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1. INTRODUCTION

The maximal subsemigroups of some classes of semigroups have been the
object of study by many semigroups theoreticians. In particular, Todorov
and Kracolova [8] have determined the maximal subsemigroups of transfor-
mations of fixed rank of finite chains. Nichols [5] and Reilly [6] considered
the maximal inverse subsemigroups of T),. Yang Xiuliang [9] obtained a com-
plete classification of the maximal inverse subsemigroups of finite symmetric
inverse semigroups, Taijie You and Yang Xiuliang [7] have determined the
maximal idempotent-generated subsemigroups of finite singular semigroups.

The semigroup O, of all isotone transformations on the finite chain X, is
also of great interest. Yang Xiuliang [10] obtained a complete classification
of the maximal subsemigroups of the semigroup O,. Yang Xiuliang and
Lu Chunghan [11] received the maximal idempotent-generated and regular
subsemigroups of the semigroup O, and etc. Recently Fernandes, Gomes
and Jesus [2] gave a presentations for the monoid of all order-preserving and
order-reversing transformations on a chain with n elements.

In this paper, we consider the semigroup M, of all monotone trans-
formations on X,,. This semigroup consists of all isotone transformations
together with all antitone transformations. We present two subsets of the
class jn,l of all monotone transformations with defect 1, which generate the
semigroup M,,. Here, we characterize all maximal subsemigroups of M,. We
also determine all subsemigroups of M,, which are maximal in the class jn,l.
Here, we show that the maximal subsemigroups of the semigroup M,, are
closely connected with the maximal subsemigroups of the semigroup O,,.

2. PRELIMINARY RESULTS

For convenience, the following well-known definition and propositions will
be used throughout the paper.

Definition 1. Let A C X,, and let m be an equivalence relation on X,,. If
|z N A| = 1forallz € X,/m then A is called a cross-section of T,
denoted by A # .

Proposition 1 ([8]) . Let o, 5 € Ji. Then there hold
1) af € Jy <= X, # ms.
2) If Xpo # mg and X0 # 7o then Xpaf # mag.
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Notation 1. Let U be a subset of 7,,. Then the set of all idempotents of
the semigroup 7,,, belonging to the set U, is denoted by E(U).

Proposition 2 ([3]). Let o and [ be two elements of the class J, C Ty,
(1 <k <n-—1). Then the following are equivalent:

From Proposition 1 and Proposition 2, we have the following two corollaries.

Corollary 1. If a and 3 are two transformations of the class Ji, then
Xpa # mg < L, N Rg C Ej.

Corollary 2. Let a, 31,...,3, (2 <p € IN) be transformations of the class
Jp (1 <k <n-—1). Then a = 318y B, iff R, = Ra, L, = Lq and
XnB; # mp,, foralli=1,...,p—1.

The next proposition determines the number of the idempotents of R,
(respectively of L,) for any a € 7,,.

Proposition 3 ([1]). Let 1 <k <n—1. Then for all « € Jy, there hold
D) |E(Ra)| = |21||Z2] - - [Zk| for Xn/ma ={Z1,T2,..., Tk}

2) |E(Ly)| = (ag—a1)(ag—agz) - - - (ag—ag—_1) for Xpa = {ai,az,...,ax}.

Here, we consider the elements of the set X« as cardinals.

3. STRUCTURE OF THE SEMIGROUP M,

We call a transformation o on X, isotone if x < y = za < ya and
antitone if z <y = xa > ya. A transformation « is called monotone if
it is isotone or antitone. The product of two isotone transformations or two
antitone transformations is an isotone transformation and the product of an
isotone transformation with an antitone transformation, or vice-versa, is an
antitone transformation.
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We denote by O, the semigroup of all isotone transformations with
defect > 1 under the operation of composition of transformations and by
Q. the set of all antitone transformations on X,, with defect > 1. The
set M,, := O, UQ), forms a semigroup under the operation of composition
of transformations, which is called the semigroup of all monotone
transformations.

