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Abstract

In this paper, we shall establish sufficient conditions for the exis-
tence of solutions for a boundary value problem for fractional differ-
ential inclusions. Both cases of convex valued and nonconvex valued
right hand sides are considered.
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1. INTRODUCTION

This paper deals with the existence of solutions for boundary value problems
(BVP for short), for fractional order differential inclusions

(1) ‘D%(t) € F(t,y), ae. teJ:=[0,T], 0<a<l,

(2) ay(0) +by(T) = c,

where °D® is the Caputo fractional derivative, F': J x R — P(R) is a mul-
tivalued map (P(R) is the family of all nonempty subsets of R), a, b, c are
real constants with a + b # 0. Differential equations of fractional order have
recently proved to be valuable tools in the modeling of many phenomena
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in various fields of science and engineering. Indeed, we can find numerous
applications in viscoelasticity, electrochemistry, control, porous media, elec-
tromagnetics, etc. (see [11, 19, 20, 23, 28, 29, 31, 33]|). There has been a
significant development in fractional differential equations in recent years;
see the monographs of Kilbas et al. [26], Miller and Ross [30], Podlubny
[33], Samko et al. [36] and the papers of Delbosco and Rodino [10], Di-
ethelm et al. [11, 12, 13|, El-Sayed [15, 16, 17|, Kilbas and Marzan [25],
Mainardi [28], Podlubny et al. [35], Yu and Gao [38] and the references
therein. Very recently, some basic theory for initial value problems for
fractional differential equations involving the Riemann-Liouville differen-
tial operator of order a € (0, 1] has been discussed by Lakshmikantham
and Devi [27]. In [4, 6] the authors studied the existence and uniqueness
of solutions of classes of functional differential equations with infinite delay
and fractional order, and in [3] a class of perturbed functional differential
equations involving the Caputo fractional derivative has been considered.
El-Sayed and Ibrahim [18] initiated the study of fractional multivalued dif-
ferential inclusions. In the case where o € (1,2], existence results for a
fractional boundary value problem and the relaxation theorem were given
by Ouahab [32].

Engineering problems require definitions of fractional derivatives allow-
ing the use of physically interpretable initial conditions, which contain y(0),
y'(0), etc. The same requirements apply to boundary conditions. The Ca-
puto fractional derivative satisfies these demands. For more details on the
geometric and physical interpretation for fractional derivatives of both the
Riemann-Liouville and Caputo types see [22, 34].

In this paper, we shall present two existence results for the problem
(1)—(2), when the right hand side is convex as well as nonconvex valued. The
first result relies on the nonlinear alternative of Leray-Schauder type, while
the other is based upon a fixed point theorem for contraction multivalued
maps due to Covitz and Nadler. These results extend to the multivalued
case some previous results in the literature, and constitute a contribution
of this emerging field. In particular, our results extend to the multivalued
case those considered recently by Benchohra et al. in [5].

2. PRELIMINARIES

In this section, we introduce notations, definitions, and preliminary facts
that will be used in the remainder of this paper. Let C(J,R) be the Banach
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space of all continuous functions from J into R with the norm

[Ylloc = sup{y()| : 0 < ¢ < T7}.

Let L'(J,R) denote the Banach space of functions y : J — R that are
Lebesgue integrable with the norm

T
Iyl = /0 y(®)]dt.

AC(J,R) is the space of functions y : J — R, which are absolutely continu-
ous. Let (X, ||-||) be a Banach space. Let Py(X) ={Y € P(X) : Y closed},
Py(X) ={Y € P(X) : Y bounded}, P, (X) = {Y € P(X) : Y compact}
and Pepo(X) ={Y € P(X) : Y compact and convex}. A multivalued map
G : X — P(X) is convex (closed) valued if G(z) is convex (closed) for all
x € X. G is bounded on bounded sets if G(B) = UzepG(x) is bounded in
X for all B € Py(X) (i.e., sup,ep{sup{ly| : y € G(z)}} < 00). G is called
upper semi-continuous (u.s.c.) on X if for each zg € X, the set G(z¢) is a
nonempty closed subset of X, and if for each open set N of X containing
G(z0), there exists an open neighborhood Ny of zy such that G(Ny) C N.
G is said to be completely continuous if G(B) is relatively compact for ev-
ery B € Py(X). If the multivalued map G is completely continuous with
nonempty compact values, then G is u.s.c. if and only if G has a closed
graph (i.e., &, — Ty, Yn — Yx, Yn € G(xy,) imply y. € G(x,)). G has
a fixed point if there is © € X such that z € G(z). The fixed point set of
the multivalued operator G will be denoted by FixG. A multivalued map
G : J — Py(R) is said to be measurable if for every y € R, the function

