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1. INTRODUCTION

The notion of I'-ring was introduced by N. Nobuswa [6] in 1964. Later W.E.
Barnes [19] weakened the defining conditions of a I'-ring. The notion of I'-semiring
was introduced by M.M.K. Rao in [4, 5]. Now-a-days there has been a remarkable
growth of the theory of I'-ring as well as of I'-semiring.


http://dx.doi.org/10.7151/dmgaa.1215

96 S. DHARA AND T.K. DuTTA

Birkenmeier-Heatherly-Lee [3] introduced the notion of 2-primal ring in 1993. A
ring R with identity is called 2-primal if P(R) = N(R), where P(R) denotes
the intersection of all prime ideals of R and N (R) denotes the set of all nilpo-
tent elements of R. An ideal I of R is called 2-primal if P(R/I) = N(R/I).
Birkenmeier-Heatherly-Lee obtained some characterizations of 2-primal ideal in
ring. They proved that an ideal I is 2-primal if and only if P(I) is a completely
semiprime ideal of R.

In this paper we introduce the notion of 2-primal ideal in a ['-semiring. We
obtain some characterizations of 2-primal ideal in a I'-semiring. Also we introduce
the notion of Ny(P) and N¥ etc. in I'-semiring and using them we obtain some
characterizations of 2-primal ideals.

2. PRELIMINARIES

We first give the definition of a I'-semiring.

Definition (See [12]). Let S and I' be two additive commutative semigroups.
Then S is called a I'-semiring if there exists a mapping S x I' x S — S (the
image to be denoted by aab, for a,b € S and a € I') satisfying the following
conditions:

(i) aa(b+ c) = aab + aac
(ii)) (a 4+ b)ac = aac + bac
(iii) a(a+ B)c = aac + afe
(iv) aa(bpc) = (aad)pe for all a,b,c € S and for all a, f € T.

Let S be a I'-semiring. If there exists an element 0 € S such that 0 + x = = and
Oaz = za0 =0 for all x € S and for all a € I then ‘0’ is called the zero element
or simply the zero of the I'-semiring S. In this case we say that S is a I'-semiring
with zero.

Throughout this paper we assume that a I'-semiring always contains
a zero element and S* denotes the set of all nonzero elements of S i.e.,
S* =5\ {0}.
Definition (See [12]). Let S be a I'-semiring and F' be the free additive com-
mutative semigroup generated by S x I'. Then the relation p on F' defined by
doimy (@i ai)p 75 (y, ) if and only if 377 wius = Y70 y;8;s for all s € S
(m,n € Z*, the set of all positive integers), is a congruence on F. We denote
the congruence class containing > .., (z;, ;) by >." [z, ;]. Then F/p is an
additive commutative semigroup. Now F'/p forms a semiring with the multipli-
cation defined by (372, [z, ai]) (3254 [y5, Bi]) = 22, j[wiciy;, B;]. We denotes this
semiring by L and call it the left operator semiring of the I'-semiring S.
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Dually, we define the right operator semiring R of the I'-semiring S where R =
o v, @]ty €T,x; € S,6=1,2,...,m;ym € Z"} and the multiplication on
Ris defined as (3277 [ai, zi]) (3271 (85, ys]) = 224 jlew, wiBjy;)-

Let S be a I'-semiring and L be the left operator semiring and R be the right
operator semiring of S. If there exists an element Y ;" [e;,d;] € L (respectively
> j=1lvj. fi] € R) such that 37", e;6;a = a (vespectively >0 av;f; = a) for
all a € S then S is said to have the left unity > ., [e;, d;] (respectively the right

unity Z?Zl[% fil)-

Definition (See [7]). If R is a commutative semiring and R— {0} is a multiplica-
tive group then R is called a I'-semifield.

Definition (See [16]). Let A be a nonempty subset of a I'-semiring S. The right
annihilator of A with respect to ® C I' in S, denoted by (A, ®), is defined by
r(A, ®) ={sec S:Ads={0}}.

In particular, if ® =T we denote r(A, ®) by anngr(A). Again if A = {a}, then
we denote anng(A) by anng(a).

Analogusly we can define left annihilator [(®, A) and for ® =T it is denoted
by annr(A).

Proposition 1 (See [16]). The right annihilator r(A, ®) of A with respect to ®
i a I'-semiring S is a right ideal of S.

