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1. INTRODUCTION

In this paper, we shall be concerned with the existence and controllability
for first and second order semilinear neutral functional differential inclusions
in a real Banach space, with nonlocal conditions.
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In Section 3, we study first order initial value problems for a semilinear
neutral functional differential inclusion with nonlocal conditions of the form,

d

(1.1) -

[y(t) - f(tuyt)] € Ay(t> + F(tvyt)v a.e. t € J = [07T]

(1.2) y(t) + hi(y) = o(t), te[-r0]

where f: Jx D — E, F:Jx D — P(FE) is a multivalued map, h; € D,
¢ € D, D = {¢ : [-r,0] — E is continuous}, A is the infinitesimal
generator of a strongly continuous semigroup S(t),¢ > 0 and F is a separable
real Banach space with the norm || - ||.

For any continuous function y defined on the interval [—r,T] and any
t € J, we denote by y; the element of D defined by

y(0) =yt +46), 0€l—r0
For ¢ € D the norm of ¢ is defined by

[¥llp = sup{[|4:@)] - 6 € [-r,0]}.

The nonlocal condition h(y) may be given by
P
ht(y) = Z Czy(tl + t)v le [—7’, 0]
i=1

where ¢;,i = 1,...,p, are given constants and 0 < ¢t; < ... < t, < T.
At time t = 0, we have

ho(y) =) _ ciy(t:)-
=1

In Section 4, we consider a general form of the problem (1.1)—(1.2) where
A:D(A) C E — E is a nondensely defined closed linear operator.

In Section 5, we study second order initial value problems for a semi-
linear neutral functional differential inclusion with nonlocal conditions of
the form

d

(1.3) W0 = [ty € Ay(t) + F(t,ye), ¢ J:=[0T],

(1.4) y(t) + hi(y) = ¢(t), t € [-n0], ¢'(0)+hi(y) =n,
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where A is the infinitesimal generator of a family of cosine operators {C(t) :
t >0}, n € E and f,F,¢,hy are as in the problem (1.1)—(1.2) and hy :
C(J, E) — FE is continuous.

Nonlocal conditions for evolution equations were initiated by Byszewski.
We refer the reader to [7] and the references cited therein for a motivation
regarding nonlocal initial conditions. The nonlocal condition can be applied
in physics and is more natural than the classical initial condition y(0) = yq.

IVPs (1.1)-(1.2) and (1.3)—(1.4) were studied in the literature under
growth conditions on F. Here, by using the ideas in [2] we obtain new results
if instead of growth conditions we assume the existence of a maximal solution
to an appropriate problem.

Our existence theory is based on fixed point methods, in particular the
Leray-Schauder Alternative for single valued and Kakutani maps, Kaku-
tani’s fixed point theorem and on a selection theorem for lower semicontin-
uous maps.

In Section 6, we study controllability results for the problems (1.1)—(1.2)
and (1.3)—(1.4) by using the Leray-Schauder Alternative for Kakutani maps.
We refer to [5] for recent controllability results.

2. PRELIMINARIES

In this section, we introduce notations, definitions, and preliminary facts
that are used throughout this paper.

Let (X, d) be a metric space. We use the notations:

PX)={Y CX:Y#0}, PyuX)={Y €P(X):Y closed}, Py(X)=
{Y € P(X) : Y bounded}, P.(X) = {Y € P(X) : Y convex}, Pp(X) =
{Y € P(X) : Y compact}, Peep(X) = Pe(X) N Pep(X) ete. A multivalued
map G : X — P(X) is convez (closed) valued if G(x) is convex (closed) for
all x € X. G is bounded on bounded sets if G(B) = UyepG(x) is bounded in
X for all B € Py(X) (i.e., supgep{sup{|ly|| : y € G(z)}} < o0).

G is called upper semi-continuous (u.s.c.) on X if for each zg € X the
set G(z¢) is a nonempty, closed subset of X, and if for each open set U of
X containing G(x(), there exists an open neighborhood V of xg such that
G(V) CU.

G is said to be completely continuous if G(B) is relatively compact for
every B € Py(X). If the multivalued map G is completely continuous with
nonempty compact values, then G is u.s.c. if and only if G has a closed
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graph (i.e., T, — Tu, Yp — Yx, Yn € G(zy,) imply y. € G(z4)). G has a
fized point if there is x € X such that x € G(x). The fixed point set of the
multivalued operator G will be denoted by FizG.

A multivalued map N : J — P, (F) is said to be measurable, if for every
y € E, the function t — d(y, N(t)) = inf{||Jy—z|| : z € N(t)} is measurable.
For more details on multivalued maps see the books of Aubin and Cellina
[4], Deimling [10], Gérniewicz [12] and Hu and Papageorgiou [17].

Throughout this paper, E will be a separable Banach space provided
with norm || - || and A : D(A) — E will be the infinitesimal generator of
an analytic semigroup, S(t), t > 0, of bounded linear operators on E. For
the theory of strongly continuous semigroup, we refer the reader to Pazy
[21]. If S(t), t > 0, is a uniformly bounded and analytic semigroup such
that 0 € p(A), then it is possible to define the fractional power (—A)®, for
0 < a < 1, as closed linear operator on its domain D(—A)®. Furthermore,
the subspace D(—A)® is dense in E, and the expression

[2lla = [[(=A)%], 2 e D(=A)"

defines a norm on D(—A)%. Hereafter we denote by E, the Banach space
D(—A)® normed with || - ||o. Then for each 0 < o < 1, E,, is a Banach space,
and B, — Eg for 0 < 8 < a <1 and the imbedding is compact whenever
the resolvent operator of A is compact. Also for every 0 < a < 1 there exists
Cy > 0 such that

Ca
I—ASOl < 52, 0<t<T.

We say that a family {C(t) | t € R} of operators in B(E) is a strongly
continuous cosine family if

(i) €(0) =1,
(i) Ct+s)+C(t—s)=2C(t)C(s), for all s,t € R,
(iii) the map t — C(t)(x) is strongly continuous, for each x € E.

The strongly continuous sine family {S(t) | t € R}, associated with the given
strongly continuous cosine family {C(¢) | t € R}, is defined by

(2.1) S(t) () :/0 C(s)(z)ds, z€E, teR.
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The infinitesimal generator A : E — E of a cosine family {C(¢) | t € R} is
defined by

Alx) = Z500(@)| _ .

For more details on strongly continuous cosine and sine families, we refer
the reader to the books of Goldstein [13], Heikkila and Lakshmikantham [15]
and Fattorini [11] and the papers [22] and [23].

Proposition 2.1 [22]|. Let C(t),t € R be a strongly continuous cosine fam-
ily in E. Then:

(i) there exist constants My > 1 and w > 0 such that ||C(t)|| < Mye“!!
for allt € R;
t1
/ e“lslds
to

Definition 2.2. A multi-valued map F : J x D — P, ,(E) is said to be
L'-Carathéodory if

(11) ||S(t1) — S(tg)” < M, for all t1,ts € R.

(i) t — F(t,z) is measurable for each = € D,
(ii) x +— F(t,x) is upper semi-continuous for almost all ¢ € J, and

(iii) for each real number p > 0, there exists a function h, € L'(J,R™) such
that

| F(t,u)|| :==sup{||v] : v € F(t,u)} < h,(t), ae telJ
for all uw € D with |lullp < p.

We need also the following result, see [16].

Lemma 2.3. Let v(:),w(-) : [0,T] — [0,00) be continuous functions. If w(-)
1s nondecreasing and there are constants 0 > 0,0 < a < 1 such that

’U(t) < 'lU(t) + 0/0 %ds, t e [O,T],
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then

n—1 0T j
oy < rremon S (0
(6%
=0

.

for every t € [0,T] and every n € N such that na > 1, and T'(-) is the
Gamma function.

3. FIRST ORDER SEMILINEAR NEUTRAL FUNCTIONAL DIFFERENTIAL
INCLUSIONS WITH NONLOCAL CONDITIONS

Let us start by defining what we mean by a solution to the problem

(1.1)~(1.2).

Definition 3.1. A function y € C([—r,T], E) is said to be a mild solution
of (1.1)~(1.2) if y(t) + he(y) = ¢(t) on [—r,0], and exists v € L1(J, E) such
that v(t) € F(t,y) a.e on J and

y(t) = SWH0) - holy) — F(0.6)] + f(t 1) + /0 AS(t — 5)f(s,y:) ds
/St—s s)ds, t € J.

For the multivalued map F' and for each y € C(J, E), we define Sg,, by
Spy={ve LYJ,E):v(t) € F(t,y(t)) forae teJ}.
Our first existence result for the IVP (1.1)—(1.2) is the following.

