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Abstract
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properties are investigated. Conditions for a pseudo-BCH-algebra to be a
pseudo-BClI-algebra are given. Ideals and minimal elements in pseudo-BCH-
algebras are considered.
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1. INTRODUCTION

In 1966, Y. Imai and K. Iséki ([10, 11]) introduced BCK- and BClI-algebras. In
1983, Q.P. Hu and X. Li ([9]) introduced BCH-algebras. It is known that BCK-
and BCl-algebras are contained in the class of BCH-algebras. J. Neggers and
H.S. Kim ([16]) defined d-algebras which are a generalization of BCK-algebras.

In 2001, G. Georgescu and A. Iorgulescu ([8]) introduced the pseudo-BCK-
algebras as an extension of BCK-algebras. In 2008, W.A. Dudek and Y.B. Jun
([3]) introduced pseudo-BCI-algebras as a natural generalization of BCI-algebras
and of pseudo-BCK-algebras. These algebras have also connections with other
algebras of logic such as pseudo-MV-algebras and pseudo-BL-algebras defined by
G. Georgescu and A. Iorgulescu in [6] and [7], respectively. Those algebras were
investigated by several authors in [4, 5, 14] and [15]. As a generalization of d-
algebras, Y.B. Jun, H.S. Kim and J. Neggers ([13]) introduced pseudo-d-algebras.
Recently, R.A. Borzooei et al. ([1]) defined pseudo-BE-algebras.

In this paper we introduce pseudo-BCH-algebras as an extension of BCH-
algebras. We give basic properties of pseudo-BCH-algebras and provide some
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conditions for a pseudo-BCH-algebra to be a pseudo-BCl-algebra. Moreover we
study the set CenX of all minimal elements of a pseudo-BCH-algebra X, the so-
called centre of X. We also consider ideals in pseudo-BCH-algebras and establish
a relationship between the ideals of a pseudo-BCH-algebra and the ideals of its
centre. Finally we show that the centre of a pseudo-BCH-algebra X defines a
regular congruence on X.

2. DEFINITION AND EXAMPLES OF PSEUDO-BCH-ALGEBRAS

We recall that an algebra X = (X;*,0) of type (2,0) is called a BCH-algebra if
it satisfies the following axioms:

(BCH-1) x*xz=0;
(BCH-2) (xxy)*z=(zx*2z)x*y;
(BCH-3) zxy=yxx=0=z=y.

A BCH-algebra X is said to be a BCI-algebra if it satisfies the identity
(BCI) ((zxy)*(xx*xz))*(z*xy)=0.
A BCK-algebra is a BCl-algebra X satisfying the law 0« x = 0.

Definition 2.1 ([3]). A pseudo-BCl-algebra is a structure X = (X;<,%,9,0),

where ”<” is a binary relation on the set X, ”%” and ”¢” are binary operations
on X and ”0” is an element of X, satisfying the axioms:
(pBCI-1)  (zxy)o(zxz)<zxy, (rxoy)*x(xoz)<zoy;
( ) wx(zoy)<y, wo(zxy)<y;
( ) <
(pBCI4) z<y,y<z=az=y;
( ) z<y<=zxy=0<zx0oy=0.

A pseudo-BCl-algebra X is called a pseudo-BCK-algebra if it satisfies the identi-
ties
(pBCK) 0Oxz=00x=0.

Definition 2.2. A pseudo-BCH-algebra is an algebra X = (X;%,0,0) of type
(2,2,0) satisfying the axioms:

(pBCH-1) zxz=x0xz=0;

(pBCH-2) (zxy)oz=(roz)*y;

(pBCH-3) zxy=yox=0=— x=y;

(pBCH-4) zxy=0<=z0oy=0.
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Remark 2.3. Observe that if (X;*,0) is a BCH-algebra, then letting z ¢y :=
x *xy, produces a pseudo-BCH-algebra (X;*,©,0). Therefore, every BCH-algebra
is a pseudo-BCH-algebra in a natural way. It is easy to see that if (X;x*,¢,0)
is a pseudo-BCH-algebra, then (X;o¢,%,0) is also a pseudo-BCH-algebra. From
Proposition 3.2 of [3] we conclude that if (X; <, *,¢,0) is a pseudo-BCI-algebra,
then (X;x*,0,0) is a pseudo-BCH-algebra.

