ker(¢1) = {a1 € L1 | ¢1(a1) = 1} and
Ker(¢e) = {az € Ly | ¢2(az) =1}, i.e., Ker(¢) = {a1 € Ly,as € Lo | ¢1(a1) =1,
¢2(az) =1}

Example 3.16. Let L = Dyy29 and K = Dayg 3. Define ¢ = ¢1 U ¢2 as follow:
o1 1 Laxa — Loxo where ¢ is a identity map and ¢9 : Lo — L3 where ¢o(c) = ¢
and ¢2(1) = 1, then ¢ is a bi-homomorphism from L to K and Ker(¢1) = {c}
and Ker(¢2) = {1}, so Ker(¢) = {c,1}.

Definition 3.17. Let L = L; U Ly be a bi-BL-algebra. We say that subset
S =51US8s of L is a sub bi-BL-algebra of L if L1NS =51 and Ly NS = 55 are
subalgebra of L; and Lo respectively.

Example 3.18. In the Example 3.2, consider S; = {0,a,c¢,1} and So = {0, ¢, 1},
then S = S;USy = {0,a,c,e,1} is a sub bi-BL-algebra of L, since SN Ly = S
and SN Ly = S5 are subalgebras of Ly and Ly respectively.

Definition 3.19. Let L = L; U Ly be a bi-BL-algebras. We say the subset
F = F1UF;5 of L is a bi-filter of L if F; is a filter of L;, where i = 1, 2 respectively.

Theorem 3.20. Let L = L1 U Ly and K = K; U Ky are bi-BL-algebras and
¢ : L — K is a bi-BL-algebra homomorphism. Then Ker(¢) is a bi-filter
of L.

Example 3.21. In Example 3.2, consider F; = {a,1} and Fy = {e,1}. Then
F=F UF;, ={a,e, 1} is a bi-filter of L.



bi- BL-ALGEBRA 255

Theorem 3.22. Let ' = F| U Fy be a bi-filter of a bi-BL-algebra L = L1 U Lo
such that F; is a filter of L; where i = 1,2. Then % = %U % 1s a bi-BL-algebra
where % = {[z]p |z € L;} and [x]p, = {y € Lilrt -y € F;, y — x € F}}, where

r€L; andi=1,2.

Definition 3.23. Let I' = F1UF5 be a bi-filter of a super BL-algebra L = L1ULs.
If F' is a filter of L, then we say that F' is a super filter of L.

Example 3.24. Let L1 = {0,a,c,1} and Ly = {0,b,¢,d, 1}. Define ® and — as
follow:

@‘O a c 1 —>‘0 a c 1
00 0 0 O 0/1 1 11
14 al0 a ¢ a al|l0 1 ¢ 1
c|0 ¢ ¢ c c|0 1 1 1
110 a ¢ 1 1{0 a ¢ 1
®|l0 b ¢ d 1 —10 b ¢ d 1
00 O 0 0 O 01 1 1 1 1
Ly b0 b ¢ d b b10 1 ¢ d 1
c|0 ¢ ¢ d ¢ c|0 1 1 d 1
d|0 d d 0 d dld 1 1 1 1
110 b6 ¢ d 1 1/0 b ¢ d 1
For L, whose tables are the following:
®|l0 a b ¢c d 1 —10 a b ¢ d 1
0(0 0O OO O O 0/1 1 1 1 1 1
al0 a ¢c ¢ d a al0 1 b b d1
L b0 ¢ b ¢ d b b 10 a 1 a d 1
c|0 ¢ ¢ ¢ d c c|0 1 1 1 d 1
d|0 d d d 0 d d|ld 1 1111
10 a b ¢ d 1 110 a b ¢ d 1
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Then L1 and Lo are BL-algebras and L = Ly U Lo is a bi-BL-algebra and also
L is a super BL-algebra, consider F} = {a,1} and F, = {b,c, 1} are filters of L,
and Lo, respectively. Also F'= F; U Fy = {a,b,c,1} is super filter of L.

Corollary 3.25. In a super BL-algebra, any super filter is a filter.
In the following example we show that converse of above corollary is not true.

Example 3.26. In super BL-algebra H22x2, we consider F' = {a,1}. Then F
is a filter of Ha 242 but is not a super filter of Hs 2x2, since F' is not union each
pair filters such that F = Fy U F, and F; is filter of L;, respectively.

Proposition 3.27. Let L = Ly U Ly be a super BL-algebra and F' = Fy U Fy be
a super filter of L, then % 1s a BL-algebra.

If L =1L1U Ly is a super BL-algebra and F = F; U Fy a super filter of L, then
L L
F7F

Example 3.28. In Example 3.2 we have:

0], :F%:{x€L1|x—>0€F1,O—>x€F1}:{O}’
[a] _Filz{xeLllx—)aeFl,a%xeFﬁ:{aal}v
[c] &y :Fil:{x€L1|x—>c€F1,c—>:C€F1}:{C}’
1], _Fil:{xeLl\x—ﬂeF1,1—>96€F1}:{a71}7

Thus [a]r, = [1]F,, therefore % =A{[0lg,, [, [1]F }-

[ & ={r e Lot - 0€ F,0 -z e B} = {0},
blp, = & = {z € Lolt = b€ Fy,b— x € B} = {b,c,1},
[dp, =5 ={z € Lo|x > c€ Fy,c » x € Fa} = {b,c, 1},
[ £ ={re Lz —»de Fd—zec R} ={d}
[ & ={relr—1eFR1-reR}={bl},

Thus [b]F2 = [C]F2 = [1]F2, therefore % = [O]FQ, [d]FQ, [1]F2}.