Remark 2. Similar result holds for left annihilator.

For other preliminaries we refer to [17].
Throughout this paper we assume that a ['-semiring S always con-
tain a unity whose every ideal is a k-ideal.

3. 2-PRIMAL IDEALS

We begin with the following examples of I'-semiring in which every ideal is a
k-ideal.

Example 3. Let M be a I'-ring with unity. Then M is a I'-semiring with unity
and every ideal of M is a k-ideal.

Example 4. Let R be a I-ring with unity, S = {rw : r € Rj} and T'; =
{rw? : r € Ry}, where w be a cube root of unity and R{ is the set of all non
negetive real numbers. Then S is a I'i-semiring with unity with usual addition
and multiplication. Also R x S is a I' X I';-semiring with unity which is not a
I' x I';-ring but every ideal of R x S is a k-ideal.
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Example 5. Let L be a bounded distributive lattice with maximal element 1.
Then L is a I'-semiring with unity, where I' = L. Now L is not a I'-ring. Also
every ideal of L is a k-ideal.

Now we recall the following definitions:

Definition (See [13]). An element a of a I'-semiring S is said to be nilpotent if
for any v € T there exists a positive integer n = n(y, a) such that (ay)" ta =0
and an element a of a I'-semiring .S is said to be strongly nilpotent if there exists
a positive integer n such that (aI')""la = 0.

Definition (See [17]). A I'-semiring S is said to be a 2-primal I'-semiring if
P(S) = N(S), where P(S) denotes the intersection of all prime ideals of the I'-
semiring S i.e., the prime radical of S and N(S) denotes the set of all nilpotent
elements of S.

Definition (See [17]). A one sided ideal I of a I'-semiring S is said to have the
insertion of factors property or simply IFP if for any a,b € S, al'b C I implies
al'STh C 1.

Definition (See [17]). For a prime ideal P of a I'-semiring S, we define
N(P)={z € §:2I'STy C P(S) for some y € S\ P},

Np ={z € §:2T'y CP(S) for some y € S\ P},
Np={zeS:(2I')" 1o C Np, for some positive integer n}.

Definition. Let S be a I'-semiring and I be an ideal of S. Then I is said to be
a 2-primal ideal of S if S/I is a 2-primal I'-semiring i.e. if P(S/I) = N(S/I),
where P(S/I) denotes the intersection of all prime ideals of the factor I'-semiring
S/I and N'(S/I) denotes the set of all nilpotent elements of S/I.

Definition. Let I be any ideal of a I'-semiring S and P be a prime ideal of S.
Then we define

Ni(P)={z € S:2T'STy C P(I) for some y € S\ P},

NP ={z € S:al'y CP() for some y € S\ P},

N;(P) ={z € S : (aT')" 'z C N;(P), for some positive integer n},

NP ={z € S: (al')" 'z C N7, for some positive integer n}.

Example 6. Let F be a semifield. Consider the sets:

di dy dy ds d
S = 0 dy | :dy,do,d5 € F}, T = 495 06 ) dy ds, dg, d7,dg € F
0 0 0 dy dg
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0 d
and [ = 0 0 |:deF ». Then S is a 2-primal I'-semiring with respect
00

to the usual matrix addition and usual matrix multiplication and I is a 2-primal

ideal of S.

Proposition 7. Let S be a I'-semiring and I be an ideal of S. Then for any
prime ideal P we have, N(P) C N;(P),Np C N}D,I C Ni(P) € Ni(P) and
I C NP CNP.

Definition (See [17]). A I'-semiring S is said to satisfy (SI) if for each a € S,
annp(a) is an ideal of S.

Definition (See [17]). A T'-semiring S is said to be SN I'-semiring if N'(S) =
N1 (S), where Np(S) is the set of all strongly nilpotent elements of S.

Definition (See [17]). A I'-semiring S is said to be right symmetric if for a, b, c €
S, al'bl'c = 0 implies al'el'b = 0. An ideal I of a [-semiring S is said to be right
symmetric if al'bI'c C I implies al'el'b C [ for a,b,c € S.

Analogusly we can define left symmetric I'-semiring and left symmetric ideal.

Proposition 8. Let S be a I'-semiring and I be an ideal of S. Then P(S/I) =
P)/I.