We say that a pseudo-BCH-algebra X is proper if x # ¢ and it is not a pseudo-
BCl-algebra.

Remark 2.4. The class of all pseudo-BCH-algebras is a quasi-variety. Therefore,
if X1 and X, are two pseudo-BCH-algebras, then the direct product X = X; x X5
is also a pseudo-BCH-algebra. In the case when at least one of X; and Xy is
proper, then X is proper.

Example 2.5. Let X; = {0, a,b,c}. We define the binary operations %; and ¢
on X as follows:

*1‘0 a b c 01‘0 a b ¢
00 0 0 O 0/0 0 O O
ala 0 a O and ala 0 a O
b|b b 0 0 bbb b 0 0
clec b ¢ 0 clc ¢ a 0

It is easy to check that X; = (X1;%;,01,0) is a pseudo-BCH-algebra. On the set
X9 =1{0,1,2,3} consider the operation %9 given by the following table:

*

2 |

w N = OO
w N O O
w o O O
O O R Olw

0
1
2
3

By simple calculation we can get that X9 = (Xg;*2,%9,0) is a (pseudo)-BCH-
algebra. The direct product X = X; X X9 is a pseudo-BCH-algebra. Observe that
X is proper. Let z = (a,1), y = (a,3) and z = (a,2). Then (zxy)o (z*2) =
(0,1) ¢ (0,0) = (0,1) and z * y = (0,0). Since (0,1) £ (0,0), we conclude that X
is not a pseudo-BCl-algebra, and therefore it is a proper pseudo-BCH-algebra.

Proposition 2.6. Any (proper) pseudo-BCH-algebra satisfying (pBCK) can be
extended to a (proper) pseudo-BCH-algebra containing one element more.

Proof. Let X = (X;*,0,0) be a pseudo-BCH-algebra satisfying (pBCK) and let
d ¢ X. On the set Y = X U{d} consider the operations:
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xxy if zye X,
zxy=< 6 if r=0andye X,
0 if ze€Y andy=7/,

and
zoy if zye X,
zdy=< 6 if r=dandye X,
0 if xe€Y and y=2J.

Obviously, (Y;#',¢/,0) satisfies the axioms (pBCH-1), (pBCH-3), and (pBCH-4).
Further, the axiom (pBCH-2) is easily satisfied for all z,y,z € X. Moreover,
by routine calculation we can verify it in the case when at least one of z,y, z is
equal to . Thus, by definition, (Y;«',¢/,0) is a pseudo-BCH-algebra. Clearly,
if X is a proper pseudo-BCH-algebra, then (Y;«',¢’,0) is also a proper pseudo-
BCH-algebra. [ |

From Example 2.5 and Proposition 2.6 we conclude that there are infinite many
proper pseudo-BCH-algebras.

3. PROPERTIES OF PSEUDO-BCH-ALGEBRAS

Let X = (X;*,0,0) be a pseudo-BCH-algebra. Define the relation < on X by
x <y if and only if x * y = 0 (or equivalently, x ¢y = 0).
Forany z € X and n=0,1,2,..., we put

0+92=0 and 0+""lz=(0+"x)x*uz;
002=0 and 0o"tlz=(0o"z)ox

Proposition 3.1. In a pseudo-BCH-algebra X the following properties hold (for
al z,y,z € X) :

(P

) z<y y<z=z=y;
(P2) 2 <0= = 0;

(P3) zx(zoy) <y, zo(zxy) <y
(P4) z%0=z =200
(P5) 0xx=00um;

(P6) e <y=0xx=00y;
(P7)

(P8) 0

(P9)

=

P7) 00(0x(0ox)) =00z, 0x(00(0*xx))=0x*ux;
P8) O0x(zxxy)=(00ox)o(0xy);
P9) 0o (zoy) = (0xx) = (00y).
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Proof. (P1) follows from (pBCH-3).
(P2) Let < 0. Then z %0 = 0. Applying (pBCH-2) and (pBCH-1) we obtain

Oox=(z*x0)ox=(rox)x0=0x0=0,

that is, 0 < . Therefore x = 0 by (P1).