Theorem 3.2. Assume that:

(3.2.1) A: D(A) C E — FE is the infinitesimal generator of an analytic
semigroup S(t),t > 0, of bounded linear operators on E. Assume
that 0 € p(A), S(t) is compact for t > 0, and there exist constants
M >1 and Ci_g such that

_ Ci_
1S@Olpm <M and (-4 PS@)]| < =7, forall t > 0;

(3.2.2) (i) the map H : C([-1,T),E) — C([-r,T], E), given by H(y)(t) =
f(t,ye) for t €]0,T], is continuous and completely continuous;
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(ii) f is Eg-valued, and there exist constants ci,co > 0 such that
all(=A)78 < 1 and

I(=4)7f(t,2)]| < erllzllp + 2, (t2) € T x D;

(3.2.3) given € > 0, then for any bounded subset D of C([—r,T],E) there
exists a & > 0 with ||[(S(h) —I)ho(y)|| < € for ally € D and h € [0, 0]
and ||he(y)—hs(y)|| < € for ally € D andt,s € [—r,0] with [t—s| < J;

(3.2.4) for each t € [—7r,0] the function hy is continuous and completely
continuous and there exists Q@ > 0 such that |h(u)|| < Q,u €
C([-r,b], E) and t € [—r,0];

(3.2.5) F:J x E — Peep(E) is an L'-Carathéodory multivalued map;

(3.2.6) there exist an L'-Carathéodory function g : J x [0,00) — [0,00) such
that

[E(t, w)]| == sup{[lv]| : v € F(t,u)} < g(t, [[ullp)
for almost allt € J and all u € D;
(3.2.7) g(t,x) is nondecreasing in = for a.e. t € J;
(3.2.8) the problem

V'(t) = bKag(t,v(t)), a.e. t€EJ,
v(0) = bK),
where
Ko = A1 —all(=A)~"),
K1 = Ci_ger(1— e (=A) )1,
Ky =M(1—a(=4)PI),

n—1 j

n nm KT8\’

b= T T 3 (1_> ’
A

A = Mgl {1+ erll(-4) "}

Cl_ﬂCQTﬁ
/8 )
and n s the first integer such that nf3 > 1, has a mazimal solution

r(t).

+ MQ + co||(—A)PI{M + 1} +
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Then the IVP (1.1)—(1.2) has at least one mild solution on [—r,T).

Proof. Transform the problem (1.1)—(1.2) into a fixed point problem. Con-
sider the operator N : C([-r,T],E) — P(C([-r,T], E)) defined by:

¢(t) - ht(y)7 te [—7‘, 0}7
S(t)[6(0) = ho(y) — f(0,¢(0))]

() + /O AS(t— ) f (s, yo)ds

t
+/ S(t — s)v(s)ds, ted,
0

where v € Sp.
We shall show that N has a fixed point. The proof is given in several
steps.

Step 1. N(y) is convex for each y € C([—r, T, E).
This is obvious since S, is convex (because F' has convex values).

Step 2. N maps bounded sets into bounded sets in C([—r, T}, E).

Let By = {y € C([=r, T}, B) : llyll = supei_pzy I5()]] < g} be a bounded
set in C([—r,T), E) and y € By. Then for each h € N(y) there exists v € S,
such that

h(t) = S()[#(0) —ho(y) — £(0,9(0))] + (¢, yr)
+/ AS(t—s)f(s,ys)ds—i—/O S(t = s)o(s)ds, t € J

0

Thus for each ¢t € J we get (see [21, Theorem 2.6.8 (d) and Theorem
2.6.13 (b)]

[p@)] <

< M|éllp + MQ + M| (=A) " (crllgllp + c2) + (=4) Plllerllyellp + e2]

+ [ 1A 286 = A 1ol +01 [ Tots)las
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< Méllp +MQ+M|(=A)l(erliéllp + e2) + 1(=A)lleallyellp + c2]

" lysllo Ci_geoT” !
Ci_ d M h d
+C1 561/0 (t—5)1 7 s+ 3 + /0 o(s)ds

< M|¢llp +MQ + M||(=A) P ll(erlldllp + e2) + [(=A) " ll[erg + e

C1_gT"
&

here h, is chosen as in Definition 2.2. Then for each h € N(B,) we have

+ [e1g + co] + M|hy|| 1

In]l < Méllp + MQ + M|[(—=A)~7||(erl|gllp + c2) + [I(=A) P lllerg + c2]

C1_gT"

T3

[clq + 02] + MthHLl =/,

Step 3. N maps bounded sets into equicontinuous sets of C([—r,T], E).
We consider By as in Step 2 and let h € N(y) for y € B,. Let € > 0 be given.
Now let 71,7 € J with 75 > 7. We consider two cases 7, > € and 71 < €.

Case 1. If 71 > ¢, then
[P(72) = h(1)]| <
< [[[S(72) = S(0)][¢(0) — ho(y) — f(0,6(0)] ]

(2 ym) = f(71, 97|
+/ﬁ€ I(=A) 7[5 (12 = 8) = S(r1 = $)[(=A)" f(5,y5)llds
0

JF/T1 I(=A)"P[S(r2 = 5) = S(r1 = 5)|(=A4)" f (5, 5) | ds

1—€

+ [ NEAS 0 = )= A) ) s

1

+A”ﬂw@_@_sm—amw®us
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+ [ 1S =) = St = (el
+ [ 5t = (o)

< [1[5(r) — S(r)]I6(0) — £(0,6(0)] |
FMIS(r — 7+ €)= SOl ee o Byl

H1F (72, 9m) = (715 9m)l

M [T IS = o+ 0 SE)(-A)F sl

_ B _ B B
+M||(—A)_6HC1_5(C1(1+ 62) |:(T2 Tﬂl'f‘ E) . (7'2 ﬂ’rl) +%
(2 —m1)”

+ M||(—A)F||Cr—p(c1q + c2) 3

SISt =+ = S@lom [ bl
0
+2M /T1 hq(s)ds
+M/T2 hq(s)ds
< [[[S(72) = S(m1)][6(0) — f(0,¢(0)] |
+M|S(r2 — 11 +€) — S(e)ll Bl ho(By)|
+ 1 (2, ym) = f (71,97

T]1—€
+ MI|(=A)P[S(r — 71+ ) — SO | 5(m) / le1q + eolds
0

_ B8 _ B B
+ M|(=A) | C1_p(crq + c2) [(Tz n+e’ (n—-m) .

g g B
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(1 — )’

+ M|(=A)7P||Cr—p(c1q + c2) 3

T1—€
+ M||S(r2 — 1+ €) — SOl sy / hy(s)ds
0

1
+2M/ hq(s)ds
T1—€
P
+M/ hq(s)ds
1

where we have used the semigroup identities
S(ry—8)=8(rs— 11 +&)S(r—s—€), S(r—s)=8(r —s—e€)S(e),
S(me) =S(re — 11 +€)S(r1 —¢), S(m)=95(m1 —e€)S(e).
Case 2. Let 7 <e. For 79 — 11 < € we get
[1(72) = h(m1)| < [[[S(72) = S(m)][6(0) = (0, 6(0)] |
+ M|[S(2 = 11)ho(y) = ho(y)||

1 T2em) — Frrum)
/ 1= A0 S(ry — 8)(—A4)? £ (s, ys) s

/ 1= A)0S(ry — 8)(—A)? £ (s, ya) s

T /0 15(rs — 8)[hq(s)ds
" /0 " 11S(r - 8)l[hg(s)ds

< [[1S(72) = S(m)][$(0) = £(0, 6(0)] |

+ M||S(m2 — 11)ho(y) — ho(y)]|
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+1f(r2,9m) = F(71, 40

(2¢)°
3

B

B

+(=A) Pl Cr-p(erq + ¢2)
+I(=4) 7 [IC1-p(c1q + c2)
2¢
+M/ hq(s)ds
0

+M / hq(s)ds.
0

Now (3.2.2), (3.2.3) and the fact that s — (—A)!=7S(s) is continuous in the
uniform operator topology on (0, 7] implies the equicontinuity.

The equicontinuity for the case 71 < 7 < 0 follows from the uniform
continuity of ¢ on the interval [—r, 0], and for the case 71 < 0 < 75 by
combining the previous cases.

Let 0 <t < T be fixed and let € be a real number satisfying 0 < € < ¢.
For y € By and v € Spy we define

t—e t—e

re(t) = ; AS(t — s)f(s,ys)ds + ; S(t — s)v(s)ds

_ /Ot_?—A)l—ﬁsu — ) (=A) f(s,y)ds

+ S(e) ; S(t—s—e)v(s)ds

~ 50 /0 (A — s — )~ A) f(s, y)ds
+ S(e) ; h S(t—s—e)v(s)ds.

Note

{/Ot_s(—A)l_ﬂS(t s )(=A)Pf(s,ys)ds : y € By and v € sF,y}
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is a bounded set since

H/t € 1 ﬂgt—S—e)( )Bf(s,ys)dsH

-8 t—e ds
< MOy gll(—=A)"(c1q + c2) (
0

t—s—e)l=08"
Also, note
t—e
{ S(t—s—ev(s)ds :y € By andvESF,y}
0
is a bounded set since H t_e St — s — e)v(s)ds|| < Mf s)ds and

now since S(t) is a compact operator for t > O the set Y.(t) = {7’5 t):
B, and v € Sgy} is relatively compact in E for every €, 0 < e < t. Moreover
for r = r¢ we have
t—e
Ir(e) = (o)l < MCpI-A) Plrg+er) [ T
- o (t—s—¢)lF
t
+M hq(s)ds.
t—e
Therefore, the set Y (t) = {r(t) : y € By and v € Sg,} is totally bounded.
Hence Y (t) is relatively compact in E.
As a consequence of Steps 2, 3 and the Arzeld-Ascoli theorem we can
conclude that N : C([-r,T],E) — P(C([-r,T], E)) is completely contin-
uous.