Proof. Let s/I € P(S/I)

< s/1 € Q/I for all prime ideals @ of S containing I

& s € @ for all prime ideals @@ of S containing I, as @ is a k-ideal

& seP)

& s/IeP(I)/I.

Therefore, P(S/I) = P(I)/I. ]

N

Proposition 9. Let S be an SN T'-semiring and I be an ideal of S. If (zI)" 'z
I = x € P(I), then I is 2-primal.

Proof. For any I'-semiring S and any ideal I of S we have P(S/I) C N(S/I)
(Cf. Ref. Proposition 3.10 [17]). On the other hand let, /I € N (S/I). Since
S is an SN I'-semiring, S/I is an SN I'-semiring. Then there exists a positive
ineger say n such that ((z/I)T')" 'a/I = 0/I which implies that (zI")"~ 'z C I.
By hypothesis € P(I). This implies that «/I € P(I)/I. Then by Proposition
8, /I € P(S/I). Thus N'(S/I) C P(S/I). Therefore, P(S/I) = N(S/I). Hence
I is 2-primal. [ |

Proposition 10. Let S be an SN I'-semiring and I be an ideal of S. Then the
following statements are equivalent:
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1)
2)
3)
4) P(I) has the IFP.

is a 2-primal ideal of S.
(1
(I) is a left and right symmetric ideal of S.

(1) 1
(2) P(I) is completely semiprime ideal of S.
(3) P

(

Proof. (1) implies (2). Let I be a 2-primal ideal of S. Then S/I is a 2-primal
I-semiring. So P(S/I) is completely semiprime (Cf. Ref. Theorem 3.25 [17]).
Now by Proposition 8, we have P(S/I) = P(I)/I. Thus P(I)/I is completely
semiprime, so P(I) is completely semiprime.

(2) implies (3). Let al'bI'c C P(I), where a,b,c € S. Now (c['al'b)T'(cI'al'b) =
cI'(al'bI'c)l'al'b C P(I). Since P(I) is completely semiprime, cI'al'b C P(I).
Now (al'dbI'al’c)T’(al'bl'al'c) = al'bl'al’(cT'al'b)T'al'c C P(I) as P(I) is an ideal of
S. This implies that al'bl'al'c C P(I). Again by similar argument (bI'al'cI'bI'a)
[(bI'al'cl'dbl'a) = bl'al'cl'dbl (al'bl'al'c)T'bl'a C P(I) = blal'cl'bl'a C P(I) =
(aT'el'b)(al'el'd)I (al'cl'b)I (aI'cl'd) = al'cl’ (bl'al'cl'bl'a)T'clbI'al'cl’d C P(I) =
al’el’'b C P(I) as P(I) is completely semiprime. Hence P(I) is a right symmetric
ideal of S. Also (bI'al'c)T'(bI'al'c) = bI'(al'cl'b)['al'c C P(I) = bl'al'c C P(I).
Hence P(I) is a left symmetric ideal of S. Therefore, P(I) is a left and a right
symmetric ideal of S.

(3) implies (4). Let 2I'y C P(I), where z,y € S. Suppose s € S, then
sTaTy C P(I). As P(I) is left symmetric, 2I'sI'y C P(I). Therefore zI'STy C
P(I). Hence P(I) has the IFP.

(4) implies (1). For any I'-semiring S and any ideal I of S we have P(S/I) C
N(S/I). On the other hand let, /I € N(S/I). Since S is an SN I'-semiring, S/T
is an SN I-semiring. Then ((z/I)[)"~'z/I = 0/I implies that (2T')" 'z C I.
Now we claim that x € P(I). Suppose z ¢ P(I), then there exists a prime
ideal P of S containing I such that x € P, i.e. x € S — P. Since P is a prime
ideal of S, S — P is an m-system. Then there exist s;1 € S,aq, 51 € I" such that
zags1 iz € S\ P. Again since zaysi1 612, € S\ P, applying m-system property
xaysi1firagsefex € S\ P, for some awg, By € T and s9 € S. Applying m-system
property after finite step, we have xaysiSixagsefox ... ap—15p-1Pn—12 € S\ P
for some s; € S,a;,p; € I', where i = 1,2,...,(n — 1). Since (2I')" 'z C
P(I) and P(I) has the IFP, zajs1f1xaasa52x ... an—18n—10n—12 € P(I) ie.,
xays181xa982f9x . . . Apy—18p—10n—12 € P, a contradiction. Therefore x € P(I).
Hence x/I € P(I)/I = P(S/I) by Proposition 8. So P(S/I) = N(S/I) i.e., S/I
is a 2-primal I'-semiring. Hence I is a 2-primal ideal of S. [ |