(P3) Using (pBCH-2) and (pBCH-1) we have (zx(zoy))oy = (xoy)*(xzoy) = 0.
Hence x * (x 0 y) < y. Similarly, z ¢ (x xy) < y.

(P4) Putting y = 0 in (P3), we have z x (x ©0) < 0 and z ¢ (z x0) < 0. From
(P2) we obtain x * (z¢0) =0 and z o (z*0) =0. Thus z < x¢0 and x < x % 0.

On the other hand, (z¢0)*xz = (z*x2z)0o0=000=0and (z*x0)oz =
(zox)*0=0%x0=0,and so 200 <z and xx0 < z. By (P1), 20 =2 =z00.

(P5) Applying (pBCH-1) and (pBCH-2) we get 0%z = (zox)*x = (zxx)ox =
0ox.

(P6) Let # < y. Then zoy = 0 and therefore 0z = (zoy)*x = (zxx)oy = 00y.

(P7) From (P3) it follows that 0 (0ox) < x and 0o (0*xz) < z. Hence, using
(P5) and (P6) we obtain (P7).

(P8) Applying (pBCH-1) and (pBCH-2) we have

(0oz)o(0xy) = (((zxy)*(zxy))ox)o(0xy)
= (((wxy) o)« (zxy)) o (0xy)
= ((woz)xy)* (zxy)) o (0xy)
= ((0xy)*(zxy))o(0*y)
= ((0xy) o (0xy))* (z+y)
= 0x*(zxy)
(P9) The proof is similar to the proof of (P8). |

From (P1) and (P3) we get
Corollary 3.2. Fvery pseudo-BCH-algebra satisfies (pBCI-2)—(pBCI-5).

Remark 3.3. In any pseudo-BCl-algebra the relation < is transitive (see [3],
Proposition 3.2). However, in the pseudo-BCH-algebra X from Example 2.5 we
have (a,1) < (a,2) and (a,2) < (a,3) but (a,1) £ (a, 3).

Theorem 3.4. Let X be a pseudo-BCH-algebra. Then X is a pseudo-BCI-algebra
if and only if it satisfies the following implication:

3.1 r<y=zxz<yxz, xoz<yoz.
Y Y
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Proof. 1f X is a pseudo-BCl-algebra, then X satisfies (3.1) by Proposition 3.2 (b7)
of [3]. Conversely, let (3.1) hold in X and let z,y,z € X. By (P3), zo(zx2) <z
and z x (¢ 2) < 2. Hence (zo(x*2))*xy <zsxyand (zx(zoz))oy <zouy,
and so (zxy)o (r*x2) < zxyand (xoy)*x (xoz) < zoy. Therefore, X satisfies
(pBCI-1). Consequently, X is a pseudo-BCl-algebra. [

Theorem 3.5. Let X be a pseudo-BCH-algebra. The following statements are
equivalent:

(i) zx(yxz)=(z*xy)*xz foral =my,z€X;

(i) Oxz=x =00z for every =€ X;
(iii) xxy=axoy=y*xx foral z,y€e€ X;
)

(iv) zo(yoz)=(xoy)oz foral =zy,z€X.
Proof. (i) = (ii). Let x € X. We have z = z%0 = z*(x*z) = (zxx)*x = 0*x.
By (P5), 0oz = x.
(iv) = (ii). The proof is similar to the above proof.
(ii) = (iii). Let (ii) hold and =,y € X. Applying (P8) and (pBCH-2) we
obtain
xxy = Ox(xxy)=(00z)o(0xy)

= zoUy
= 0xx)oy=(00y)*xx=y=*uz.