Since @, is a subset of the semigroup 7,,, each L - class L, of @, is
uniquely determined by the image X,«a and each R - class R, of @, is
uniquely determined by the kernel 7,. From the definition of the antitone
transformation, it follows that each H - class H, of @, consists of exactly
one transformation, namely « (i.e. the H - classes of @, are trivial). The
‘H - classes of the semigroup O,, are also trivial and since M,, = O, U @y,
it follows that each H - class of M, consists of exactly two transformations
with the same image and the same kernel - one isotone and one antitone

Definition 2. Let S be a subsemigroup of the semigroup M,,. We call an
H - class H of the semigroup S full if |SN H| = 2.

The semigroup S is called ‘H - full if all H - classes of S are full.

Definition 3. For 1 < k <n —1 we put

~

Jip :={a € O, : | Xpo| =k}

—_

\V]

w

J={a € Q| Xl =k}

W

ot

Jp = {a € M, : | X,a| = k}.

(@)
= L I =z =2 <

Qlearly, I, forms an ideal of M,,. Tt is easy to verify that Jy, = jk U Jj, and
I, = I, U L.

In this paper, we pay particular attention to the J - class J,_1 at the
top of the semigroup M,.
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Remark 1. The R -, £ - and H - classes in the class jn,l have the following
form:

Ri={acJ, 1 CM,: ia=(i+1)a} for 1<i<n-—1,
Ly={a€Jo1 CM,: Xpa=X,\{k}} for 1<k<n,

HF := R; N L.

Each ‘H - class sz' of the semigroup M,, contains exactly two transforma-
tions, one isotone and one antitone, which are denoted by af and vf, respec-
tively. We write ef for the isotone transformation, if it is an idempotent.
Only the classes H! and H;™' (1 <i < n— 1) each contains an idempotent.
Each R - class R; for some 1 < ¢ <n — 1, and each L - class L; for some
2 <k <n —1 contains only two idempotents. The L - classes Ly and L,
each contains only one idempotent.

Notation 2. We denote by Ey := E(M,) N Ji, the set of all idempotents of
the class J forall 1 <k <n—1.

Corollary 3. For all o, 8 € Jo_1 there hold:
1) Let o € Ly, for some 1 <k <n. Then Xpo # mg iff B € {Rp_1, Ry}
2) Leta € R; for somel <i<n—1. Then X,0 # 7o iff 6 € {L;, Li+1}-

Remark 2. Let o, 8 € M,, and X, # mg. Then X,y # s for all v € H,
and all 6 € Hg, since the transformations of one H - class have the same
image and the same kernel.

In the next two lemmas, we will show the connection between the class of
all monotone transformations J,,_1 and its subclasses J,,_1 and J,,_1.

Lemma 1. Let 1 <k <n—1 and let v be an antitone transformation with
rank k. Then the set Ji U {v} generates Jy.

Proof. The class R, certainly contains at least one idempotent e (see
Proposition 3). Hence for each transformation § € L. we have R, N Lg =
e C Ej,. By Proposition 2, we have that the product 87 belongs to Jj, and
By € RgN L,. Since 3 is an isotone transformation and « is an antitone
transformation, it follows that v is antitone. Therefore, L.y = L, C Jg.
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Moreover, we certainly have that the class L, contains at least one idempo-
tent & (See Proposition 3). Thus from Proposition 2, we obtain L,Rs = Jj,
and so <Jk, vy D . u

Lemfna 2.Let1 <k <n—1. Then the class Jy generates the class jk,
i.e. Jr C (Jk).

Proof. Let a € Ji. be an isotone transformation with rank k. For each
transformation « of this type we can find antitone transformations 3, 85 €
jk, such that 75, = m and X3 = X,. We choose the image of the trans-
formation (3, and the kernel of 35, such that the condition X3, # mg, will
hold. Then by Corollary 2 we have o = 3,35, i.e. each isotone transforma-
tion a0 € Jk can be represented as a product of two antitone transformations
81,89 € Jk Hence <Jk> D) Jk @) Jk = Jk u

Theorem 1. M,, = (E,_1,7) = (Ju_1) for any v € J,_1.