Step 4. N has a closed graph.
Let ¥, — Ys«, hyn € N(yn), and h,, — h,. We shall prove that h, € N(y,).
Now h, € N(y,) means that there exists v,, € Spy, such that for each t € J

hn(t) = )[QZS( ) hO(yn) f(07 ¢(O))] + f(tv ynt) +/0 AS(t - S)f(57 yns) ds

/St—svn )ds.

We must prove that there exists v, € Sg,, such that for each ¢ € J

he(6) = S01600)— ho(w)~ F0.000)] + Ft.000) + [ AS(E = ) (5,yna) ds

—|—/0 S(t — s)vi(s)ds.
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Now since s — AT(t — s) is continuous in the uniform operator topology on
[0,t) we have that

t

[ (= 01000~ Rott) = £(0.6(0)] = £(t30) = [ AS(1=9)f (5.9 )

~ (e SWIG(0)~ holy-) — F0,6(0))] = F(t,50) - / AS(1- /(5,10 as) | o

as n — 0o.
Consider the linear continuous operator

I':LYJ,E) — C(J,E)

vi— T'(v /St—s

It follows that I" o SF is a closed graph operator (]20]).

Also from the defintion of I we have that

hn(t) - S(t)[¢(0) - hO(yn) - f(Ov ¢(0))] - f(t7ynt) _/0 AS(t - S)f(svyns) ds
S F(SF,yn)'

Since Yy, — ys, it follows that

ha(t) — S)[H(0) - ho<y*>—f<o,¢<o>>]—f(t,y*a—/o AS(t — 5)f(5,yos) ds

for some v, € Spy,.

Step 5. Now it remains to show that the set
M :={y e C([-r,T],E) : \y € N(y), for some X\ >1}

is bounded.
Let y € M. Then Ay € N(y) for some A > 1. Thus there exists v € Spy
such that
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y(t) = A1 (1)[6(0) — holy) — F(0,$(0)] + A~ f(t,ye)

t t
+ )\_1/ AS(t — 8)f(s,ys)ds + )\_1/ S(t — s)v(s)ds, t € J.
0 0
Then
ly@) <
< M|¢llp + MQ + M[|(=A) " [llerlldllp + 2] + 1(=A) Pl [etllyellp + e

/H APt )!H(—A)ﬁf(svys)Hd8+M/O 9(s; lysllp)ds

< Ml +MQ+ M|(=A) et éllp + co] + 1(=A)lllergellp + e

oy, CrseT?
C— > d M s||p)d
+Crgen | AR st D2 [ gt l)ds

< A+all(=4) 7 llydl
t
+ g [ R s / s, lyllp)ds, ¢ J

Put w(t) = max{[|y(s)|| : —r < s < t}, t € J. Then |lys|]|p < w(t) for all
t € J and there is a point t* € [—r, ] such that w(t) = y(t*). Hence we have

w(t) = (e
t*
_ A Iy:lio
< At al=A) Pl lo +Crope | R s

t*
+ M /0 o(s, llysllp)ds

w(s)

t
_A) 8
< At al=A) )+ Crger | S ds

—i—M/O g(s,w(s))ds
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or

1 tw(s) ¢
w(t) < = el A) 7] {A + Clgcl/o =57 ds + M/o g(s,w(s)) ds}

t w(s) t
S K0+K1/ mdS"‘KQ/ g(S,U)(S))dS, teJ
0 0

From Lemma 2.3 we have

w(t) <b (Ko + K /Otg(s,w(s))ds) ,

where

n—1 i
n nqn KT8\’
b — KPTB)T /T (1) 3 ( 1 > .
j=0 p
Let

m(t) = b (Ko + Ko /Otg(s,w(s))d,S) . teld.

Then we have w(t) < m(t) for all ¢t € J. Differentiating with respect to ¢, we
obtain

m/(t) = bKag(t,w(t)), a.e. t € J, m(0) = bKj.
Using the nondecreasing character of g we get
m'(t) < bKag(t,m(t)), t € J.

This implies that ([19] Theorem 1.10.2) m(t) < r(t) for ¢ € J, and hence
w(t) < by = supseyr(t). Thus

sup{[ly()| : —r <t < T} < b := max{[|¢[lp, bo},

where by depends only on T and on the function r. This shows that M is
bounded.

As a consequence of the Leray-Schauder Alternative for Kakutani maps
[14] we deduce that N has a fixed point which is a solution of (1.1)—(1.2).m
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Theorem 3.3. Assume that (3.2.1)—(3.2.5) hold. In addition, suppose that
the following condition is satisfied:

(3.3.1) there ezists a continuous non-decreasing function 1 : [0,00) —

(0,00), p € LY(J,R,) such that
[t w)| :=sup{[jv]| : v € F(t u)}
<pt)Y(|lullp) for each (t,u) € J xD

and there exists a constant M, > 0 with

&
()

T
Ko+ Kyp(M.) /0 p(s) ds

> 1,

where Ko, K1, Ko are defined in Theorem 3.2, with 1 — KlTTf > 0.

Then the IVP (1.1)—(1.2) has at least one mild solution on [—r,T].

Proof. Define N as in the proof of Theorem 3.2. As in Theorem 3.2 we
can prove that N is completely continuous.

We show there exists an open set U C C(J, E) with y ¢ AN (y) for XA € (0,1)
and y € OU. Let A € (0,1) and let y € AN (y). Then we have

ly@I <
< M|¢llp + MQ + M|(=A)[[[erl|gllp + co] + I (=A) P l[fexllyellp + ez

#1560 s

w01 [ po)uulio)ds

< M|¢llp + MQ + M||(=A)[[[erl|gllp + co] + | (=A) P l[fexllyellp + ez

" lyslo Ci_peoT”
#Crger [ Dy CoE g [ pulods
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< A+ el (=) lllyellp

t
+C1_gc1/ ( HySHD d +M/ (|lysllp)d teJ.

Put w(t) = max{[|y(s)|| : —r < s < t}, t € J. Then |jys|]|p < w(t) for all
t € J and there is a point t* € [—r, ] such that w(t) = y(t*). Hence we have

w(t) = [ly()]
< )-8 o " lysllo
< A+al(=A) 7 llyelo + Crper y (G—si7®
t*
+M/ Y(llysllp)ds

Szx+qm—A>ﬂmw>+01mn/t(w@) ds

o (t—s)1-8
+MAMWW®M&

w(t) < K0+K1/O %d&#—f@/{) p(s)Y(w(s))ds, teJ.

or

Then we have

t 1 t
Jull < Ko+ Kl [ s+ Kav(lol) [ pls)ds
o (t—3) 0

T8 t
s%+&mh;mwwwép@m

/54
Q—m%)wn
< 1.

. <
m+&wwmép@@

Consequently

Then by (3.3.1), there exists M, such that ||w]|| # M,.
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Set
U={yeC(JE): [yl <M}

From the choice of U there is no y € U such that y € AN(y) for A € (0,1).
As a consequence of the Leray-Schauder Alternative for Kakutani maps [14]
we deduce that N has a fixed point and therefore the problem (1.1)—(1.2)
has a solution on [—r, T7. |

Next, we study the case where F' is not necessarily convex valued. Our
approach here is based on the Leray-Schauder Alternative for single valued
maps combined with a selection theorem due to Bressan and Colombo [6]
for lower semicontinuous multivalued operators with decomposable values.

Theorem 3.4 Suppose that:

(34.1) F : J xD — P(E) is a nonempty, compact-valued, multivalued
map such that:

(a) (t,u) — F(t,u) is L® B measurable;

(b) u— F(t,u) is lower semi-continuous for a.e. t € J;

(3.4.2) for each p > 0, there exists a function ¢, € L'(J,R") such that
| F(t,u)|| =sup{||v]| : v € F(t,u)} < p,(t) for a.e. t € J
and for v € E with |ju||p < p.

In addition, suppose (3.2.1)—(3.2.4), (3.2.6)—(3.2.8) are satisfied. Then the
initial value problem (1.1)—(1.2) has at least one solution on [—r,T].

Proof. Assumptions (3.4.1) and (3.4.2) imply that F is of lower semicon-
tinuous type. Then there exists ([6]) a continuous function p : C(J, E) —
L(J, E) such that p(y) € F(y) for all y € C(J, E), where F is the Nemitsky
operator defined by

F(y) ={w e LYJ,E) : w(t) € F(t,y(t)) for a.e. t € J}.

Consider the problem

d

(3.1) =

[y(t) — f(t,ue)] — Ay(t) = p(y)(t), tE€J,

(3.2) y(t) + he(y) = ¢(t), t € [-r0]
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It is obvious that if y € C'([—r, T, E) is a solution to the problem (3.1)—(3.2),
then y is a solution to the problem (1.1)—(1.2).
Transform the problem (3.1)—(3.2) into a fixed point problem consider-

ing the operator N : C(|—r,T|,E) — C([-r,T], E) defined by:
¢(t) - ht(y)v ift € [_Tv 0]
S(B)[6(0) — ho(y) = £(0,9(0)] + f (¢ i)

—i—/o AS(t — s)f(s,ys)ds

+/0 S(t — s)p(y)(s)ds, ted

We prove that N : C([-r,T], E) — C([-r,T], E) is continuous.