(iii) = (i). Let z,y,2 € X. Using (iii) and (pBCH-2) we get
rzx(yxz)=(yoz)xx=(y*xz)oz=(r*xy)*z.

(ili) = (iv) has a proof similar to the proof of implication (iii) = (i).
Hence all the conditions are equivalent. [ |

Corollary 3.6. If X is a pseudo-BCH-algebra satisying the idendity 0 x x = x,
then (X;*,0) is an Abelian group each element of which has order 2 (that is, a
Boolean group).

4. THE CENTRE OF A PSEUDO-BCH-ALGEBRA. IDEALS

An element a of a pseudo-BCH-algebra X is said to be minimal if for every x € X
the following implication

holds.
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Proposition 4.1. Let X be a pseudo-BCH-algebra and let a € X. Then the
following conditions are equivalent (for every x € X ):

(i) a is minimal;

(iii) 0o (0*a) =a;

axx=(0xz)o(0*a);

axx =00 (zx*a).

(ii) = (iii). Obvious.

(ili) = (iv). We have axz = (00 (0% a)) *z = (0xx) o (0 * a).

(iv) = (v). Applying (P5) and (P8) we see that
O¢(xxa)=0x%(z*xa)=(0ox)o(0xa)=(0*z)o(0*xa)=ax*uz.

(v) = (i). Let x < a. Then z*a = 0 and hence a*xz = 0o (x*xa) = 0. Thus
a < z. Consequently, x = a. [ ]

Replacing * by ¢ and ¢ by * in Proposition 4.1 we obtain

Proposition 4.2. Let X be a pseudo-BCH-algebra and let a € X. Then for every
x € X the following conditions are equivalent:

(i) a is minimal;
(ii

(iii

rx(zoa)=a;
0% (0ca)=a;

(iv) avox = (0ox)*(00a);

)
)
)
(v) acxz=0x%(zoa).

Proposition 4.3. Let X be a pseudo-BCH-algebra and let a € X. Then a is
minimal if and only if there is an element v € X such that a =0 * x.

Proof. Let a be a minimal element of X. By Proposition 4.2, a =0x* (0¢a). If
we set x = 00 a, then a =0 * z.
Conversely, suppose that a = 0 * x for some = € X. Using (P7) we get

0%(00a)=0x%x(00(0xx)) =0%x=a.
From Proposition 4.2 it follows that a is minimal. [ |

For x € X, set
=00 (0xx).
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By (P5),2=0%(0xx) =00 (00oxz) =0x% (00 x).

Proposition 4.4. Let X be a pseudo-BCH-algebra. For any x,y € X we have:

(a) THy = T *y;

zxy = 00(0*(zx*xy))=0
= [0%x(00x)]*x[00(0xy)] =T *7.

(b) has a proof similar to (a).
(c) By (P7), 0% (00(0%x)) = 0%z, that is, 0T = 0xx. Hence T = 00 (0xT) =
0o (0xx)=1. |

Following the terminology from BCH-algebras (see [2], Definition 5) the set {x €
X : o = T} will be called the centre of X. We shall denote it by CenX. By
Proposition 4.1, CenX is the set of all minimal elements of X. We have

(4.1) CenX ={7:2 € X}.

Define @ : X — CenX by ®(z) = 7 for all x € X. By Proposition 4.4, ® is a
homomorphism from X onto CenX. We also obtain

Proposition 4.5. Let X be a pseudo-BCH-algebra. Then CenX is a subalgebra
of X.

Proposition 4.6. Let X be a pseudo-BCH-algebra and let x,y € CenX. Then
for every z € X we have

(4.2) xo(zxy) =yx*(z0).