t—d(y,G(t)) =inf{ly — 2| : z € G(t)}

is measurable. For more details on multivalued maps see the books of Aubin
and Cellina [1], Aubin and Frankowska [2], Deimling [9] and Hu and Papa-
georgiou [21].

Definition 2.1. A multivalued map F : J x R — P(R) is said to be
Carathéodory if

(i) t — F(t,u) is measurable for each u € R;

(ii) u — F(t,u) is upper semicontinuous for almost all t € J.
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For each y € C(J,R), define the set of selections of F' by
Spy={ve L*J,R):v(t) € F(t,y(t)) a.e. t € J}.

Let (X,d) be a metric space induced from the normed space (X, |-|). Con-
sider Hy : P(X) x P(X) — R4 U {oo} given by

Hy(A, B) = max {sup d(a, B),sup d(A, b)} )
acA beB

where d(A,b) = inf,ca d(a,b), d(a, B) = infycpd(a,b). Then (P (X), Hg)
is a metric space and (Py(X), Hy) is a generalized metric space (see [24]).

Definition 2.2. A multivalued operator N : X — P, (X) is called
(a) 7-Lipschitz if and only if there exists 7 > 0 such that

Hy(N(x),N(y)) <~d(z,y), foreachz, ye X,
(b) a contraction if and only if it is y-Lipschitz with v < 1.

When the right hand side is nonconvex valued, the following fixed point
theorem will be used.

Lemma 2.3 [8]. Let (X, d) be a complete metric space. If N : X — Py (X)
is a contraction, then FizN # ().

Definition 2.4 ([26, 33]). The fractional (arbitrary) order integral of the
function h € L'([a,b],R ) of order o € R is defined by

t —s a—1
ITh(t) = / %h(s)ds,

where I' is the gamma function. When a = 0, we write I*h(t) = h(t)*@q (1),
where ¢, (t) = % for t > 0, and 4 (t) = 0 for t < 0, and ¢, — d(t) as
a — 0, where ¢ is the delta function.

Definition 2.5 ([26, 33]). For a function h given on the interval [a,b],
the ath Riemann-Liouville fractional-order derivative of h, a € (0,1),
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is defined by

d®h(t)
dte

_ 4F(11—a) % / (t = 5)"h(s)ds

d
= — I.7Ah(?).
o Lo "R()

(Dah)(t) =

Definition 2.6 ([26]). For a function h given on the interval [a,b], the
Caputo fractional-order derivative of h of order « € (0, 1), is defined by

(DM = g [ =)W (ds

3. MAIN RESULTS

In this section, we are concerned with the existence of solutions to the prob-
lem (1)—(2) when the right hand side has convex as well as nonconvex values.
Initially, we assume that F'is a compact and convex valued multivalued map.

Definition 3.1. A function y € AC(J,R) is said to be a solution of (1)—(2),
if there exists a function v € L!(J,R) with v(t) € F(t,y(t)), for a.e. t € J,
such that

‘DY%(t) =wv(t), ae teJ 0<a<l,

and the function y satisfies condition (2).

For the existence of solutions to the problem (1)—(2), we need the following
auxiliary lemma:

Lemma 3.2 [25]. Let 0 < a <1 and let h : J — R be continuous. A func-
tion y is a solution of the fractional integral equation

1 t — 8)* 1 h(s)ds
o /0 (t — 52 h(s)d

if and only if y is a solution of the initial value problem for the fractional
differential equation

3) y(t) = yo +
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4) “Dy(t) = h(t), teJ,

(5) y(0) = yo.

As a consequence of Lemma 3.2 we have the following result which is useful
in what follows.