Let {y,} be a sequence such that y, — vy in C([—r,T], E). Then there
is an integer ¢ such that ||y,|| < ¢ for all n € N and ||y|| < ¢, so y, € B, and
y € B,;. We have then by the dominated convergence theorem

IN(yn) = NIl < Ml|ho(yn) — ho(y) |l

+ Hf(tvynt) - f(tvyt)H

+ ” [/Ot AS(t = $)|f (5, Yns) — f(&ys)’ds}

— 0.

o H [/Ot p(yn) — p(y)lds]

Thus N is continuous. Also the argument in Theorem 3.2 guarantees that
N is completely continuous and that there is no y € 9U (U as defined in
Theorem 3.3), such that y = AN(y) for some A € (0, 1).

As a consequence of the Leray-Schauder Alternative for single valued
maps we deduce that IV has a fixed point y which is a mild solution to the
problem (3.1)—(3.2). Then y is a mild solution to the problem (1.1)—(1.2).m

We state without proof the analogous of Theorem 3.3 for the lower semicon-
tinuous case.
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Theorem 3.5. Assume that the conditions (3.2.1)-(3.2.4), (3.4.1), (3.4.2)
and (3.3.1) are satisfied. Then the initial value problem (1.1)—(1.2) has at
least one solution on [—r,T)].

4. SEMILINEAR NEUTRAL FUNCTIONAL DIFFERENTIAL INCLUSIONS WITH
NONDENSE DOMAIN AND NONLOCAL CONDITIONS

Recently, in [1] the authors have considered the following general class of
nonlinear partial neutral functional differential equations with infinite delay

d

) =

[2(t) — f(t,20)] = Ala(t) = f(t,20)] + F(t,20), 20

(4.2) zo=¢€F

where the operator A is nondensely defined, f, F : [0,00) X F — E and F
is the phase space of functions mapping (—oo,0] into E. There are many
examples where evolution equations are nondensely defined. For example,
when we look at a one- d1mens10nal heat equation with Dirichlet conditions
on [0, 1] and consider A = 2 in C([0, 1], R) in order to measure the solutions
in the sup-norm, then the domam

D(A) = {¢ € C*([0,1],R) : $(0) = 6(1) = 0},

is not dense in C(]0,1],R) with the sup-norm. See [9] for more examples
and remarks concerning nondensely defined operators.

In this section, we consider the following first order semilinear neutral
functional differential inclusion with nonlocal conditions

(@3)  Sl(t) — 1t w)] € Al(D) — F(t 2] + Pty ae b€

(4.4) y(t) + he(y) = o(t), te[-r0],

where f, F, h;, ¢ are as in the problem (1.1)-(1.2) and A is nondensely de-
fined. We give an existence result by assuming the existence of a maximal
solution to an appropriate problem. The basic tool for this study is the
theory of integrated semigroups.
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Definition 4.1 ([3]). Let E be a Banach space. An integrated semigroup
is a family of operators (S(t))¢>0 of bounded linear operators S(t) on E with
the following properties:

(i) 5(0) =0;
(ii) ¢ — S(t) is strongly continuous;
(iii) S(s)S(t) = [5 (St +7r)— S(r))dr, for all ¢, s > 0.

Definition 4.2. An integrated semigroup (S(t)):>0 is called exponentially
bounded, if there exists a constant M > 0 and w € R such that

1S(t)]| < Me“t, for t > 0.

Moreover, (S(t))i>0 is called nondegenerate, if S(t)z = 0, for all ¢ > 0,
implies x = 0.

Definition 4.3. An operator A is called a generator of an integrated semi-
group, if there exists w € R such that (w,+00) C p(A) (the resolvent set
of A), and there exists a strongly continuous exponentially bounded family
(S(t))¢>0 of linear bounded operators such that S(0) = 0 and (\] — A)~! =
DY e MS(t)dt for all A > w.

If A is the generator of an integrated semigroup (S(t))¢>¢ which is locally
Lipschitz, then from [3], S(:)z is continuously differentiable if and only if
z € D(A). In particular, S'(t)x := 4£S(t)x defines a bounded operator on the
set By = {z € E :t — S(t)x is continously differentiable on [0,00)} and
(S7(t))e>0 is a Cy semigroup on D(A). Here and hereafter, we assume that
A satisfies the Hille-Yosida condition, that is, there exists M > 0 and w € R
such that (w,00) C p(A), sup{( Al —w)"||[(AI=A)7"|| : A >w, n e N} < M,
where p(A) is the resolvent operator set of A and I is the identity operator.

Let (S(t))t>0, be the integrated semigroup generated by A. We note
that, since A satisfies the Hille-Yosida condition, ||S”(t)|| gy < Me**, t >0,
where M and w are from the Hille-Yosida condition (see [18]).

In the sequel, we give some results for the existence of solutions to the
following problem:

(4.5) y'(t) = Ay(t) + g(t), t >0,
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(4.6) y(0) =yo € E,
where A satisfies the Hille-Yosida condition, without being densely defined.

Theorem 4.4 [18]. Let g : [0,b] — E be a continuous function. Then for
yo € D(A), there exists a unique continuous function y : [0,b] — E such
that

Q) /0 "y(s)ds € D(A) for t € [0.5],

(i) y —yo+A/ ds—l—/ g(s)ds, te]|0,b],

(i) [ly(6)]) < Mest (uyou+ / e—wsug<s>uds), re o),

Moreover, y satisfies the following variation of constant formula:

(4.7) y(t) = y0+—/St—s t>0.

Let By = AR(A, A) := A(AI — A)~!. Then ([18]) for all x € D(A), Byx — x
as A — oo. Also from the Hille-Yosida condition (with n = 1) it easy to see
that )\lim | Baz|| < M||z||, since
_ M
IBAll = AT = ) 7H| < ——.

Thus )\lim |Bx]| < M. Also if y satisfies (4.7), then

t
(4.8) y(t) =S (t)yo + )\lim S'(t — s)Byg(s)ds, t>0.

We are now in a position to define what we mean by an integral solution of
the IVP (4.3)—(4.4).

Definition 4.5. We say that y : J — E is an integral solution of (4.3)—(4.4)
if

(i) y e C([_T7 T]vE)7
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(ii) /0 [y(s) — f(s,ys)]ds € D(A) for t € J,

(iii) there exists a function v € L!(J, E), such that v(t) € F(t,y(t)) a.e. in
J and

V(1) = S'(O16(0) = ha(s) = FO.00)]+ )+ 5 [ S(E=s)u()is

and y(t) = ¢(t) - ht(y)v te [—T’, 0]'

Theorem 4.6 Assume that (3.2.2) (i), (3.2.4)—(3.2.7) hold and in addition,
suppose that the following conditions are satisfied:

A satisfies the Hille-Yosida condition;

the operator S'(t) is compact in D(A) whenever t > 0.
$(0) — ho(y) — f(0,4(0)) € D(A);

there exist constants 0 < ¢y < 1,c9 > 0 such that

IF& ) < ellzllp + e, (82) € T x D

(4.6.5) given € > 0, then for any bounded subset D of C([—r,T],E) there
exists a & > 0 with ||(S"(h)—1)ho(y)|| < € for ally € D and h € [0, 4]
and ||ht(y)—hs(y)|| < € forally € D andt,s € [—r,0] with [t—s| < J;

(4.6.6) the problem

M*
V'(t) = e “g(t,v(t)), ae. tel
1— C1
*
0(0) = 7o [+ e)lolo + @+ e+ 57| M= max{e” 1},

has a mazimal solution r(t).

Then the IVP (4.3)—(4.4) has at least one integral solution on [—r,T].

Proof. Transform the problem (4.3)-(4.4) into a fixed point problem.
Consider the operator N : C([-r,T],E) — P(C([-r,T],E)) defined by
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B(t) — hu(y), if € [-r, 0],
Ny e ] SO0 = holy) = F(0.6(0)] + £ (t.)
+% /Ot S(t — s)v(s)ds, ifteJ,
where v € Sp.

We shall show that N has a fixed point. The proof is given in several
steps.

Step 1. N is convex for each y € C([—r,T], E).
This is obvious, since F' has convex values.

Step 2. N maps bounded sets into bounded sets in C([—r, T], E).
Let By = {y € C(|—r, T, E) : ]l := supei_p.zy 5]l < g} be a bounded

set in C([—r,T],E) and y € By. Then for h € N(y) there exists v € Sp,
such that

h(t) = S OI60)~ha(n) = FO.DON+ftw)+5; [ Stt=s)ulepds, te
Thus for each t € J we get

[yl < Me“*[(1+en)||gllp + Q + co] + et|lyellp + ez
t
+Mewt/ =5 [u(s)ds
0
t
< M1+ a)llollp + Q4 co] + c1g + c2 + M” / e “hq(s)ds;
0

here hg is chosen as in Definition 2.2 and M* = T ifw>0o0r M*=1if
w < 0. Then for each h € N(B,) we have

T
Al < M*[(1+c1)l|dllp + Q + ca] + c1g + ca + M*/ e “hy(s)ds := L.
0

Step 3. N sends bounded sets into equicontinuous sets in C([—r,T], E).
We consider By as in Step 2 and let h € N(y) for y € B,. Let € > 0 be given.
Now let 71,7 € J with ™ > 7. We consider two cases 71 > € and 71 < e.
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Case 1. It 71 > € then
[A(72) = h(r)|| < [ [S"(72) = S'(m1)][¢(0) — ho(y) — f(0,4(0))] |

+ (72, 9m) = F(72, 4|

T1—€
+ | Jim / S/ (r3 — 5) — §'(71 — 8)| Byv(s)ds
T1
+ ‘ /\lim [S' (19 — 8) — S'(11 — 5)|Bav(s)ds
—00 Jr

_l’_

T2
)\lim/ S'(19 — 8)Byv(s)ds

< [ (r2) = S"(r)][6(0) — £(0,6(0))] |
+ M| S (72 = 71 + €) = S(6) | pe) [1ho (By)

£ (2, y7) — (72,4l
T1—€
M| (s — 7+ €) — SO e / ey (s)ds
0
T1

+ 2M*/ e “hy(s)ds

T1—€

T2
+ M*/ e “*hy(s)ds.