Proof. Let z € X. Using Propositions 4.2 and 4.1 we obtain
xo(zxy)=[zx(z0oz)]o(zxy)=[z0(2z*xy)|*(z0x) =y*(z0x),

that is, (4.2) holds. [ ]

Following [5], a pseudo-BCl-algebra (X; <,x,¢,0) is said to be p-semisimple if it
satisfies for all z € X,
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From Theorem 3.1 of [5] it follows that if X = (X;<,%,0,0) is a pseudo-BCI-
algebra, then X is p-semisimple if and only if x = T for every z € X (that is,
CenX = X).

Theorem 4.7. Let X be a pseudo-BCH-algebra. Then CenX is a p-semisimple
pseudo-BClI-algebra.

Proof. Since CenX is a subalgebra of X, CenX is a pseudo-BCH-algebra. Let
z,y,z € CenX and let z < y. Since x and y are minimal elements of X, we get
x=1y. Hence r x z < yx*xz and z ¢ z < y o z. Then, by Theorem 3.4, CenX is a
pseudo-BCl-algebra. Obviously, x = T for every x € CenX, and therefore CenX
is p-semisimple. [ |

Remark 4.8. From Theorem 3.6 of [5] we deduce that (CenX;+,0) is a group,
where z +y is z * (0o y) for all z,y € CenX.

Definition 4.9. Let X be a pseudo-BCH-algebra. A subset I of X is called an
ideal of X if it satisfies for all x,y € X

(1) 0 € I
(I12) if zxy € I and y € I, then x € I.
We will denote by Id(X) the set of all ideals of X. Obviously, {0}, X € Id(X).

Proposition 4.10. Let X be a pseudo-BCH-algebra and let I € 1d(X). For any
z,ye X, ifyel andx <y, thenx € 1.

Proof. Straightforward. [ |

Proposition 4.11. Let X be a pseudo-BCH-algebra and I be a subset of X sat-
isfying (I1). Then I is an ideal of X if and only if for all x,y € X,

(12) ifzoyel andy €, thenx € 1.

Proof. Let I be an ideal of X. Suppose that z oy € I and y € I. By (P3),
x* (xoy) <y and from Proposition 4.10 it follows that = (xoy) € I. Therefore,
since xoy € I and I satisfies (I12), we obtain x € I, that is, (I2’) holds. The proof
of the implication (I2’) = (I2) is analogous. ]

Example 4.12. Let X = {0,a,b,¢,d}. Define binary operations * and ¢ on X
by the following tables:

0

_U O Qo O *
QUL O S O

QoSO O
QU O O O
QU OO OO0
O QR
QU O T O¢
_ O TN OO
QO O Ol
QL& O oS
QOO O On
O QU U QX




14 A. WALENDZIAK

By routine calculation, X = (X;%,0,0) is a pseudo-BCH-algebra. It is easy to
see that 1d(X) = {{0}, {0, a}, {0,b}, {0, a,b,c}, X}.

The following two propositions give the homomorphic properties of ideal.

Proposition 4.13. Let X and Q) be pseudo-BCH-algebras. If p : X — ) is a
homomorphism and J € 1d(2)), then the inverse image ¢~ 1(J) of J is an ideal
of X.

Proof. Straightforward. [

Proposition 4.14. Let ¢ : X — ) be a surjective homomorphism. If I is an
ideal of X containing o~1(0), then p(I) is an ideal of Q).

Proof. Since 0 € I, we have 0 = ¢(0) € ¢(I). Let z,y € Y and suppose that
x*y,y € (). Then there are a € X and b,c € I such that x = p(a), y = ¢(b)
and z * y = (c). We have p(a * b) = p(c) and hence (a*b) *c € ¢ 1(0) C I.
By the definition of an ideal, a € I. Consequently, © = ¢(a) € ¢(I). This means
that ¢(7) is an ideal of 9. |

Definition 4.15. An ideal I of a pseudo-BCH-algebra X is said to be closed if
0xx € [ for every z € I.