Proof. The set of all idempotents of the class Jn_1 generates the semigroup
Op, ie. (En_1) = O, (see [4]). By Lemma 1 we have that J, ; U {y}
generates J,_1, for any v € J,_1. From Corollary 1, we have that X, o # T3
iff LN Rg C E,_4 forall a,f € J _1. We also know that only the classes
Hi and H'™' (1 <i <n—1) of the class J,,_; each contains an idempotent.
Therefore, there are an isotone transformation a € Jn,l and an antitone
transformation 3 € J,_; such that X, is not a cross-section of g, and so
the product a8 = y; belongs to the class Jn 2 (see Proposition 1). Hence
from Lemma 1, we have that (Ju—2,71) = Ju_s. Continuing in this way,
we find (Jn ks Vi—1) = Jn—p for all 2 < k < n—1 and v, € Jn_p, ie.
we obtain the ideal I,_5. Since I,,_o U J,_1 = M,,, we deduce that the set
E,_1 U{vy} generates the semigroup M,,.

From Lemma 2 we have that the set J,_1 of all antitone transformations
with defect 1 generates the class J,,_1. Since the set E,_; U {7}, where
v E€ jn_l, is a subset of the class jn_l we obtain that J,_1 generates the
semigroup M,. u

4. THE MAXIMAL SUBSEMIGROUPS OF THE SEMIGROUP M,

In this section, we give a complete classification of the maximal subsemi-
groups of the semigroup M, of all monotone transformations. Here, we can
use the classification of the maximal subsemigroups of O, given by Yang
Xiuliang ([10]).
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Any maximal subsemigroup S of O,, has the form S = I,,_o U U for some
U C Jn 1. Now, we will study the elements of S \ In o for any maximal
subsemigroup S of M,.

Lemma 3. Let S be a mazimal subsemigroup of M,. Then SN E,_1 # (.

Proof. Let U := S\Izn_g and let us assume that UN E,_; = 0, i.e. no one
of the idempotents

€ (Hl-iUHZH)ﬂOn for i=1,...,n—1

belongs to the semigroup S. On the other hand, the product of any two
antitone transformations is an isotone transformation. Hence the semigroup
S certainly contains isotone transformations. If af‘ e sSn Hlk is such a
transformation, then by Corollary 2 and Corollary 3 we get the following
equations:

ik 1 _ .k i i+1 _ i+1 i+1
(1) ei=afal_=afa}, &ft=afalll =af it

Therefore, from the assumption that af € U and ¢! el ¢ U, it follows that

X Z
1 1 7
2) {aior ofh, afaf™} C i\

We have that S is a maximal subsemigroup of the semigroup M,, and so
(S,a) = M, for each transformation o € M, \ S. In particular, we have
(S,e%) = M,,. The transformation ai € M, \ S is expressible as a product
of transformations in the following way:

(3) 04;@ = 5527 € Ju1

for some 3,7 € S. From Corollary 2 we have

(4) Ry =Ry, Ly=Li, Xof # 7, Xnet # 7.,
From the last requirements and Corollary 3, it follows that

(5) Be HLUHM CJ,y and vy € H_{ UH! C J,_1.
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Moreover, since a}; and 52 are isotone transformations, it follows that the
transformations 3 and  are both isotone or both antitone transformations.
Let us now consider separately each of these two cases.

Let B and v be isotone transformations. We know that each H - class of
the class J,_1 contains exactly one isotone and one antitone transformation.
In this case from (2) and (5) we have:

~

BeH,UH = {a}%} U {a?l} CJp-1\ S

ey ot~ fo yufa) € dos
i.e. § and v do not belong to the semigroup S.

Now let § and ~y be antitone transformations. Then from v € H Z-Z;l UH f,
it follows that 72 is an idempotent and from the assumption it does not
belong to S. Therefore, the transformation v does not belong to S.