T1

Case 2. Let 7 < €. For 79 — 11 < € we get
1A(72) = h(r)|| < [[[S"(72) = S'(m1)][¢(0) — £(0, $(0))]]]
+ M||S" (2 — 71)ho(y) — ho(y) ||

(2, 9m) = f (72, m)
2¢
+ M* / e “hy(s)ds
0

+M*/ e “*hy(s)ds.
0
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Note that equicontinuity follows since (i). S’(t),t > 0 is a strongly continu-
ous semigroup, (ii). (4.6.5) and (iii). S’(¢) is compact for ¢t > 0 (so S’(¢) is
continuous in the uniform operator topology for ¢ > 0).

Let 0 <t < T be fixed and let € be a real number satisfying 0 < € < ¢.
For y € B, and v € Spy we define

t—e
re(t) = )\ILHJO ; S'(t — s)Byv(s)ds
t—e
= 5'(e) )\lim S'(t — s — €)Byv(s)ds.

Note

t—e
{ lim S'(t —s—e€)Byv(s)ds :y € By and v € SF,y}

A—o0 Jo

is a bounded set since

t—e
lim S'(t — s — €)Byv(s)ds

A—o0 Jo

t—e
< M* / e “hy(s)ds
0

and now since S’(t) is a compact operator for ¢ > 0, the set Y(t) = {re(t) :
y € Bgand v € Spy} is relatively compact in E for every €, 0 < ¢ < t.
Moreover, for r = rg we have

t

lr(t) —re(t)|| < M e “hy(s)ds.

t—e
Therefore, the set Y (t) = {r(t) : y € By and v € Sg,} is totally bounded.
Hence Y (t) is relatively compact in E.

As a consequence of Steps 2, 3 and the Arzeld-Ascoli theorem we can

conclude that N : C([-r,T|,E) — P(C([-r,T), E)) is completely contin-
uous.

Step 4. N has a closed graph. o
Let Y — Y, hn € N(yn) and hy, — hi. We shall prove that h. € N (yx).
Now h,, € N(y,) means that there exists v, € Sg,, such that

hn(t) = Sl(t)[¢(0) - hO(yn) - f(07¢(0))] + f(tvynt)

t
+ lim S'(t — s)Byvp(s)ds, t € J.

A—o0 Jo
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We must prove that there exists v, € Sg,, such that
ha(t) = S'()[6(0) — ho(ys) = £(0,$(0))] + f(t,yst)

t
+ lim S'(t — s)Byvi(s)ds, t € J.

A—o0 Jo

Consider the linear continuous operator I' : L1(J, E) — C(J, E) defined by

(Tw)(t) = lim S'(t — s)Byv(s)ds.

A—o0 Jo

We have
[[(hn () = S"(#)[#(0) = ho(yn) — £(0,6(0))] + f(t, ynt))
—(hi(t) = S'()[6(0) — ho(y«) — f(0,6(0))] + f(t,ys4))[| — O

as n — o0. It follows that I'o Sk is a closed graph operator ([20]). Moreover,
we have

hn(t) = S'()[$(0) — ho(yn) — £(0,$(0)] + f (£, ynt) € T(Spy.,)-

Since ¥y, — ys, it follows that
hi(t) = S'()[6(0) — ho(y.) — £(0,9(0))] + f(t, yst)

t
+ lim S'(t — s)Byvs(s)ds, t € J.

A—o0 Jo

for some v, € Spy,.
Step 5. The set
M :={y e C([-r,T],E) : \y € N(y), for some A > 1}

is bounded.

Let y € M be such that Ay € N(y) for some A > 1. Then
y(t) = A1 ()[6(0) — holy) — £(0,$(0))] + A" f(t, ur)

d t
+ )\_1—/ S(t — s)v(s)ds, t e J.
dt Jy
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Thus
ly(®)]| < M*[(1+ c1)l|¢llp + Q + ca] + c1l|yellp + c2

o [ eyt ulo)ds. te
We consider the function u defined by
pu(t) == sup{lly(s)ll : —r < s <}, t€[0,T].
Let t* € [—r,t] be such that u(t) = ||y(t*)||. If ¢t* € [0,T], then by the
previous inequality, we have for t € [0, 7],

(1 —e)u(t) < M1+ c)[[dllp + Q + o] + e + M” /O e “%g(s, u(s))ds,

or

*

1—61

t
e alollo+ @+ et o2+ [ eyt ntos] e

p(t) <

If t* € [-r,0] then u(t) < ||¢|/p + @ and the inequality holds. Let us take
the right-hand side of the above inequality as v(t). Then we have

*

1—

v(0) = (1 +e)ldllp +Q+ 2+~ |

M*

and
(1) = ety ()

<

This implies that ([19] Theorem 1.10.2) v(t) < r(¢) for ¢t € J, and hence
ly(@)]| < b" = supye[—p.177(t), t € Jo where b depends only on 7" and on the
function 7. This shows that M is bounded.

As a consequence of the Leray-Schauder Alternative for Kakutani maps
[14] we deduce that N has a fixed point which is a solution of (4.3)—(4.4). m

Theorem 4.7. Assume that (3.2.2) (i), (3.2.4), (3.2.5), (4.6.1)—(4.6.5) hold.
In addition, suppose that the following condition is satisfied:
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(4.7.1) there exists a continuous non-decreasing function 1 : [0,00) —
(0,00), p € LY(J,R,) such that

1E(t, w)l == sup{lv]| : v € F(t,u)} < pt)¢([|ullp)
for each (t,u) € J xD

and there exists a constant M, > 0 with

1-— M.
(L= )M, > 1.

T
Aﬁu+qmwp+M%@+wawwﬁanA 5 p(s) ds

Then the IVP (4.3)—(4.4) has at least one integral solution on [—r,T].

Proof. Define N as in the proof of Theorem 4.6. As in Theorem 4.6 we
can prove that N is completely continuous.

We show there exists an open set U C C(J, E) with y ¢ AN(y) for A € (0,1)
and y € OU. Let A € (0,1) and let y € AN(y). Then we have

ly@)|| < M*[(1+c1)l|ollp + Q + c2] + cillyellp + c2
t
+AFAe”%@wm%%M&t€J

We consider the function p defined by
wu(t) :==sup{|ly(s)|| : —r < s <t}, te]0,T].

Let t* € [—r,t] be such that u(t) = ||y(¢*)||. If t* € [0,T], then by the
S

previous inequality, we have for t € [0, 7],

(1 —c)u(t) < M[(1+c)lldllp + Q@+ co] + ca + M” /O e " p(s)ib(u(s))ds,

or

*

1—

C2
M*

pu(t) < (1+c)ldllp +Q +ca+ —i—/o e_wsp(s)w(/x,(s))ds} , ted

If t* € [—r,0], then pu(t) <|¢|p + @ and the inequality holds.
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Consequently

(1= eyl

T
M*(1+er)[ollp + M*(e2 + Q) + ca + M*([ly]) /0 e “p(s)ds

Then by (4.7.1), there exists M, such that |ly|| # M,. Set
U={yeC(J,E): [yl < M.}.

From the choice of U there is no y € OU such that y € AN (y) for XA € (0,1).
As a consequence of the Leray-Schauder Alternative for Kakutani maps [14]
we deduce that N has a fixed point and therefore the problem (4.3)—(4.4)
has a solution on [—r, T. |

We state also without proof two results concerning the lower semicontinuous
case for nondensely defined operators.

Theorem 4.8. Assume that the conditions (3.2.2) (i), (3.2.4), (3.4.1), (3.4.2)
and (4.6.1)—(4.6.6) are satisfied. Then the problem (4.3)—(4.4) has at least
one integral solution on [—r,T).

Theorem 4.9. Assume that the conditions (3.2.2) (i), (3.2.4), (3.4.1), (3.4.2),
(4.6.1)—(4.6.5) and (4.7.1) are satisfied. Then the problem (4.3)—(4.4) has at
least one integral solution on [—r,T].