Theorem 4.16. An ideal I of a pseudo-BCH-algebra X is closed if and only if 1
is a subalgebra of X.

Proof. Suppose that I is a closed ideal of X and let z,y € I. By (pBCH-2) and
(pBCH-1),
[(xy)x(Oxy)loz = [(zxy)oa]*(0xy)
= [(wox)xy] = (0xy)
= (0xy)*(0xy)=0.
Hence [(x *y) * (0% y)] oz € I. Since z,0xy € I, we have x xy € I. Similarly,

xoy € I. Conversely, if I is a subalgebra of X, then « € I and 0 € I imply
Oxx el [ |

Theorem 4.17. Every ideal of a finite pseudo-BCH-algebra is closed.

Proof. Let I be an ideal of a finite pseudo-BCH-algebra X and let a € I. Suppose
that | X| = n for some n € N. At least two of the n + 1 elements:

0,0xa,0%%a,...,0%"a
are equal, for instance, 0 *" a = 0 *® a, where 0 < s < r < n. Hence

0=(0%"a)o(0«*a)=[(0%°a)o (0% a)]*" *a=0%"""a.
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Therefore 0 x" "% a € I. Since a € I, by definition, 0 * a € I. Consequently, I is a
closed ideal of X. [ |

For any pseudo-BCH-algebra X, we set
KX)={reX:0<z}.

Observe that CenX N K(X) = {0}. Indeed, 0 € CenX N K(X) and if = €
CenX N K(X), thenz =00 (0*2z) =000 =0.

In Example 4.12, CenX = {0, d} and K(X) = {0, a,b, c}.

It is easy to see that

rEKX)<=T=0<=2¢cd0).
Thus
(4.3) K%)= o 0).

Proposition 4.18. Let X be a pseudo-BCH-algebra. Then K(X) is a closed ideal
of X.

Proof. By (4.3) and Proposition 4.13, K(X) is an ideal of X. Let z € K(X).
Then T = 0 and hence ®(0 *x z) = 0*xZ = 0. Consequently, 0 x z € K(X). Thus
K(X) is a closed ideal. ]

Corollary 4.19. For any pseudo-BCH-algebra X the set K(X) is a subalgebra of
X, and so it is a pseudo-BCH-algebra.

Proposition 4.20. Let X and Q) be pseudo-BCH-algebras. Then:

(a) Cen(X x Q) = Cen(X) x Cen(9);
(b) K(X x Q) = K(X) x K().

Proof. This is immediate from definitions. [ |
For any element a of a pseudo-BCH-algebra X, we define a subset V(a) of X as
V(a) ={zr e X:a<z}

Note that V(a) # (), because a < a gives a € V(a). Furthermore, V(0) = K(X).

Proposition 4.21. Let X be a pseudo-BCH-algebra. Then for each x € X there
exists a unique element a € CenX such that a < x.
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Proof. Let z € X. Take a = T, that is, a = 0¢ (0 x x). By (P3), a < z. From
(4.1) it follows that a € CenX. To prove uniqueness, let b € CenX be such that
b < z. Then box = 0. Therefore,

0xb=(box)xb=(bxb)ox=00x=0xz
and hence b=b=00(0%b) =00 (0*x2) =7 = a. ]

Lemma 4.22. Let X be a pseudo-BCH-algebra and a € CenX. Then

Proof. Suppose that x € V(a), that is, a < . We have T < z. Since a,T €
CenX, by Proposition 4.21, a = 7, that is, z € ®~!(a).
Conversely, if a = T, then a < z by (P3). Hence x € V(a). [

Proposition 4.23. Let X be a pseudo-BCH-algebra. Then:
(a) X= U Vl(a);

a€CenX
(b) if a,b € CenX and a # b, then V(a) NV (b) = 0.