Thus we deduce that the transformations § and + do not belong to the
semigroup S. This contradicts the assumption that G,v € S.

The argument above hold for any representation of the transformation
ai,, since the first and the last element in that product have to satisfy the
conditions (3) and (4). Therefore, U N E,,_1 # 0. u

For the proof of the main result, which characterizes the maximal
subsemigroups of the semigroup M,,, we need the following lemmas.

Lemma 4. If the mazimal subsemigroup S of M, contains an H - class
which is not full then S contains an idempotent & such that H. is not full.

Proof. Let HF = {a¥, ~¥} be one H - class of the semigroup S which
is not full and let o € S and 4* ¢ S. From Lemma 3, we have that the
semigroup S contains an idempotent €. We will prove that H. C S is not
full. From Corollary 2 and Corollary 3 we obtain:
Y=ol v =al =t ol = af ¢S

This shows that the antitone transformations 'Yifp fy’,;‘, e, ’yﬁ“ do not
belong to S, since af € S and v¥ ¢ S. The respective H - classes of
these transformations contain the idempotents 5’,:_1, 5’,2, 5%, 52“. If at least
one of these idempotents belongs to .S then the semigroup S contains an
idempotent whose H - class is not full.
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Assume that all these idempotents do not belong to S. Then from Corollary
2 and Corollary 3 we have:

ei=af ol =afal | = ai, al_,€J,1\8S.
Since S is a maximal subsemigroup and ¥ ¢ S, it follows that (S,ef) = M,.
On the other hand, again by Corollary 2 and Corollary 3 we have:

0} = €k a1,
where ai,e¥ and af | do not belong to S (as we mentioned above). This
shows that the transformation ai & (S,ef), ie. (S, ey # M,. Hence
the assumption that all idempotents si_l, ei, 52, €§+1 do not belong to S
contradicts the condition that S is a maximal subsemigroup of M.
Analogously, one can obtain the same result for the converse case, when the
antitone transformation 'yf of the class sz belongs to S and the isotone
transformation of does not belong to S. u

Lemma 5. Let S be a mazimal subsemigroup of the semigroup M,. Then
either S\ I—o2 = Jp—1 or S is H - full.

Proof. Let U = S\ I,—o and let S be a maximal subsemigroup of the
semigroup M,,. Then from Lemma 3, it follows that S contains at least one
idempotent. Let us assume that S is not an H - full semigroup, i.e. there
is at least one element of U, whose H - class is not full. From Lemma 4, we
have that U contains an idempotent whose H - class is not full.

Let the idempotent ! € H! belong to S and let the antitone transforma-
tion ~; not belong to S. We will show that all H - classes of the semigroup
S, which contain idempotents, are not full.

From the condition 7¢ ¢ S and the equations (see Corollary 2,
Corollary 3)
A o oy
V=& Y= i
it follows that the antitone transformations v¢_;, ’yﬁ“ € J,_1 do not belong
to S. For this two transformations, we can construct the following product:

(6) vi_y = a1,
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and by Corollary 2, it follows that

Ro=Ri-1, Lg=Li, Xpo#min, Xy # mg,

ie. a€ H_UH™ and 8 € H' U H! ; (see Corollary 3).

Obviously, the last conditions completely define the R - and L - classes
of the transformations o and 3. Moreover, they are isotone or antitone at
the same time.

Since S is maximal in M, and v} ;,7:*1 ¢ S then (S,7/"!) = M,, and
thus in the equation (6) the transforrnatlons a and 3 must belong to S.
Now we will consider the cases, when they are isotone and when they are
antitone transformations.

If o and (8 are antitone transformations then we have:
Hl e T and H! =4t , e H
a=~71€H and =~ € H] or 8=~ € Hiy

Since the transformation ¢ does not belong to the semigroup S from the
equation v!_; = 'y“rl er ¢ S it follows that the transformation 'y”} =«
does not belong to S. ThlS contradicts the condition € S. Therefore,
the equation (6) if o and  are antitone transformations contradicts the

maximality of S.