5. SECOND ORDER SEMILINEAR NEUTRAL FUNCTIONAL DIFFERENTIAL
INCLUSIONS WITH NONLOCAL CONDITIONS

In this section, we study the problem (1.3)—(1.4).
Definition 5.1. A function y € C([—r,T], E) is said to be a mild solution
of (1.3)—(1.4) if y(t) + he(y) = ¢(t), t € [-r,0],4'(0) + h1(y) = n and there
exists v € L(J, E) such that v(t) € F(t,y(t)) a.e. on J and

y(t) = C®)[9(0) = ho(y)] + S®)[n — ha(y) — (0, 9(0))]

_|_/0 C(t—3s)f(s,ys)ds +/O S(t—s)v(s)ds, teJ
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Theorem 5.2. Assume (3.2.4)—(3.2.7), (4.6.4) and the conditions

(5.2.1) the function hy : C(J, E) — E is continuous and completely contin-
uous and there exists a constant Q1 > 0 such that ||h1(y)| < Q1,
for ally € C(J, E);

(5.2.2) A : D(A) C E — E is the infinitesimal generator of a strongly
continuous cosine family {C(t) : t € J}, and there exist constants
N1 Z 1, and N2 Z 1 such that HC(t)HB(E) S Nl, HS(t)HB(E) S N2
for all t e R,

(5.2.3) for each bounded B C C([—r,b], E), and t € J the set
{C®16(0) = how)] + SW — hly) = £(0,6(0))
—i—/o C(t—s)f(s,ys)ds —|—/0 S(t —s)v(s)ds,v € SRB}

is relatively compact in E, where y € B and Sp.p = U{SF,y : y € B};
(5.2.4) the problem

V'(t) = Nicio(t) + Nag(t,v(t)), a.e. teJ,
U(O) = Cl,

where
Cy = Ni[|l9llp + Q] + Nao[|Inll + @1 + c1l|@|lp + c2] + NicoT,

has a mazimal solution r(t);

(5.2.5) given € > 0, then for any bounded subset D of C([—r,b], E) there
exists a § > 0 with ||[C(12) — C(m1)]|ho(y)]|| < € for ally € D and
71,72 € [0,9] and ||ht(y) — hs(y)|| < € for ally € D and t,s € [—r,0]
with |t — s| < §;

(5.2.6) given € > 0, then for any bounded subset D of C([—r,b], E) there

exists a 0 > 0 with ||[S(12) — S(11)]h1(y)]|| < € for all y € D and
T1,T2 € [076]a

(5.2.7) for every q > 0 the set f(I x B4(0)) is relatively compact in E, where
B,(0) denotes the closed ball with center at 0 and radius g > 0,

are satisfied. Then the problem (1.3)—(1.4) has at least one mild solution on
[—r,T].
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Proof. We transform the problem (1.3)-(1.4) into a fixed point problem.
Consider the multivalued map N : C([-r,T], E) — P(C([-r,T], E)) de-
fined by

o(t) — he(y), ifte[-r0]

C(8)[$(0) = ho(y)]
+S5®)n = ha(y) = £(0,9(0))]

N(y):=< he C([-r,T),E) : h(t) t
+ [ et

+ /Ot S(t — s)v(s)ds, if t €[0,7]

where v € Sp,. We shall show that N has a fixed point. The proof will be
given in several steps.

Step 1. N(y) is convex for each y € C([—r,T], E).
This is obvious, since F' has convex values.

Step 2. N maps bounded sets into bounded sets in C([—r,b], E).

Let By :=={y € C([-nr,T], E) : [yl = supsc[—r 1 [ly(®)|| < ¢} be a bounded
set in C([-r,T], E) and y € B,. Then for each h € N(y) there exists v € Sg,
such that

h(t) = C(t)[¢(0) = ho(y)] + S(t)[n — ha(y) — f(0,¢(0))]
—i—/o C(t—s)f(s,ys)ds —i—/o S(t — s)v(s)ds, t € J.

Thus for each t € J we get

1RO < Mlldlo + Q) + Nalllnll + Q1 + exlléllo + 2]
t t
+M/kmw+M%+M lo(s) |ds
0 0
< NMil6llp + Q1 + Nalllnll + Q1 + 1l éllp + ez

t
N [ lealyl + alds + Nafl s
0
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here h, is chosen as in Definition 2.2. Then for each h € N(B,) we have

18]l < Nill¢llp+QI+Na[l[nll+Qi+cillgllp+cal+Ni T [crg+co]+Nal hgl| r:=£.

Step 3. N maps bounded sets into equicontinuous sets of C'([—r,T], E).

We consider B, as in Step 2 and we fix 71,7 € J with 9 > 7. For y € By,
we have using Proposition 2.1

[A(72) = h(n1)]| <

IN

1C(72) = C(r)l@(0)]| + [ [C(72) = C(r1)]ho(y) |
+1[[S(72) = S(m)][6(0) = £(0, (0)]

+[[[S(72) = S(r)m (Y]

T / 1[Gz — 8) = Clry — )1 (s, y) ds
+ / I — )1, us)lds
_1_/071 | [S(m2 —s) = S(11 — 5)]u(s)||ds

+ [ 18 = ) Juto)lds

1[C(72) = C(r)]p(0)[| + [ [C(72) = C(r)]ho(y)]
+1[[5(72) = S(m)][6(0) = £(0, 9(0)] |

+[[S(r2) = S(r)]m(y)l]

1
+ [0 =9 = O = 91 s s
T2 T T —S
+MN / [c1q + c2lds + / / e““dxv(s)ds
T1 0 T1—S

T2
+N2/ hq(s)ds
T1
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< [[[C(72) = C(r)l@(0)[| + [ [C(m2) = C(r)]ho(y) |
+11[S(72) = S(r)] [¢(0) = ha(y) — f(0, (O] |

+ [T 16 = 5) = Cr = 915,90 s

+ Ni(m2 — 11)[c1q + c2]

T2

T1
+ ey — 1) / hy(s)ds + No / ho(s)ds.
0 T

1

As a consequence of Steps 2, 3, (5.2.3), (5.2.5), (5.2.6) the strong continuity
of C(t),t € J and the compactness of f, (note for a given ¢ > 0 we can
choose a 6 > 0 such that

IC@#)f(s,2) —CA)f(s,2)|| <€ tt',s€Jze€ By0),

with [t — /| <) and the Arzeld-Ascoli theorem we can conclude that N is
completely continuous.

Step 4. N has a closed graph.
Let ¥, — Ys«, hpn € N(yn), and h,, — h,. We shall prove that h, € N(y.).
Now h,, € N(y,) means that there exists v, € Sg,, such that

halt) = C(8)[6(0) — ho(y)] + S ha(y /Ct—s 5. Una) s
/ S(t — s)vn(s)ds, teJ.
We must prove that there exists v, € Sg,, such that

ha(t) = C()[6(0)— ho(y)] + S~ ha(y /Ct—s (5, yos)ds

/St—sv* )ds, teJ.
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Since f is continuous we have that
[ (- cCO1000) = o] = SO~ o)~ 70,00 = [ €Lt = 5) 5.1 )

(e = COBO) ~ hat)] = 500~ hala) ~ 0.6 ~ [ € = ) (sl )| 0

as n — 00.
Consider the linear continuous operator

I:LYJ,E) — C(J,E)

v— (v /St—s

It follows that I" o SF is a closed graph operator (]20]).
Moreover, we have that

hn(t) = C(t)[9(0) — ho(y)] — S(t)[n — ha(y) — £(0, 8)]
—/0 C(t —s)f(s,yns)ds € I'(Spy,).

Since y, — y*, it follows that

he(t) = C@)[¢(0) = ho(y)] = SE)[n — hay) = £(0,9)]

/Ct—s sy*sds—/St—sv*

for some v, € Spy-.

Step 5. Now it remains to show that the set
M :={yeC([-r,T],E): \y € N(y), for some X\ > 1}

is bounded.
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Let A > 1 and Ay € N(y). Then for t € J
y(t) = ATIC)[6(0) — ho(y)] + A7S(1)[n — haly) — £(0,9)]
-1 t —s)f(s S -1 t — s)v(s)ds .
1A /OC(t 1 (5,15 ds + A /OS(t Jo(s)ds, teJ

This implies by our assumptions that for each t € J we have

ly@®I < Nill¢llp + Q] + Na[[[nll + Q1 + c1l|gllp + 2]

t t
+M/@mmﬁmm+m/mmwmw
0 0

We consider the function p defined by
u(t) =sup{fly(s)|| : —r < s <t}, 0<t<T.

Let t* € [—r,t] be such that wu(t) = |ly(t*)||. If t* € J, by the previous
inequality we have for ¢t € J

pu(t) <

"
< M[ll¢llp + QI+ Nollinll + @1 + cillgllp + co] + Ny /0 (c1p(s) + c2)ds

t*
+N2/ g(s, pu(s))ds
0
t
< Mlll¢llp + Q] + Na[[|nll + Q1 + c1ll¢[lp + c2] + Nlcl/ﬂ(s)ds + N1coT
0

+Mﬂmwmws

t t
< Ci1+ Nig / w(s)ds + Nz/ g(s, p(s))ds.
0 0

If t* € Jy, then u(t) < ||¢|lp + @ and the previous inequality holds.
Let us take the right-hand side of the above inequality as v(¢). Then we
have

’U(O) = Cl
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and
v'(t) = Niciu(t) + Nag(t, u(t))
< Nlclv(t) + NQQ(t7v<t>)7 te [07T]
This implies that ([19] Theorem 1.10.2) v(t) < r(t) for ¢t € J, and hence
ly(@)]] < b = supye(_p177(t), t € Jo where b depends only on T" and on the
function r. This shows that M is bounded.

As a consequence of the Leray-Schauder Alternative for Kakutani maps
[14] we deduce that N has a fixed point which is a solution of (4.3)—(4.4). m

Theorem 5.3. Assume that (3.2.4), (3.2.5), (4.6.4), (5.2.1)—(5.2.3),
(5.2.5)=(5.2.7) hold. In addition, suppose that the following condition is
satisfied:

(5.3.1) there exist a continuous non-decreasing function v : [0,00) —
(0,00), p € L'(J,R,) such that

[ (¢, u)|| :=sup{||v]| : v € F(t,u)} < p(t)y([lullp)
for each (t,u) € J xD
and there exists a constant M, > 0 with
(1 — TclNl)M*

T
1 + Now(M,) /0 p(s) ds

> 1,

where C7 is defined in Theorem 5.2 and 1 — Tc1 N1 > 0.