Proof. (a) Clearly, ,ccenx V(@) € X and let 2 € X. Obviously, x € V(¥) and
7 € CenX. Therefore, v € J,cceny V(@)

(b) Let a,b € Cen(X) and a # b. On the contrary suppose that V(a)NV(b) # 0.
Let z € V(a) N V(b). Then a < z and b < z. From Proposition 4.21 it follows
that a = b, a contradition. [ |

We now establish a relationship between the ideals of a pseudo-BCH-algebra and
the ideals of its centre.

Proposition 4.24. Let X be a pseudo-BCH-algebra and let A C CenX. The
following statements are equivalent:

(i) A is an ideal of CenX;

(i) U V(a) is an ideal of X.
acA

Proof. Let I = |J,c4V(a). From Lemma 4.22 we have I = [J,c4 ® '(a) =
d-1(A).

(i) = (ii). Let A € Id(CenX). By Proposition 4.13, I is an ideal of X.

(ii) = (i). Since I = ®~1(A), we conclude that A = ®(I). Obviously, 0 € A
and hence ®~1(0) C I. Applying Proposition 4.14 we deduce that A is an ideal
of CenX. |
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Theorem 4.25. There is a one-to-one correspondence between ideals of a pseudo-
BCH-algebra X containing K(X) and ideals of CenX.

Proof. Set T = {I € Id(X) : I 2 K(X)} and C = Id(CenX). We consider two

functions:

f:IeZ—-{z:z€l} and g:AeC— UV(a).
acA

Since f(I) = ®(I), from Proposition 4.14 we conclude that f maps Z into C. By
Proposition 4.24, g(A) = Ugeq V(a) € Z for all A € C, and therefore g maps C
into Z. We have

(4.4) (fog)(A)=d(@ 1(A)=A4 forall AccC.

Obviously, I € &~ 1(®(I)). Let now z € ®~1(®(I)), that is, Z = @ for some
a € I. Then ®(z xa) = 0, and hence = * a € ®~1(0). Therefore, z * a € I (since
®~1(0) = K(X) C I). By definition, z € I. Thus ®~!(®(I)) = I. Consequently,

(4.5) (go ) =d @) =1 forall IeT.

We conclude from (4.4) and (4.5) that f o g =id¢ and g o f = idz, hence that f
and g are inverse bijections between Z and C. [ |

Example 4.26. Let X; = ({0, a,b, c};*1,01,0) be the pseudo-BCH-algebra from
our Example 2.5. Consider the set Xo = {0,1,2,3,4} with the operation x
defined by the following table:

*x 0 1 2 3 4
010 0 4 3 2
111 0 4 3 2
212 2 0 4 3
313 3 2 0 4
414 4 3 2 0

From Example 3 of [17] it follows that X2 = (X2;%*2,%2,0) is a (pseudo)-BCH-
algebra. The direct product X = X; x X3 is a pseudo-BCH-algebra. From Propo-
sition 4.20 we have CenX = {0} x {0, 2, 3,4} and K(X) = X7 x {0,1}. It is easy to
see that Id(CenX) = {{(0,0)},{(0,0),(0,3)}, CenX}. Then, by Theorem 4.25, X
has three ideals containing K(X), namely: K(X), K(X)U{(0, 3), (a,3), (b,3), (¢, 3)}
and X.

Now we shall show that the centre CenX defines a regular congruence on a
pseudo-BCH-algebra X. Let ConX denote the set of all congruences on X and let
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6 € ConX. For x € X, we write z/6 for the congruence class containing x,
that is, /0 = {y € X : yOzx}. Set X/0 = {x/0 : x € X}. It is easy to see
that the factor algebra X/0 = (X/0;%,©,0/0) satisfies (pBCH-1) and (pBCH-2).
The axioms (pBCH-3) and (pBCH-4) are not necessarity satisfied. If X/0 is a
pseudo-BCH-algebra, then we say that 6 is regular.

Remark 4.27. A. Wroniski has shown that non-regular congruences exist in
BCK-algebras (see [18]) and hence in pseudo-BCH-algebras.