So % = % U % =A{[0]r,,[dr, [1]F, [0]m), [dF,, [1]r } is a bi-BL-algebra.

In%wehave:

Or=%={zellz—>0eF0—zcF}=/{0},

lalp =% ={r€Lllr wac F,a—x¢cF}={abc1},
blr=2%={zcllz—be Fb—azxecF}={abec1},

lJp=¢={z€Llz —ceFc—xeF}=1{abec1}
drp=2%={seLlt~deF,d—zeF}={d.

So & = {(0)r[dr, [1]r}, we show that % # £, since [1]n € £, but
[1F1¢%'
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Definition 3.29. Let A = A; U Az be a bi-BL-algebra andB(A) be the Boolean
bi-algebra associated with the bounded distributive lattice L(A). Elements of
B(A) are called the bi-Boolean elements of A and B(A) := B(A;)U B(As), where
B(A;) and B(As2) are Boolean elements of A; and Asg, respectively.

Example 3.30. In Example 3.1, we have B(L;) = B(L2) = {0, 1}, then B(A) =
B(L1)U B(Lg) = {0,1}.

Example 3.31. In Example 3.3, we have B(A) = B(L1) = B(L2) = {0,1} but
the Boolean elements of L are B(L) = {0,a,d,1}. Thus the bi-Boolean elements
of a super BL-algebra are not equal with Boolean elements of L.

Remark 3.32. Suppose L = L U Ly be a chain super BL-algebra and also
1z, =11, and Oz, = Or,, then the bi-Boolean elements of L is equal the Boolean
elements of L, i.e., B(L;) = B(L1) = B(L2) = B(L).

Example 3.33. Let L; = {0,1,2,4} and Ly = {0,2,3,4}. Then L3 U Ly =
{0,1,2,3,4} = L5. Define ® and — as follow:

©l0 1 2 4 -0 1 2 4
0/0 0 0 O 04 4 4 4
Ly 1{0 0 0 1 112 4 4 4
210 01 2 211 2 4 4
410 1 2 4 410 1 2 4
©|0 2 3 4 -0 2 3 4
00 0 0 O 014 4 4 4
Lo 210 0 0 2 213 4 4 4
310 0 2 3 312 3 4 4
410 2 3 4 410 2 3 4
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L1 and Lo are BL-algebras, thus L5 = L1 U Ly is a super BL-algebra and we
have B(Ll) = B(LQ) = B(,Cg)) = B(,Cg)) = {0, 1}

Otherwise suppose L1 = {0,1,2,3} and Ly = {0,2,3,4}, then Ly U Ly =
{0,1,2,3,4} = L5. Define ® and — as follow:

©|0 1 2 3 -0 1 2 3
0/0 0 0 O 013 3 3 3
Ly 110 0 0 1 112 3 3 3
210 0 1 2 211 2 3 3
310 1 2 3 3101 2 3
©|0 2 3 4 -0 2 3 4
0/0 0 0 O 014 4 4 4
Lo 210 0 0 2 213 4 4 4
310 0 2 3 312 3 4 4
410 2 3 4 410 2 3 4

L1 and Lo are BL-algebras, thus L5 = LU Ls is a super B L-algebra and we have
B(Ly) = {0,3} and B(Ly) = {0,4}, then B(L5) = {0,3,4} but B(Ls5) = {0,4}.
So B(Ls) # B(Ls).

Definition 3.34. Let L = L; U Ly be a bi-BL-algebra. We denote by Ds(L) =
Dy (L1)UDs(L2) the set of all bi-deductive systems of L where Dy(L1) and D4(Lq)
are deductive systems of Iy and Lo respectively. If L is a super BL-algebra, then
D4(L) is the set of all deductive systems of L.

Example 3.35. Consider Hga2x2. Then Dy(L2) = {{0},L2} and Dy(Lax2)
= {{1},{&,1},{[),1},£2X2}, thus 'DS(HQ,QXQ) = DS(/:,Q) U Ds(ﬁgxg) = {{0},
{1},{a, 1}, {b,1}, L2, Lox2}. But Ds(Haox2) = {{1}, {a,1}, {b,1}, Loxa,
Haaxa}, thus Ds(Haox2) # Ds(Ha2x2), since Lo & Ds(Haox2)-

Remark 3.36. Let L be a bi-BL-algebra. Then D4(L) together with inclusion
relation is not a lattice.

In above example (Ds(Hz2x2), <) is not a lattice, since £ N {b,1} = {—1,0}

N{b,1} =0 and 0 & Ds(H22x2).
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4. CONCLUSION

The union of two subgroups, or two subrings, or two subsemigroups etc. do not
form any algebraic structure but all of them find a nice bialgebraic structure as
bigroups, birings, bisemigroups etc. Except for this bialgebraic structure these
would remain only as sets without any nice algebraic structure on them. Further
when these bialgebraic structures are defined on them they enjoy not only the
inherited qualities of the algebraic structure from which they are taken but also
several distinct algebraic properties that are not present in algebraic structures.

We introduced the notion of a bi-BL-algebra and study it in detail. After
that the notions of a bi-filter, bi-deductive system and bi-Boolean center of a bi-
B L-algebra are introduced. We have also presented classes of bi- B L-algebras and
we stated relation between bi-filters and quotient bi-B L-algebra. Finally we show
that the set of all deductive systems of a bi- BL-algebra together with inclusion
relation is not a lattice.
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