Lemma 3.3. Let 0 < a <1 and let h: J — R be continuous. A function y
s a solution of the fractional integral equation

I 1
yt:—/ t—s8)* "h(s)ds
(6) X -
- — = T — 5)* th(s)ds —
P [F(a)/o ( s) (s)ds — ¢
if and only if y is a solution of the fractional BVP

(7) ‘DY(t) = h(t), teJ,

(8) ay(0) + by(T) = c.
Proof. Assume y satisfies (7), then Lemma 3.2 implies that

L t — ) h(s)ds
F(a)/o(t ) Lh(s)ds.

From (8), a simple calculation gives

y(t) = co +

T
co = a—ll—b [c— F(ba)/o (T — 5)* 'h(s)ds| .

Hence we get equation (6). Inversely, it is clear that if y satisfies equation
(6), then equations (7)—(8) hold. ]

Theorem 3.4 Assume the following hypotheses hold:
(H1) F:J xR — Pep(R) is a Carathéodory multi-valued map;
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(H2) there exist p € C(J,RY) and ¢ : [0,00) — (0,00) continuous and
nondecreasing such that

|t u)|lp < pt)Y(lu]) fort e J and each u € R;

(H3) there exists | € L'(J,RT), with I*l < oo such that
Hy(F(t,u), F(t,a)) <l(t)lu—1a| for every u,u € R,

and

d(0,F(t,0)) <(t), a.e teJ;

(H4) there exists a number M > 0 such that

) M o1
a PeODID) @) I
D) 1ploe + AR P

Then the BVP (1)—(2) has at least one solution on J.

Proof. Transform the problem (1)-(2) into a fixed point problem. Con-
sider the multivalued operator

N(y) =
= ) 1 [ b (7T o

Remark 3.5. Clearly, from Lemma 3.3, the fixed points of N are solutions

to (1)—(2).

We shall show that N satisfies the assumptions of the nonlinear alternative
of Leray-Schauder type ([14]). The proof will be given in several steps.

Step 1. N(y) is convex for each y € C(J,R).
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Indeed, if hy, ho belong to N(y), then there exist vy, vo € Sy such that for
each t € J we have

1

hi(t) = m/o (t — 5)* tu;(s)ds

RN TR
axb | T s S vi(s)ds —c|, i=1,2.

Let 0 < d < 1. Then, for each t € J, we have

(dhl + (1 — d)hg)(t) =

1

——t—saflvs — d)va(s)]ds
= a7 | =9 () + (1= dyen(old

T
_aL—i—b [%/g (T — )" Hdvi(s) + (1 — d)va(s)]ds — | .

Since Sk, is convex (because F' has convex values), we have
dhy + (1 = d)ha € N(y).

Step 2. N maps bounded sets into bounded sets in C(J,R).

Let By = {y € C(J,R) : ||yllooc < 7"} be a bounded set in C(J,R) and
y € By«. Then for each h € N(y), there exists v € Sp, such that for each

1

h(t) = m/o (t — s)* tu(s)ds

T
- aib [%/0 (T —5)* tu(s)ds —c|, t e J.

By (H2) we have for each t € J,

1

— t —5)* u(s)|ds
)] < g [ =9 (ol
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L g _Sa—lvs ’C’
+F(a)a+b|/0(T I+ T

|
1t -
= @/O (t — )" "p(s)y(|y(s)])ds
TT !a+b1/ T — )" 'p(s)e(ly(s)l)ds +

bl () I*(p)(T) ]
la + b] la+b|

lc|
la + b]

IN

()1 (p)(t) +

Thus

bly (™)1 (p)(T) N lc|

=/,
la + 0] la + b]

[1Plloo < ()T (P)llo +

Step 3. N maps bounded sets into equicontinuous sets of C'(J,R).

Let ti,ty € J, t1 < t2, By be a bounded set of C(J,R) as in Step 2, let
y € By and h € N(y), then

hit) ~ )] = [ [l =97 = (0 =) el
+ ﬁ /:(tQ — )Ly (s)ds
< =t0) P, gt — = s
) [, o,
< It 0y e o — o) L0t 1y e
< Bt (1, — )+ Wit a5,
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As t; — tq, the right-hand side of the above inequality tends to zero. As
a consequence of Steps 1 to 3 together with the Arzela-Ascoli theorem, we
can conclude that N : C(J,R) — P(C(J,R)) is completely continuous.