If o and (8 are isotone transformations then we have:

i i+1 i+1
a—eifleH 1 or a=o; ;€ H™

and
B=ci€eH or B=a;€H,

From equation (6) we obtain:

_ i+1 z_ i+1 z _ a1 _ i+l z_ i+1_i+1 z
’Yz 1 _51 17 & 51 17 Q41 = Q17 2 Q; 17 Qi

and since 52 € S, so in order for at least one of these equations to hold it is
enough that at least one of the transformations either €!_; or o/“ belongs
to S. If oz;:ﬂ € S, then 5%71 = aﬁﬂ Eﬁ € S. Hence in both cases the
idempotent €;_; belong to S. Its H - class is not full in S, since the antitone
transformation ¢_; does not belong to S.

Since the transformation 'yi does not belong to the semigroup .5, from
the equatlon i = fyl 1 g | ¢ S it follows that the antitone transforma-

tion %‘—1 does not belong to S.
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Further, from the conditions 7¢_;,7'"] ¢ S and (S,7%_;) = M, for the
transformation 'yfj we have

’YZ:% = 0‘7%—1@
and by Corollary 2 we have:

Ro = Riy, Lg=Lioy, Xpa#m Xnvio1 # 7,

ie. o € H-{UH! ,and € H"{ UH.™* (see Corollary 3).
Since S is maximal in M,, the transformations « and 3 belong to S.
They can not be antitone, since the antitone transformations v;_; and vzj,

of the respective H - classes, do not belong to S.

Therefore, o and (§ are isotone transformations and thus
o a—1 c H’i—l 4 c HZ
=& i-1) @ =& i—1

and
B=cl1eH |, B=ateH "

Hence we obtain that the idempotent eﬁj belongs to S. Its H - class is not
full, since the antitone transformation 'y;j does not belong to S.

Thus the assumption that the H - class of the idempotent 52 is not
full, implies the same deduction for the H - class of the idempotent eﬁj.
Continuing by induction on the indices k£ < i of the idempotents 5’,2, we

obtain that all idempotents

1 2 2 3 i—1 7 )
€1, €1, €9, €9, vy E; 15 €115 &

belong to S and moreover, their H - classes are not full.

Analogously, starting from the idempotent 82 and the conditiqns
(S,vi_ 1) = M,, and 4/"! ¢ S first we obtain that the idempotent it

belongs to S and its H - class is not full and then we obtain the same result
for the idempotent szﬁ

Continuing by induction on the indices k > i of the idempotents 5£ we
deduce that all idempotents

i+1 i+1

gl ! 42 n—1 n—1
1 ) Ti+D

n
€ €itl> -1 En—2> En—1s En—1

belong to S and their H - classes are not full.
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Hence if S contains an H - class which is not full then all idempotents of

the class J,_1 belong to S and their H - classes are not full.

By Howie ([4]), (En_1) = Ju_1 and thus J,_; C S. Let us assume
that S contains at least one antitone transformation ~ € Jn_1. From
Theorem 1 we have (jn_l,fy) = M,, and so M, = S. Therefore,
Sﬂjn,l = (), since S is a maximal subsemigroup of M,, and S = fn,gujn,l,
ie. U= jn_l.

We have shown that if S contains an H - class which is not full
then S contains all idempotents of the class J,—1 and thus the set U
coincides with the class jn_l. If S contains an antitone transformation
v e Jn—1 then S does not contain all idempotents of the class jn,l, since
(Ju_1,7) = M,. Thus from the argument above, it follows that S is an
‘H - full semigroup. u

Lemma 6. Let S’ be a subsemigroup of O, and v € J,_1 with v* €
SNEu1. Then S = (S',7) is an H - full subsemigroup of M, and
SNo,=5".