Proposition 11. Let S be a I'-semiring and I be an ideal of S. If S/I satisfies
(SI) then xT'y C I implies that xT'ST'y C I for all x,y € S i.e., I has the IFP.
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Proof. Let S be a I'-semiring and I be an ideal of S such that S/I satisfies
(SI). Let 'y C I. Then (x/I)T'(y/I) = 0/I. So y/I € anng(x/I). Since S/I
satisfies (SI), (S/I)Tanng(z/I) C anng(x/I) ie., (S/DT'(y/I) C anng(xz/I) i.e.,
(x/DI(S/IT'(y/I) =0/I i.e., xI'STy C I. This completes the proof. ]

Proposition 12. Let S be a I'-semiring and I be an ideal of S. If S/P(I) has
no nonzero nilpotent elements, then S/P(I) satisfy (SI).

Proof. Let S be a I'-semiring and I be an ideal of S such that S/P(I) has no
nonzero nilpotent elements. Then S/P(I) is a 2-primal I'-semiring (Cf. Ref.
Proposition 3.11, [17]). Hence P([I) is a 2-primal ideal of S. Now by Proposition
10(4), P(P(I)) has the IFP. Now P(P(I)) = P(I) (Cf. Ref. [10]). So P(I) has
the IFP. Now we show that for any a/P(I) € S/P(I), anngr(a/P(I)) is an ideal of
S/P(I). Let b/P(I) € anng(a/P(I)). Then (a/P(I))I'(b/P(I)) = 0/P(I). Then
al’b C P(I), where a,b € S. Since P(I) has the IFP, aI'STb C P(I), which im-
plies that (a/P(I))I'(S/P(I))L'(b/P(I)) = 0/P(I). Hence (S/P(I))L'(b/P(I)) C
anng(a/P(I)). So anng(a/P(I)) is a left ideal of S/P(I). Again we know
anng(a/P(I)) is a right ideal of S/P(I). Consequently annr(a/P(I)) is an ideal
of S/P(I). Therefore, S/P(I) satisty (SI). |

Proposition 13. Let S be a I'-semiring with unity. Then

(i) I C P if and only if N;(P) C P for any ideal I and any prime ideal P of S.
(ii) Ny(P) C N} for any prime ideal P and ideal I of S.
If I = P then Ni(P) = P for any ideal I and any prime ideal P of S.
If P = Q if and only if No(P) = P for any prime ideals P and Q of S.

(iii)
(iv)
Proof. (i) Suppose I C P, then P(I) C P. So, for any element € N;(P), there
exists b € S — P such that zI'STb C P(I) C P. Since P is a prime ideal of S and
b e S— P, we have x € P. Therefore, N;(P) C P. Conversely, let N;(P) C P.
Let x € I. Now for any y € S — P, 2I'STy C I. Again I C P(I), so we have
xI'STy C P(I). Hence x € N;(P) C P. This completes the proof.

(ii) Let € Ny(P). Then there exists b € S—P such that 2I'ST'b C P(I). Since
P is a prime ideal of S, there exists s € S and «, 8 € I such that bassb € S — P.
Thus we have 2I'basfb C zI'STb C P(I). Now since basfb € S — P, x € NIP.
Therefore, N;(P) C NF.

(iii) Let P =1 and = € I. Since I C P(I) and [ is an ideal, zI'ST'S C I C
P(I). So for any y € S — P, 2I'STy C P(I). Hence z € N;(P). Therefore,
P C Ny(P). Now by (i) Ny(P) C P. This completes the proof.

(iv) Suppose that P = @Q, then by (iii), Ng(P) = P. On the other hand, let
Ng(P) = P. Then Q C Ng(P) =P ie, Q C P. Let x € P. Then € Ng(P).
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Then there exists b € S — P such that 2zT'STb C P(Q) C @ as Q is prime. Since
QCP,beS—PCS—Q. Hence z €  as @ is prime. Therefore, P=Q. =

Lemma 14. Let S be a I'-semiring and ‘a’ be a nonzero strongly nilpotent element
of S. Then there exists a nonzero element b in S such that bI'b = 0.