Theorem 4.28. Let X be a pseudo-BCH-algebra and let 0. = {(z,y) € X? :
T =79}. Then 0. is a regular congruence on X and X/0. = CenX.

Proof. The mapping ® is a homomorphism from X onto CenX. Moreover we
have

Ker® = {(z,9) € X*: ®(x) = ®(y)} = b..
By the Isomorphism Theorem we get X/6. = CenX, and therefore 6, is a regular

congruence on X. [ |

Acknowledgments

The author is indebted to the referee for his/her very careful reading and sugges-
tions.

REFERENCES

[1] R.A. Borzooei, A.B. Saeid, A. Rezaei, A. Radfar and R. Ameri, On pseudo-BE-
algebras, Discuss. Math. General Algebra and Appl. 33 (2013) 95-97.
doi:10.7151/dmgaa.1193

[2] M.A. Chaudhry, On BCH-algebras, Math. Japonica 36 (1991) 665-676.

[3] W.A. Dudek and Y.B. Jun, Pseudo-BCI-algebras, East Asian Math. J. 24 (2008)
187-190.

[4] G. Dymek, Atoms and ideals of pseudo-BCI-algebras, Comment. Math. 52 (2012)
73-90.

[5] G. Dymek, p-semisimple pseudo-BCI-algebras, J. Mult.-Valued Logic Soft Comput.
19 (2012) 461-474.

[6] G. Georgescu and A. Torgulescu, Pseudo-MV algebras: a noncommutative extension
of MV algebras, in: The Proc. of the Fourth International Symp. on Economic
Informatics (Bucharest, Romania, May 1999) 961-968.

[7] G. Georgescu and A. Torgulescu, Pseudo-BL algebras: a noncommutative extension
of BL algebras, in: Abstracts of the Fifth International Conference FSTA 2000
(Slovakia, February, 2000) 90-92.


http://dx.doi.org/10.7151/dmgaa.1193

PSEuDO-BCH-ALGEBRAS 19

8]

9]
10
11
12
13
14

[15]

[18]

G. Georgescu and A. Torgulescu, Pseudo-BCK algebras: an extension of BCK alge-
bras, in: Proc. of DMTCS’01: Combinatorics, Computability and Logic (Springer,
London, 2001) 97-114.

Q.P. Hu and X. Li, On BCH-algebras, Math. Seminar Notes 11 (1983) 313-320.

Y. Imai and K. Iséki, On aziom systems of propositional calculi XIV, Proc. Japan
Academy 42 (1966) 19-22.

K. Iséki, An algebra related with a propositional culculus, Proc. Japan Academy 42
(1966) 26-29.

Y.B. Jun, H.S. Kim and J. Neggers, On pseudo-BCI ideals of pseudo-BCI-algebras,
Matem. Vesnik 58 (2006) 39-46.

Y.B. Jun, H.S. Kim and J. Neggers, Pseudo-d-algebras, Information Sciences 179
(2009) 1751-1759. doi:10.1016/j.ins.2009.01.021

Y.H. Kim and K.S. So, On minimality in pseudo-BCI-algebras, Commun. Korean
Math. Soc. 27 (2012) 7-13. doi:10.4134/CKMS.2012.27.1.007

K.J. Lee and Ch.H. Park, Some ideals of pseudo-BClI-algebras, J. Appl. & Informat-
ics 27 (2009) 217-231.

J. Neggers and H.S. Kim, On d-algebras, Math. Slovaca 49 (1999) 19-26.

A.B. Saeid and A. Namdar, On n-fold ideals in BCH-algebras and computation
algorithms, World Applied Sciences Journal 7 (2009) 64—69.

A. Wronski, BCK-algebras do not form a variety, Math. Japon. 28 (1983) 211-213.

Received 10 July 2013
Revised 13 November 2014


http://dx.doi.org/10.1016/j.ins.2009.01.021
http://dx.doi.org/10.4134/CKMS.2012.27.1.007