Proof. Let U’ = S'\I,_5 and let L(U’) (respectively R;(U")) be the set of
all elements of the class Ly (respectively R;), that belong to the semigroup
S’ ie. Lg(U') = LnS forall 1 <k <nand R;(U') = R; NS for all
1 <i<n-—1. From +v? = ¢ we have that H, = H., ie. Ly, = L. and
R, = R.. Let 42 = ¢ € Li(U') N R;(U’). Then for each a € Ly(U’) we
have ay =0 € Ry N Ly C Jn_1, since € € Ly N R, (see Proposition 2). The
transformation § is antitone, since « is isotone and ~y is antitone. We also
have that L, = L. = Ls. This shows that Hs = H,. Therefore, for each
a € Li(U') we have ay = € H, N Q.

If we denote by Li(U) the £ - class of all elements of the class
Li(U") together with the respective antitone transformations, then from
Proposition 2 and Li(U) N R;(U’) = e € E(U’), we have that Li(U)R;(U")
= U, where U is ‘H - full and its isotone transformations are the same as
those of the set U’.

In the set U there are an isotone transformation « and an antitone
transformation 3 such that X, is not a cross-section of mg. Then the
product a8 = ~; belongs to the class Jn—2 (see Proposition 1) and from
Lemma 1 we have that <jn,2,'yl> — Jy_o. Continuing in this way, we find
<jn—k;,’7k-71> = J,_p for all 2 < k < n—1, i.e. we obtain the ideal I,,_o.
Hence the semigroup S = (S’,7) = I,_o UU is H - full.
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We have shown that for each o € S’ the class H, C S contains exactly
two transformations - one isotone and one antitone. Now we will show that
the product of any two of the given antitone transformations belongs to the
semigroup S’, i.e. SNO, = 5.

We have S C O,, and §' C S, since S = (5’,v). This shows that
S'CSNO,.

Now we will show that SNO,, C S’. Let « € SNO,,, i.e. « is an isotone
transformation of the semigroup S = I,oUU. fa€el,sn0, =1,
then o € S, since S' = I,,_o UU’.

We have that S = (S',7), thus S’y, vS" C S and S'y, 75" C Q.
Then for each isotone transformation o we have o € S” or & = 7774, where

Y1,72 € SN Qn.

Let « € UNO, C J,_1. Assume that there are antitone transforma-
tions ;1,75 € U such that a = ;5. Then from Proposition 1 we have
Xnv, # my,. The semigroup S is H - full, and so all H - classes contain
one isotone and one antitone transformation. Therefore, there are isotone
transformations o,y € U’ such that H,, = H,, and H,, = H,,. This
shows that

" u Loy =Ly, = Xpoj=Xpy; L
« ¥ ’ )
3 J Raj — R’y]- — Ta; = Ty,

From X7y, # m,,, it follows that X,a; # 7a, and ajay = a € U' C 5.
Consequently, we have SN O,, € S’ and thus SNO,, = 5. [

By the definition of an H - full semigroup we get:

Corollary 4. If 8" = O, and v € J,_1 with v> € SN E,_1 then

Now, we will study the connection between the maximal subsemigroups of
the semigroups O,, and M,,.

Lemma 7. Let S’ be a mazimal subsemigroup of the semigroup O, and
let v € Jn—1 be an antitone transformation. Then (S’,v) is a mazimal
subsemigroup of M,,.
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Proof. 1) Let S = (S',v) and a € M, \ S. We will show that (S, ) = M,,
i.e. for each transformation 8 € M, \ S there exist transformations 7 and §
in S, such that § = nad. Since we know the transformations « and 3, we can
completely define the transformations n and § by the following conditions
(see Corollary 2):

(7) R,=Rs, L;=Lg and X,a # 15, Xun # Ta.

The transformation « belongs to the semigroup M,, and hence it can be
isotone or antitone. We will consider each of these cases.

a) Let a be an isotone transformation, i.e. a € (M, \ S)N O,. Since S’
is a maximal subsemigroup of the semigroup O,, we have (S’ a) = O,.
Therefore, for each transformation 8’ € O, \ S’ there exist transforma-
tions 7/, 8 € S’, such that 5’ = n'ad’.