Proof. Let ‘a’ be a nonzero strongly nilpotent element of S. Let n be the smallest
positive integer such that (aI')" la = 0.

Case 1. Suppose that n is odd say n = 2k 4+ 1, where 1 < k < n. Then we
have (aI')?*a = 0 which implies (aI')?*aT'a = 0. So
(al'ala...al'a) T' (al'al'a...al’'a) =0.

-~

‘a’ appears(k+1)times ‘a’ appears(k+1)times
= (ayaya...ava) T (ayavya...aya) =0 for all veT.

‘a’ appears(k+1)times ‘a’ appears(k+1)times
Let b= ayaya...aya for some nonzero v € I'. Then b # 0 and bI'b = 0.
——————

‘a’ appears (k+1)—times

Case 2. Suppose that n is even say n = 2k, where 1 < k < n. Then we have
(aT')?*~1q = 0 which implies
(aT'al’'a...al'a) T' (al'al'a...al'a) =0.

‘a’ appears k—times ‘a’ appears k—times

= (avyavya...aya) T (ayaya...avya) =0 for all y € T.

‘a’ appears k—times ‘a’ appears k—times

Let b= avyavya...aya for some nonzeroy € I'. Thenb# 0 and bI'b=0. =
| —

Cql

a/ appears k—times

Note 15. Spec(S) denotes the set of all prime ideals of S.

Theorem 16. Let S be an SN I'-semiring with unity and I be an ideal of S.
Then the following are equivalent:

(i) I is a 2-primal ideal of S,

(ii) P(I) has the IFP,

(P) has the IFP for each P € Spec(S),

(P) = N—IP for each P € Spec(S),

N;(P) = N¥ for each P € Spec(9),

N}D C P for each prime ideal P which contains I,

Npspry € P/P(I) for each prime ideal P which contains I,

)
)
(ili) N7(P)
(iv) Ny(P)
(v)
(vi)

)

(vii
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(viii) N_? C Ny(P) for any ideal J C I and prime ideals P,Q of S such that
(ix) N? C Ni(P) for any ideal J C I and prime ideals P,Q of S such that

(x) N_? C P for any ideal J and prime ideals P,Q of S such that J C I C
PcQ,

(xi) N? C P for any ideal J and prime ideals P,Q of S such that J C I C
PcaQ,

(xii) Ngpy € P/P(I) for each prime ideal P,Q of S, such that I C P C Q.

Proof. (i) implies (ii). Let I be a 2-primal ideal of S. Then S/I is a 2-primal
I-semiring. Let z/P(I) € N(S/P(I)). Since S is a SN I'-semiring with unity,
S/P(I) is a SN I'-semiring with unity. Then there exists a positive integer n
such that (z/P(I)T)" Y(z/P(I)) = P(), ie., ()" 1z)/PI)) = P), ie.,
(zI)"~1z C P(I). Since I is a 2-primal ideal of S, then by Proposition 10, P(I)
is a completely semipriime ideal of S. Hence x € P(I), i.e., z/P(I) = 0/P(I).
Hence S/P(I) has no strongly nilpotent elements. Then by Proposition 12,
S/P(I) satisfies (SI). Hence by Proposition 11, P(I) has the IFP.

(ii) implies (iii). Let P € Spec(S) and 2I'y C Ny(P) . Then zI'yI'STb C P(I)
for any b € S — P. Now by (ii), P(I) has the IFP, so 2I'STyI'STb C P(I) i.e.
(2'STy)I'STb C P(I), where b € S — P. Therefore, zI'STy C N;(P) for each
P € Spec(S). Thus N;(P) has the IFP for each P € Spec(S).

(iii) implies (i). Let (al')" !a € I, for some positive integer n. Claim: a €
P(I). Suppose a ¢ P(I). Then there exists a prime ideal P which contains
I, such that a ¢ P ie., a € S\ P. Since P is prime, S\ P is an m-system.
Then there exist s; € S,a1,81 € T' such that aags1f1a € S\ P. Again since
ac1s181a,a € S\ P, applying m-system property aaqsfiacssaf2a € S\ P, for
some «g, s € I' and sy € S. Applying m-system property after finite step, we
have aaisifracssafoa. .. an—154—10n—1a € S\ P for some s; € S, oy, 5; € T,
where i = 1,2,...,(n — 1). Since (aI')"la € I C N;(P) and N;(P) has the
IFP, aaysifraassefea. .. p—18p—10n—1a € Ni(P). Again by Proposition 13
(i), N7(P) C P, then aa;sifiaassafaa. .. an—18,—10n—1a € P, a contradiction.
Hence a € P(I). Now by Proposition 9, I is a 2-primal ideal of S.