Then the IVP (1.3)—(1.4) has at least one mild solution on [—r,T).

Proof. Define N as in the proof of Theorem 5.2. As in Theorem 5.2 we
can prove that N is completely continuous.

We show there exists an open set U C C(J, E) with y ¢ AN (y) for XA € (0,1)
and y € OU. Let A € (0,1) and let y € AN (y). Then we have

ly@®I < Nifll¢llp + Q] + Na[[[nll + Q1 + c1|dllp + 2]

t t
N / (e1llysllp + e2)ds + N / p(s)(llys o) ds.
0 0
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We consider the function p defined by
p(t) = sup{lly(s)l| : —r < s <t}, 0<t<T.

Let t* € [—r,t] be such that wu(t) = |ly(t*)||. If t* € J, by the previous
inequality we have for ¢t € J

u(t) < Mifllollp + Q + Nafln] + Q1 + cil|dllp + c2

—i—Nlcl/O u(s)d8+N102T+N2/O p(s)Y(u(s))ds

< Cl+N1€1/O ,u(s)ds—i—Ng/O p(s)Y(u(s))ds.

If t* € Jy, then p(t) < ||¢||p + Q and the previous inequality holds.
Consequently,

(1 —TeyNy) |y

L <1.
Cr+ Naw(ll) /0 p(s) ds

Then by (5.3.1), there exists M, such that |ly|| # M,. Set
U={yeC(J,E):lyll < M.}.

From the choice of U there is no y € U such that y € AN (y) for XA € (0,1).
As a consequence of the Leray-Schauder Alternative for Kakutani maps [14]
we deduce that N has a fixed point and therefore the problem (1.3)—(1.4)
has a solution on [—r, T7. |

For the lower semicontinuous case we state without proof the following
results.

Theorem 5.4. Assume that the conditions (3.2.4), (3.2.6), (3.2.7), (3.4.1),
(3.4.2), (4.6.4), (5.2.1)-(5.2.7) are satisfied. Then the problem (1.3)—(1.4)
has at least one mild solution on [—r,T].

Theorem 5.5. Assume that the conditions (3.2.4), (3.4.1), (3.4.2), (4.6.4),
(5.2.1)—(5.2.3), (5.2.5) and (5.3.1) are satisfied. Then the problem (1.3)—(1.4)
has at least one mild solution on [—r,T).
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6. CONTROLLABILITY RESULTS

In this section, we study controllability for first and second order semilin-
ear neutral functional differential inclusions with nonlocal conditions. We
consider first the problem

d

61 o

[y(t) = F(t,y)] € Ay(t) + F(t,9:) + Bu(t), teJ:=[0,0],

(6.2) y(t) + hi(y) = o(t), t € [-r,0]

where f, A, F,¢ are as in the problem (1.1)—(1.2) and the control function
u(+) is given in L?(J,U), a Banach space of admissible control functions.
U is a Banach space. Finally, B is a bounded linear operator from U to E.

Definition 6.1. A function y € C([—r,T], E) is said to be a mild solution
of (6.1)~(6.2) if y(t) + he(y) = ¢(t),t € [-r,0] and there exists v € L1(J, E)
such that v(t) € F(t,y(t)) a.e. on J, and

t

y(t) = S)[6(0) — holy) — f(0,¢)] + f(t,y:) + /0 AS(t = 5)[(s,ys) ds
+ /t S(t — s)[Bu(s) +v(s)]ds, t e J.
0

Definition 6.2. The system (6.1)—(6.2) is said to be nonlocally controllable
on the interval J, if for every ¢ € D and y; € E there exists a control
u € L%(J,U), such that the mild solution y(t) of (6.1)—(6.2) satisfies y(T) +

hr(y) = y1.

Theorem 6.3. Assume that the conditions (3.2.1)—(3.2.5) hold. In addition,
assume the following conditions are satisfied:

(6.3.1) the linear operator W : L?(J,U) — E, defined by
T
Wu = / S(T — s)Bu(s) ds,
0

has a bounded invertible operator W1 : E — L?(J,U) and there
exist positive constants My, My such that ||B|] < M; and
W= < Ms;
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(6.3.2) there exists a continuous non-decreasing function 1 : [0,00) —
(0,00), p € L'(J,Ry) such that

1E(t, )l == sup{lv]| : v € F(t,u)} < pt)y([|ullp)
for each (t,u) € J x D

and there exists a constant M, > 0 with

[1 — (Ko + K@%ﬂ} M,

T
Ky + (K3 + Ks)o(M.) /0 p(s)ds

> 1,

where
-8 -B Cl_ﬁCQT’g
A = MJgllp{L +er(~4) P }+MQ + all (~A) P IHM +1)+ =72
+ TMM M, [+ Mgl + MIl(—4) 7| [erl|6]lp + 2]
_ Cy_gcTh
+eall(—A) 7 + 2],
E
5 A
Ky = 1—61H(—A) H(l—I—TMMlMg) >0, K :F,
0
TM My MCy TM?M; M. M Ci-
KQZ L2 15017 K3: ! 27 K4:_7 K5: 15017
Ko Ko Ko Ko
and
T8
(K2 + K4)F < 1.

Then the problem (6.1)—(6.2) is nonlocally controllable on [—r,T].

Proof. Using hypothesis (6.3.1) for an arbitrary function y(-) define the
control

wy(t) = W[y = S(T)(6(0) = ho(y) = £(0,6)) = (T, yr)

T T
- / AS(T — ) f (s, ys)ds — / S(T — s)o(s)ds] (¢),
0 0
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where v € Spy. Then we must show that when using this control, the
operator N : C([—-r,T|,E) — P(C(]—r,T], E)) defined by:

¢(t) - hy(y)v te [*Tv O]a

S(8)[¢(0) — ho(y) — f(0,¢(0))]
N(y) = {h € C([=r,T], E) : h(t)

+f(t,yt)+/0 AS(t —s)f(s,ys)ds

+ /Ot S(t — s)[Buy(s) + v(s)]ds, teJ,

where v € Sy, has a fixed point. As in Theorem 3.2 we can prove that N
is a completely continuous multivalued map, u.s.c. with convex values.

We now show there exists an open set U C C(J, E) with u ¢ AN (u) for
A€ (0,1) and u € OU.

Let A € (0,1) and let w € ANw. Then there exists v € Sp,, such that

u(t) = AS(#)[$(0) = holy) — f(0,¢(0))] + Af (£, ur)

+)\/OtAS(t—s)f(s,us)ds

[ (0= 9180 i1 = TG0 — holy) - £0.6)) — (T,
T

—/ AS(T — 5)f (5, us ds—/ S(T = s)o(s)ds] ()dn

+)\/St—s s)ds, t e J.

Then
Ju()]] <
< M6l + Q) + MI(~A) || [erlléllo + 2] + [ (—A) ] [exlfuellp + 2]
/ 1= A)2S(t — ) (= A)° F (s, us)]| ds

+ MM M |1 ]| + M|l + M (= 4) 2 [ex 6]l + ]
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T
+ (=) | ferllurlp + c2] +/0 (=) 5 = s)IHI(=A) f (s, us)| ds

M / U(lualp)ds] + M / (luslip)ds

< M{l|¢llp +Ql + M[(=A) P ferll@llp + co] + [I(=A) 7 [e1 uellp + e2]

t Hu HD 0175621 B
+Ch_ u ds +
1-841 /0 (t - 3)1_5 ° ﬁ

+ TMM M, [HylH + Ml|gllp + M|[(=A4) 7| [erllgllp + c2]

T /&)
_ A8 l|us|lp Ci_gexT'
+[[(=4)~"7 [Cl||uTHD+CQ]+Cl—ﬂcl/O 5P ds + 5

M / U(lusllp)ds] + M / (luslip)ds

[[us|lp

t
<A —A)~F Ci- — 5 d
< At el A Pl + Croper [ P ds

T
_ U
+TMM1M261H(—A) BHHUTH +TMM1M201_561/ %dé’
0 —
T
FTMEMM [ p)i (s lp)ds + M / Wlludlip)ds, te
0
Put w(t) = max{|lu(s)|| : = < s < t}, t € J. Then |ut|lp < w(t) for all

t € J and there is a point t* € [—r,¢] such that w(t) = ||u(t*)|. Hence we
have

w(t) = [[u(t)]
<A A)~F C T _lwlp_,
< A+ all(=A) P llusllp + Crper , (s
T
B u
+ TM My Mseq||(—A) 6HHUTHD + TMMlMgclﬁcl/ _(T I ;;’1—_5 ds
0 (T —

T t*
T TMEM M, /0 p(s)b(|lusl|p)ds + M / Yoo (lus o) ds
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t
-3 w(s)
< A+l (=A) o) + Crper [ S ds
y T )
+ TMM1M261||(—A) Hw(t) + TMMlecl_ﬁcl / (T 3)1*[3 ds
0 —

+JMmM@Ap@wwm@+MAp@wmw@,

or

T
w(t) < Ky + Ky /0 T w(s)

T
mdﬁz{g/o p(s)(w(s)) ds

oy AL R ds, teJ
+ Ky ; m s+ Ks A p(s)p(w(s))ds, € J.
If t* € [-r,0], then w(t) < ||¢||p + @ and the previous inequality holds.