The transformations 1’ and ¢’ belong to the semigroup S’ C S, but
S is an H - full semigroup (by Lemma 6) and thus the antitone transfor-
mations 1" and §” of the H - classes of 1’ and ¢ also belong to S.

Hence both transformations n” and 6" also satisfy the conditions
in (7). Then we have

/8/ — 7]/@5/ — 77//045”
for each isotone transformation 5’ € M, \ S and
6// — 7]//@5/ — n/a(sll

for each antitone transformation 3" € M, \ S. Hence (S,a) = M, for
each isotone transformation o € (M, \ S) N Jp—1.

b) Let a be an antitone transformation, i.e. o € (M, \ S)N J,_1. Since
S’ is a maximal subsemigroup of the semigroup O, by the results of
Yang Xiuliang ([10]) each £ - and each R - class of S’ contains an
idempotent. Therefore, either L, or R, contains an idempotent € € S.
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Since S is an H - full semigroup, the antitone transformation n” of the H
- class of € also belongs to S. The transformation « does not belong to S
and thus the isotone transformation o’ € H, also does not belong to S.If
L. = L, then from the conditions R, = R, and Lo = L. = L, we have
an” =o' € (S,a). If R, = R, then from the conditions R, = R. = R,
and L, = L, we have na = o’ € (S, a).

From the case a), (S,a/) = M and so (S,a) = M, for each antitone
transformation a € (M, \ S) N ]

Lemma 8. Let S be a mazimal subsemigroup of the semigroup M, and
S"'=8SNO0,,. Then either ' = O, or S" is mazimal in O,,.

Proof. Let S = I,_oUU for some U C J, 1. If S is not an H - full
semigroup then S does not contain any antitone transformations with defect
1 and f] = AnA_l (see Lemrr}a 5). Therefore, for the semigroup S’ we have
S = (In72 U Jnfl) N On =l1p—2oU Jnfl = On

If S contains at least one antitone transformation, then U # J,_; and
it is an H - full semigroup, also by Lemma 5.

Now we will show that in this case the semigroup S’ = SN0, is a max-
imal subsemigroup of the semigroup O,,. Assume that S’ is not a maximal
subsemigroup of O,,. Then there is a semigroup 7’ such that 8" C T" C O,,.
Since S is maximal in M,,, it contains an idempotent € € S’, and so € € T".
The semigroup S is ‘H - full and so it contains the antitone transformation
v € H.. From Lemma 6, it follows that (T’,7) = T is an H - full semi-
group for which S € T' C M,,. This contradicts the condition that S is a
maximal subsemigroup of M,,. Therefore, we obtain that S’ is a maximal
subsemigroup of O,. u

Now we are able to give a description of all maximal subsemigroups
of M,,.

Theorem 2. Let S be a subsemigroup of the semigroup M,. Then S is a
mazimal subsemigroup iff one of the following statements holds:

1) U jn—l

<S’ v) for some mazimal subsemigroup S’ of O, and some

S =
2) S =
v € Jno1
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Proof. 1) Let v be an antitone transformation which belongs to
(M, \ S) N J,_1. By Lemma 1, we have that .J,_; U~ generates the class
Jn_1, and I,_o U J,_1 = M,. Therefore, (S,v) = M, for each v € Jn_1, i.e.
S is a maximal subsemigroup of the semigroup M,,.

2)  The semigroup S’ can be only one of the semigroups given
in [10], i.e., S' = [_o U U’ for some U’ C J,_;. Hence S is maximal by
Lemma 7.

Conversely, let S be a maximal subsemigroup of the semigroup M,,. By
Lemma 8 the semigroup S’ = S N O,, coincides with the semigroup O,
ie., 8’ =0, or S’ is a maximal subsemigroup of O,,.

Let S = O, and let v € Jn_1 be an antitone transformation, then
from Corollary 4, it follows that (O,,~v) = M,. Hence S C O, U1I, 5 =
fn,g U jn,l, but since S is maximal, we have S = Nn,g U jn,l. Therefore,
the semigroup S is of type 1).