(i) implies (iv). Let a € NT for each P € Spec(S). Then (aI')"*a C N}, for
some positive integer n. Hence there exists b € S — P such that (al')"tal'b C
P(I) i.e., (a')"b C P(I). Since I is a 2-primal ideal of S, by Proposition 10(3),
P(I) is a left and a right symmetric ideal of S. Suppose n = 1, al'b C P(I).
Let n = 2, al'al'b € P(I) = al'bl'a C P(I) (as P(I) is a right symmetric
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ideal of S) = al'bI'al'b C P(I) (as P(I) is an ideal of S). Now by Proposition
10(2), P(I) is a completely semiprime ideal of S, then we have al'b C P(I). Let
n = 3. Then al'al'al'b C P(I) = bI'al'al’al'b C P(I) (as P(I) is an ideal of S) =
al’'bT'al'al’d C P(I) (as P(I) is a left symmetric ideal of S) = al'bI'al'bl'a C P(I)
(as P(I) is a right symmetric ideal of S)= aI'bl'al'bI'al’'bI'al'b C P(I) (as P(I) is
an ideal of S). Hence by Proposition 10(2), P(I) is a completely semiprime ideal
of S, then we have aI'b C P(I). Continueing this process for n > 2, (aI')"b C P(I)
= (aI'b)['(aI'b)['(al'b)T"... I'(aI'b) C P(I). If n is even, then al'b C P(I) (by

(n—times)
Proposition  10(2), P(I) is a completely semiprime ideal of S). If n is odd,
then multiplying by aI'b and applying Proposition 10(2) we have aI'b C P(I).
Now by Proposition 10(4), we have aI'STb C P(I), where b € S — P. Hence
a € Ny(P). Again by Proposition 13, we have, N;(P) C N C NF. Therefore,

N;(P) = N7,
(iv) implies (v). Since N7(P) € N C NP, by (iv) we have Ny(P) = N

(v) implies (vi). Let P be a prime ideal of S which contains I. Then by
Proposition 13 (i), we have N;(P) C P. Now by (v) we have, N;(P) = N}
Hence NIP Cc P.

(vi) implies (vii). Let a/P(I) € Np;p(ry- Then there exists b/P(I) € S/P(I)—
P/P(I) such that (a/P(I))['(b/P(I)) C P(S/P(I)) =P(P())/P(I) (by Propo-
sition 8). This implies that al'b C P(I) as P(P(I)) = P(I), where b€ S — P. So
a € NP. Hence by (vi), @ € P. This implies that a/P(I) € P/P(I). Therefore,

(vii) implies (i). First we shall show that S/P(I) is reduced. Suppose, S/P(I)
is not reduced. Then there exists a nonzero nilpotent element say a/P(I) €
S/P(I). Since S is an SN I'-semiring, S/P(I) is an SN I'-semiring. Then
a/P(I) € S/P(I) is a strongly nilpotent element. Hence by Lemma 14, there
exists a nonzero element say b/P(I) € S/P(I) such that (b/P(I))I'(b/P(I)) =
PI)/P(I)ie., (b/PI))L(b/P(I)) = P(S/P(I)) (by Proposition 8). Since b/P(I)
is a nonzero element of S/P(I), b € P(I). So b/P(I) € S/P(I) — P/P(I) for
some prime ideal P of S containing I. Hence b/P(I) € Np/p(r)- Now by (vii)
Npspry € P/P(I), so b/P(I) € P/P(I) which is a contradiction. Therefore,
S/P(I) has no nonzero strongly nilpotent elements. Thus S/P(I) is reduced.
Then using Proposition 12, we have S/P(I) satisfy (SI). Then by Proposition 11,
P(I) has the IFP. Then by Proposition 10, we have I is a 2-primal ideal of S.