Step 4. N has a closed graph.

Let ¥, — yx, hn € N(yn) and h,, — h.. We need to show that h, € N(y.).
hyn, € N(yn) means that there exists v, € Sg,, such that, for each ¢t € J,

hn(£) = ﬁ/o (t — 5)° Lo (s)ds

_ GLH) {% /OT(T — )2 Ly, (s)ds — c] .

We have to show that there exists v. € Sg,, such that, for each t € J,

ha(t) = ﬁ/o (t — 5)°Lu.(s)ds

- i b {% /OT(T — )9y, (s)ds — c} .

Since F(t,-) is upper semicontinuous, then for every ¢ > 0, there exists
ng(e) > 0 such that for every n > ng, we have

vn(t) € F(t,yn(t)) C F(t,y«(t)) + eB(0,1), a.e. t € J.

Since F'(-,-) has compact values, then there exists a subsequence v, () such
that
Un,, () = v«(+) as m — o0

and
vi(t) € F(t,y«(t)), ae. t € J.

For every w € F(t,y.(t)), we have
[Vn (8) = 0 ()] < [, (£) = w] + |w — vi(#)].

Then
|Vn,, (8) = v ()] < d(vn,, (£), F (£, 34 (1))
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By a similar relation, obtained by interchanging the roles of v, and v, it
follows that

[Vn (1) = 02 ()] < Ha(E'(t, yn (), F'(t,54(2))) < UO[Yn = Yslloo-

Then
[ () = Bu(t)] < ﬁ /0 (t = 8)* Hon,, (s) — va(s)]ds
T
e 9 () = (o)
< ﬁ/o (t — 8)* M (s)ds||Yynn — Yslloo
T
i !a‘ﬂ b ﬁ/o (T = ) (s)ds|[Yn,, — Yslloo-
Hence

1 t
hnm_ D 00 < _/ (t - S a_ll(s ds Ynm = Yxlloo
| | @) /s ) )ds| |

o1 (T
\a! b T() /0 (7= )7 U()ds[yn,— yulloo— 0 as m — 0.

Step 5. A priori bounds on solutions.

Let y be a possible solution to the problem (1)-(2). Then, there exists
v € Sg,y such that, for each t € J,

1

W) = foar [ =9 (o)

_ GLM {% /OT(T—s)alv(s)ds—c .

This implies by (H2) that, for each ¢ € J, we have
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b t — ) u(s)|ds
W) < fogy | (=9 (o)

+

< Y([lylloo)(I*p)(t) +

T
sl ORI COIR

1
I(a) Jo

T
% /0 (T — ) 'p(s)d(ly(s)])ds +

w(HyHOO)/O(t—S)alp(S)dS

B yloe) [T et
+ F(a)]a+b\/0 (T = 5)* " p(s)ds +

lc|
la + b]

/ (t — )2 p(s)b((y(s)])ds

|
|a + b

I(a)

||
|a + b

019 ([[ylloo) (L*P)(T) lc|
la + 0] la + b

[9loo

Pllylloo)ITplloo +

bl ([|yllse) L) (T) [~
|a + b |a + b

Then by condition (9), there exists M such that |ly||s # M.

Let

U={y e C(UJR): yllo < M}.

The operator N : U — P(C(J,R)) is upper semicontinuous and completely
continuous. From the choice of U, there is no y € OU such that y € AN (y)
for some A € (0,1). As a consequence of the nonlinear alternative of Leray-
Schauder type [14], we deduce that N has a fixed point % in U which is a
solution to the problem (1)—(2). This completes the proof. ]

We present now a result for the problem (1)—-(2) with a nonconvex valued
right hand side. Our considerations are based on the fixed point theorem
for contraction multivalued maps given by Covitz and Nadler [8].
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Theorem 3.6. Assume (H3) and the following hypothesis holds:

(H5) F : J xR — P.,(R) has the property that F(-,u) : J — Pp(R) is
measurable for each u € R;

If

bl )(T)

10 19|00 +
(10) 1720oe + =125

<1

)

then the BVP (1)—(2) has at least one solution on J.