Let S’ be a maximal subsemigroup of the semigroup O,. Then by
Lemma 7 the semigroup (S’,~), where v € J,_1, is maximal in M,. The
semigroup S contains all elements of the semigroup S’ and the respective
antitone transformations. Therefore, S C (S’,7), and so S = (5’,7), since
S is maximal. Consequently, we conclude that S is of type 2). [

In the last part of this section we consider the class J,_1 and subsemigroups
of M,, which are contained in jn,l. We are interested in subsemigroups S
of M,, with S C .J,,_; for which (S,7) is not a subset of the class J,_1 for
any v € Jp_1 \ S. Such semigroups are called maximal in Jn_1.

Let us put:
1) S1(3) = HZ-Z‘+1 UH! for 1<i<n-—1.
2) So(i) :==H! UH! for 2<i<n-—1.
3) S(1) := H{.
4) So(n):=H]_,.

Theorem 3. A subsemigroup S of M, is mazimal in J,_1 iff either S =
S1(i) for some 1 <i<mn—1orS=S5i) for somel <i<n.
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Proof. Let S = S51(i) for some 1 < i < n —1. Then we have S =
{aﬁ, ’yﬁ, a;“, W/;H} contains two isotone transformations and two antitone
i+1
i

idempotents. It is easy to verify that the product of any two elements «, 3
of the set S also belongs to S. Therefore, S is a semigroup and since the
classes H} and H f“ belong to J,_1, we have that S is contained in the class

Jn-1.

Now we will show that S is maximal in .J,_1.

transformations. Moreover, the isotone transformations o} and « are

Let us assume that S is not maximal, i.e. there is a transformation 3 €
o1 \ S such that (S,3) C Jy_1. Then for each transformation o € S we
have Ba,afB € J,_1, i.e. Xp8 # 7o and X,a # 73 (see Proposition 1).
From Corollary 3 we have that Lg = L; or Lg = L;y1, since R, = R;. If
a € HZZ then L, = L; and from Corollary 3, it follows that R3 = R;_1 or
Rs=R;. Ifa € H'! then Ly = Li11 and so Rg = R; or Rg = R;;1. Since
Xna # mg has to be satisfied for all o € S, it follows that Rg = R;.

Finally, we obtain that 8 € L; " R; = H} or 8 € Liy; N R; = H,
i.e. B € S. This contradicts the condition 8 € J,_1 \ S and so S is maximal
in jn—l'

The proof of the case S = S(i) is similar.

Conversely, let S be maximal in J,_;. Then Ba,af € J,_; for all
a,B € S. This implies X,,a # mg and X,8 # 7, (see Proposition 1).
Obviously, aa € S C Jy—1 and thus aa € Ry N Ly, for all a € S. This shows
that acao = o € E,,_1 or aao = a € @), and H, contains an idempotent.
Therefore, we have o € O, N (H! U H ™) or a € Q,, N (H! U H™) for some
1<i:<n—1.

Let o € HZZ Then from the conditions X,a # mg and X,,8 # m,, it
follows 8 € {R;—1,R;} and 8 € {L;;+1,L;} for all § € S (see Corollary 3).
Hence we get

ﬂ € { iiflaHiiaHiiJrl}'

If Lg = Li11 and R, = R;_1 for all 8,y € S then X,,3 is not a cross-section
of 7. Therefore, we obtain S = HIUH; ™ = Sy (i) or S = Hi_;UH} = Sa(i)
forall 1 <7 <n—1. In the second case, if i = 1 then the H - class Hl?;1 = H&
does not exist and S = H{ = Sa(1).
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Now let a € HZ?H. Then in the same way we obtain that S = HZZ U HZ?H

= S1(i) or S = Hf"'l U H;jr'll = Sy(i+1) forall 1 <i < n—1. In the

second case, if ¢ = n — 1 then the H - class H Z’Ll = H}} does not exist and
S =H)_, =S (n). u
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