(i) implies (viii). Let = € N_? Then there exists a positive integer n such that
(2T) 1z C N?. Then (2I')"12I'y C P(J) for some y € S—Q. Since P C Q and
J C I, (2" taly C P(I) for some y € S—P. Since I is 2-primal, by Proposition
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10, P(I) is a left and right symmetric ideal and completely semiprime ideal of S.
Proceeding as in the proof of (i) implies (iv), we get 'y C P(I), where y € S—P.
Again by same proposition P(I) has the IFP, then 2T'y C P(I) = zI'ST'y C P(I).

Hence x € Ny(P). Therefore, N? C Ny (P).
(viii) implies (ix). It is obvious as N% € N%.

(ix) implies (xi). Let J C I C P C Q. Then by (ix), N? C Ni(P). Again
since I C P, by Proposition 13(i), N;(P) C P. Hence N? C P for any ideal J
and prime ideals P, @ of S such that J C T C P C Q.

(xi) implies (vi). On assuming I = J and P = Q in (xi), we get NI’ C P.

(vi) implies (xii). Let a/P(I) € Ngp(r). Then there exists b/P(I) € S/P(I)—
Q/P(I) such that (a/P(I))I'(b/P(I)) € P(S/P(I)) = P(I)/P(I) (by Proposition
8). This implies that al'o C P(I), where b € S—@Q. This implies that aI'b C P(I),

where b € S — P as P C (). Hence a € NIP. Since I C P, by (vi) NIP C P, so
a € P. This implies that a/P(I) € P/P(I). Therefore, Ng,pr) € P/P(I).

(xii) implies (vii). On assuming @ = P in (xii), we get Np/py € P/P(I).

(viii) implies (x). Let I, J be two any ideals of S and P, Q) be two prime ideals
of S such that J C I C P C (). Now by (viii), we have N_? C Ny(P). Again
since I C P, by Proposition 13(i), N;(P) C P. Therefore, N_? CP.

(x) implies (xi). Let I,.J be two any ideals of S and P, @ be two prime ideals
of S such that J C I C P C Q. Then by (x), N_? C P. Again by Proposition 7,
we have N? - N_? Therefore, N? C P. [ ]

Corollary 17. Let S be an SN I'-semiring with unity and I be a 2-primal ideal
of S. Then for any prime ideal P of S, I C P if and only if N}D CP.

Proof. Let I C P. Then by Theorem 16 (vi), we have NI C P. Conversely let,
NP C P. Let # € I. Then for any y € S — P we have 2T’y C I = xT'y C P(I) as
I C P(I), where y € S — P. Hence z € NI’ and so x € P. Thus I C P. [

Corollary 18. Let S be an SN I'-semiring with unity. Then I = P if and only
if NP = P for any completely prime ideal I and prime ideal P of S.

Proof. Let I be any completely prime ideal and P be any prime ideal of S such
that I = P. Now we have, ] C P(I) C P. Since I = P, I = P(I). Hence
P(I) is a completely prime ideal and hence a completely semiprime ideal of S.
Then by Proposition 10, I is a 2-primal ideal of S. By Corollary 17, N}D CP.
Hence P =1 C NIP C P. Therefore, NIP = P. Conversely let, NI = P for any
completely prime ideal I and prime ideal P of S. Then by Corollary 17, I C P.
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Let € P. Then x € NF. So 2T'y C P(I) for some y € S — P. Since [ is a
completely prime ideal of S, I is a prime ideal of S. Hence P(I) = I. So zT'y C I.
Since /] CPandye S—P,ye€ S— 1. Again I being a completely prime ideal,
thenx € I asy € S — P. Hence I = P. [

Corollary 19. Let S be an SN I'-semiring with unity. Then the following are
equivalent:

(i) S is a 2-primal T'-semiring,

P(S) has the IFP,

N(P) has the IFP for each P € Spec(S),
(P) = Np for each P € Spec(S),

22

ii)

iii)

iv)

) N(P)= Np for each P € Spec(S),

vi) Np C P for each P € Spec(S),

(vii) Npspsy S P/P(S) for each P € Spec(S),
) Ng C N(P) for any prime ideals P,Q of S such that P C Q,

) Ng C N(P) for any prime ideals P,Q of S such that P C @,

(x) NQ C P for any prime ideals P,Q of S such that P C Q,

i) Ng C P for any prime ideals P,Q of S such that P C Q,

) Ng/psy © P/P(S) for each prime ideals P,Q, such that P C Q.

(viii
(ix
(xi

(xii

Proof. The proof follows from Theorem 16. |
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