Remark 3.7. For each y € C'(J,R), the set Sg, is nonempty since by (H5),
F has a measurable selection (see [7], Theorem IIL.6).

Proof of Theorem 3.6. We shall show that N satisfies the assumptions of
Lemma 2.3. The proof will be given in two steps.

Step 1. N(y) € P,(C(J,R)) for each y € C(J,R).

Indeed, let (ypn)n>0 € N(y) such that y,, — g in C(J,R). Then, g € C(J,R)
and there exists v, € Sg, such that, for each t € J,

yn(t) = ﬁ/o (t —5)* v, (s)ds

_ GLH) [% /OT(T — )2 Ly (s)ds — c| .

Using the fact that F' has compact values and from (H3), we may pass to
a subsequence if necessary to get that v, converges weakly to v in Ll (J,R)
(the space endowed with the weak toplogy). An application of Mazur’s
theorem ([37]) implies that v,, converges strongly to v and hence v € Sg,,.
Then, for each t € J,

yn(t) — §(t) = ﬁ /0 (t — 5)°Lo(s)ds

_ GLH) [% /OT(T — 5)° Ly(s)ds — c| .
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Step 2. There exists v < 1 such that
Ha(N(y), N(@)) <[y = lloo for each y,7 € C(J;R).

Let y, 57 € C(J,R) and hy; € N(y). Then, there exists v1(t) € F(t,y(t)) such
that for each t € J

ha(t) = ﬁ/o (t — 5)°Luy (5)ds

~ aib {% /OT(T—S)alvl(s)ds—c .

From (H3) it follows that

Ha(F(t,y(t)), F(t,5(1))) < 1{B)y(t) —y(@)|-
Hence, there exists w € F(t,7(t)) such that
o1 (t) —w| <IB|y(t) —Y(@D)], t € J.
Consider U : J — P(R) given by
U(t) = {w e R : fon(t) — w] < UB)Iy(t) — T
Since the multivalued operator V(t) = U(t) N F(t,y(t)) is measurable (see

Proposition II1.4 in [7]), there exists a function vy(¢) which is a measurable
selection for V. So, va(t) € F(t,7(t)), and for each t € J,

01 (t) — w2 ()] < U]y () — F(t)].

Let us define for each t € J
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Then for t € J

() = ha(0) < Foos /0 (t — )% o1 (5) — va(s)|ds
4“)’ ' — 8)% Ny (s) — va(s)|ds
T L =9 ) —vas)d
1 t

< /0 (t — )2 1(s)y(s) — 7(s)|ds

T
+ %/{) (T — 5)*(s)|y(s) — 7(s)|ds.
Thus -
s = halle < [0+ HEDD gy

From an analogous relation, obtained by interchanging the roles of y and 7,
it follows that

[bl(I*D(T)

HAN ), V@) < (1171 + P

] 1y = oo

So by (10), N is a contraction and thus, by Lemma 2.3, N has a fixed point
y which is solution to (1)—(2). The proof is complete.

Remark 3.8. Our results for the BVP (1)—(2) are applied to initial value

problems (a = 1, b = 0), terminal value problems (¢ = 0, b = 1) and
anti-periodic solutions (a =1, b=1, ¢=0).

4. AN EXAMPLE

We apply the main result of the paper (Theorem 3.4) to the following frac-
tional differential inclusion

(11) ‘D%%(t) € F(t,y), ae. t € J=1[0,T], 0<a<l,
(12) y(0) = yo.
Set

F(t7y) - {’U eR: fl(tvy) <v< fg(t,y)},
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where f1, fo : J x R — R. We assume that for each t € J, fi(¢,-) is lower
semi-continuous (i.e, the set {y € R : fi(¢,y) > u} is open for each u € R),
and assume that for each t € J, fa(t,-) is upper semi-continuous (i.e., the
set {y € R: fo(t,y) < u} is open for each p € R). Assume that there are
p € C(J,RT) and 1 : [0,00) — (0,00) continuous and nondecreasing such
that

max(|f1(t,y)l, [fa(t9)]) < p(O)e(yl), t€ J, andall y € R.

It is clear that F' is compact and convex valued, and it is upper semi-
continuous (see [9]). Since all the conditions of Theorem 3.4 are satisfied,
problem (11)—(12) has at least one solution y on J.
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