Consequently,

S T
__77+&WM%;@¢

\M<m+&M/ )

T
+Kmm/ i + Kol [ plods

T T
§m+WﬁK&meH&+&WWWAP@M

and therefore

T8
P4m+mﬁﬁw
< 1.

T
m+mw&wmwﬁmw3

Then by (3.2.5), there exists M, such that |u|| # M.,. Set

U={ueC(-rT,E): ||u| < M}
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From the choice of U there is no u € OU such that u € AN (u) for A € (0,1).
As a consequence of the Leray-Schauder Alternative for Kakutani maps [14]
we deduce that N has a fixed point and therefore the problem (6.1)—(6.2) is
nonlocally controllable. |

For the lower semicontinuous case we state without proof the following re-

sult.

Theorem 6.4. Assume that the conditions (3.2.1)—(3.2.4) (3.4.1), (3.4.2),
(6.3.1) and (6.3.2) are satisfied. Then the problem (6.1)—(6.2) is nonlocally
controllable on [—r,T].

In the case where A is non densely defined we state without proof the fol-
lowing result:

Theorem 6.5. Assume that the conditions (3.2.2) (i), (3.2.4), (3.2.5),
(4.6.1)—(4.6.5) hold. In addition, assume the following conditions are satis-

fied:
(6.5.1) the linear operator W : L?(J,U) — E, defined by

b
Wu = lim S'(T — s)Bx(Bu)(s) ds,

A—o0 Jo

has a bounded invertible operator W—' : E — L2(J,U) and there
exist positive constants My, My such that ||B|| < My and |[W1| <
My;

(6.5.2) there exists a continuous non-decreasing function ¢ : [0,00) —
(0,00), p € L'(J,R,) such that

[E@,w)|l = sup{lv]| : v € F(t,u)} < pt)i(|ullp)
for each (t,u) € J x E

and there exists a constant M. > 0 with

(1 — C1 — CQ)ML

T t
Cr+ o) [ esplads + v [ espls)is

> 1,
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where

Cy = M*[(1+c1)l[ollp +Q+ca] +c2

+ MMM MT ([l | + M1+ er)[6llp + @ + Mes + e,
Cy = M*MM; MyTey,
Cs = M**MM; MsT

and
ca+ 0y < 1.

Then the problem (6.1)—(6.2) is nonlocally controllable on [—r,T].

Consider now the second order functional differential inclusion of the form

(63) S0 - F(tw)] € Ay(0) + Flty) + Bu)), t€ T =[0,T]

(6.4) y(t) + hu(y) = o(t), t € [=7,0], y'(0) +hi(y) =n,
where f, F, A, B, h;, ¢ are as in the problem (6.1)—(6.2) and n € E.

Definition 6.6. A function y € C(|—r,T], E) is called a mild solution to
the problem (6.3)-(6.4) if y(t) + hi(y) = 6(t).t € [—r,0], #'(0) + hr(y) = 1
and there exists v € L(J, E) such that v(t) € F(t,y;) a.e. on J and

y(t) = C®)[e(0) = ho(y)] + S(B)n = hi(y) — f(0, )] +/Ot0(t —5)f(s,ys) ds
+/ S(t—s)[(Bu(s) +v(s)]ds, t € J.
0

Definition 6.7. The system (6.3)—(6.4) is said to be nonlocally controllable
on the interval [—r, T, if for every continuous initial function ¢ € D and
every n,y1 € E there exists a control u € L?(J,U), such that the mild
solution y(t) of (6.3)—(6.4) satisfies y(T") + hr(y) = y1.

Theorem 6.8. Assume that (3.2.4), (3.2.5), (4.6.4), (5.2.1), (5.2.2),
(5.2.5)—(5.2.7) hold and in addition, we suppose that the following condi-
tions are satisfied:
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(6.8.1)

the linear operator W : L?(J,U) — E, defined by

T
Wu:/O S(T — s)Bu(s) ds,

has a bounded invertible operator W=t : E — L2(J,U) and there
exist positive constants My, My such that |B|| < My and |W ™!
< Mpy;

(6.8.2) for each bounded B C C([—r,T],E), and t € J the set

(6.8.3)

{C6(0) = how)] + S — i (y) — 1(0,6(0)

t
+ / S(t — 9)[(Buy)(s) + v(s)]ds. v € Srp
0
is relatively compact in E, where Spp = U{Sp, : y € B}, and

wy(t) = W g1 = CD)[6(0) = ho(y)] = S(T) [ — a(y) = £(0,6)]

T T
—/ C(T—s)f(s,ys)ds — / S(T — s)v(s)ds|(t);
0 0

there exists a continuous non-decreasing function 1 : [0,00) —
(0,00), p € L'(J,R,) such that

[E @)l = sup{lv]| : v € F(t,u)} < pt)i(|ullp)
for each (t,u) € J x D

and there exists a constant M, > 0 with

[1 —T(c1 N1+ Ag)] M,

T
Ay + (As + No)p / p(s
0
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where
Ay = Ni[[|¢]lp + Q] + Na(|n| + Q1 + c1l|dllp + c2) + NiTes
+ T No My Mo [HylH + NMi[[éllp + Q)
+ Na(|n] + Q1+ c1[gllp + e2) + NiTes)
Ay = T NoMMsNy,
A3 = TNZM, Mo,

and
T(01N1 + Ag) < 1.

Then the problem (6.3)—(6.4) is nonlocally controllable on [—r,T].

Proof. Using hypothesis (6.8.2) for an arbirtary function y(-) define the
control

uy(t) = W[y = CDB(0) = ho(y)] = ST — ha(y) = (0, )]

T T
- [ o= spsapas = [ ST - spsas] ),
0 0
where v € Sg,. We shall now show that when using this control, the operator
N :C(J1,E) — P(C(J1,E)), J1 := [-r,T], defined by:
¢(t) - ht(y)a ifte [773 0}

C(#)[o(0) = ho(y)]

+S(#)[n — hi(y) — £(0,9)]
N(y):={ heC(J,E): ht) =

+/0 C(t—s)f(s,ys)ds

+/ S(t —s)[(Buy)(s) +v(s)lds, ifteJ
0

where v € Sk, has a fixed point. This fixed point is then a solution of the
system (6.3)—(6.4).
Clearly, y1 € (Ny)(T).



EXISTENCE AND CONTROLLABILITY RESULTS FOR SEMILINEAR ... 261

The argument in Theorem 5.2 guarantees that N is completely continuous.
Also as in Theorem 5.2 one can prove that N has bounded, closed, convex
values and is upper semicontinuous.

We now show there exists an open set U C C(J, E) with y ¢ ANy for
A€ (0,1) and y € OU.

Let A € (0,1) and let y € AN (y). Then there exists v € Sp,, such that
y(t) = AC(8)[¢(0) — ho(y)] — AS()[n — ha(y) — £(0,9)]
t
A Ct— JYs)d
R ARV AT

2 [ (=) BW [ = (0 ~ holw)]
~ S(T)n ~ Iny) ~ 7(0,D)

/C —s) sysds—/S — s)v(s)ds|(n)dn

—l—)\/ S(t—s)g(s)ds, ted.
0

This implies by our assumptions that for each ¢t € J we have

ly(@)I <
t
< Mllollp + QI+ Na([lnl] + Q1 + eal|gllp + c2) + N /0 (c1llysllp + c2)ds

+ TN MMl + Ni{9llp + Q% + Mol + Q1 + erl|6p + c2)

T T
=M [ (@llrlo +c)ds+ N2 [ pls)ullvlo)ds]

t
N /0 p(s)b(llyllp)ds
t T
< Mtan / lysllods + As / lyrlipds
0 0

t

T
Ay /0 p(s)e(llyllo)ds + No /O p(s)([lyllp)ds
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We consider the function p defined by
w(t) :==sup{|ly(s)|| : —r < s <t}, tel0,T)].

Let t* € [—r,t] be such that u(t) = ||y(¢*)||. If t* € [0,T], then by the
previous inequality, we have for t € [0, 7],

w(t) < A+ Ny /t w(s)ds + As /Tu(s)ds
T ‘ ‘ t
A /0 p(s)(pu(s))ds + Ny /0 p(s)(u(s))ds.

If t* € [-r,0], then p(t) < ||¢||p + @ and the inequality holds.
Consequently,

T
[yl < A+ T(erNi + M)yl + (As + N2)¢(H:UH)/O p(s)ds,

and therefore
1 —T(c1 N1+ Ao)l|lyl

= < 1.
Ar+ (As + N)e(llyl) /0 p(s)ds

Then by (6.8.4), there exists M, such that |ly|| # M.,.
Set
U={yeC(JE): [yl < M.}

From the choice of U there is no y € U such that y € AN (y) for XA € (0,1).
As a consequence of the Leray-Schauder Alternative for Kakutani maps [14]
we deduce that N has a fixed point and therefore the problem (6.3)—(6.4) is
controllable on [—r,T]. ]

For the lower semicontinuous case we state without proof the following
result.

Theorem 6.9. Assume that the conditions (3.2.4), (3.4.1), (3.4.2), (4.6.4),
(5.2.1), (5.2.2), (5.2.5)—(5.2.7), (6.8.1)—(6.8.3) are satisfied. Then the prob-
lem (6.3)—(6.4) is nonlocally controllable on [—r,T)].
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