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Abstract

In this paper, we study the existence of integrable solutions for the
set-valued differential equation of fractional type

(0 = X aip™ Jatt) < Fit.alo(o)
a.e. on (0,1), I'722(0)=c, a,c€(0,1),

where F(t,-) is lower semicontinuous from R into R and F(-, ) is mea~
surable. The corresponding single-valued problem will be considered
first.
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1. INTRODUCTION

Recently, much attention has been paid to the existence of solutions for the
fractional order differential equations (see [1, 7, 12, 17, 18] and the references
therein). Our aim in this paper is to prove the existence of solutions (in the
class of summable functions) for the set-valued differential equation of the
fractional type

(1)  L(D)x(t) € F(t,z(p(t))), ae. on (0,1), I'7*z(0) =c, a, € (0,1),

where L(D) := D —qa,_ 1D 11— —a1 DM 0 < a1 < ag < - < ap, < 1
and D denotes the standard Riemann-Liouville fractional derivatives. Here
F is a set-valued function defined on [0, 1] x R, with nonempty closed values.
In order to achieve our aim we first consider the corresponding (single-
valued) differential equation

) L(D)x(t) = f(t,2(e(t))),
a.e. on (0,1), I'"z(0):=I'"%g(t)|=0 = ¢, a, € (0,1).

Our investigation is based on reducing the problem (2) to the Volterra inte-
gral equation

n—1
(3) @(t) = wot™ 1+ Y a o Ma(t) + I f(t,x(p(t), ae. on (0,1),
i=1
where
1 n—1
R G L)
" i=1

The set-valued problem (1) has been considered in [10, 11] and [13] but in
[10] the set-valued function F'(-,z(-)) was assumed to satisfy the Lipschitz
condition and in [13] it was assumed to have Carathéodory selections and
considered that «, > 1. Here, we study the problem (1), where F(t,-) is
lower semicontinuous from R into R and F(-,-) is measurable. Furthermore,
we point out that particular cases of the problems (2) and (3) have provoked
some interest in the literature (cf. [1, 3, 7, 12, 15, 17, 18] and [22] for
instance). Our paper is a continuation of the results mentioned above. In
comparison with the earlier results of type (2) and (3) we get more general
assumptions. In [1, 3, 7, 15, 18] and [22] the equations (2) and (3) have
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been studied in view of obtaining the existence of continuous solutions, so the
function f is assumed to be continuous and ¢(t) = ¢t and in [17], f is assumed
to satisfy the Lipschitz condition. The case of monotonic functions which
satisfy Carathéodory conditions, equation (3), was studied in [10, 12, 13].
Here, in Theorem 3.1, we assume that the function f satisfies only Cara-
théodory conditions. Let us remark that most of the above investigations
have not been complete, however, most researchers have obtained results
not for the set-valued problems but for the corresponding set-valued integral
equations. Some of the earlier results of this type contain errors in the proof
of equivalence of the initial value problems and the corresponding Volterra
integral equations (see survey paper by Kilbas and Trujillo [16], Sections 4
and 5). In the present paper we focus on avoiding such a problem.

2. NOTATIONS AND AUXILIARY RESULTS

Let Li(a,b) be the space of Lebesgue integrable functions on the interval
I = (a,b). Define B, := {x € L'(I) : ||z| < r, » > 0}. We recall that the
fractional integral operator of order o > 0 with left-hand point a is defined
by

ITx(t) == ﬁ/ (t —s)* La(s)ds.

Using the known relations between the Beta- and Gamma-function, a well-
known calculation with the Fubini-Tonelli theorem shows that I =
Ig‘]fx for each x € Li(a,b) and each «, 5 > 0. In particular, I} is the n-th
iterate of the usual integral operator, and so I may indeed be considered as
a corresponding fractional integral. We define the corresponding (Riemann-
Liouville) differential operator
Dx(t) := DI} ™x(t), 0 < a < 1.

Here, D denotes the usual differential operator. The following Proposition
is obvious:

Proposition 2.1. Let «,3 € RY, f € L1(0,1) and n = 1,2,3,---. Then
we have:

1. I%: L1(0,1) — L1(0,1) is a continuous operator,
2. limg—y, I f(t) = I"f(1),
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3. DYI*f(t) = f(t). If the fractional derivative DPf is integrable,
a—1

DA = 1770 - [0)] | s 0<B<asl,

For more remarks concerning the fractional calculus, we refer the readers to
([17, 18] and [21]). Now, let us conclude the introduction by stating main
results that will be used in the sequel (cf. [8] and [9]).

Theorem 2.1 (Rothe’s Fixed Point Theorem). Let U be an open, bounded,
convez subset of a Banach space X, 0 € U and let T : U — X be completely
continuous. If

(4) TOU)CU
then T has a fixed point.

Theorem 2.2 (Kolmogorov’s Compactness Criterion). Let @ C Ly(0,1),
1<p<oo. If

1. Q is bounded in Lp(0,1) and

2. xp — = as h — 0 uniformly with respect to x € Q, then Q is relatively
compact in Ly(0,1), where

Lemma 2.1 [23]. Let f be Lebesgue integrable on [0,1]. then

t+h
%/tJr lf(r)— f(t)| dr — 0 for a.e. t €[0,1].

3. SINGLE-VALUED PROBLEM

In this section, we prove that the integral equation (3) has a summable
solution. We begin by showing that the Cauchy problem (2) and the Volterra
integral equation (3) are equivalent in the sense that if z € L1(0,1) satisfies
one of these relations, then it also satisfies the other. We prove such a result
by assuming that for every x € Lq(0,1) the function f(-,z(:)) € L1(0,1).
To facilitate our discussion, let us first state the following assumptions:
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1. f:(0,1) x R — R is a function with the following properties:
(a) for each t € (0,1), f(t,-) is continuous,

(b) for each x € R, f(-,z) is measurable,

(

c¢) there exist two real functions ¢t — a(t),t — b(t) such that:
|f(t,z)] <a(t)+ b(t)|z| for eacht € (0,1) and = € R,

where a(-) € L*(0,1) and b(-) is measurable and bounded,

¢ :(0,1) — (0,1) is nondecreasing, absolutely continuous and there
is a constant M > 0 such that ¢’ > M a.e. on (0,1).

Thus, we are in a position to formulate and prove the following

Lemma 3.1. Let 0 < a1 < ag < - < ap < 1. Assume that the assumptions
(1) and (2) are satisfied. If x € L1(0,1), then x satisfies a.e. the problem
(2) if, and only if, x satisfies the integral equation (3).

Proof. First, we prove the necessity. Let x € L1(0,1) satisfy a.e. the
problem (2). Since f satisfies Carathéodory conditions (a), (b) and since
¢ satisfies assumption (2), f(-,z(e(+))) is measurable and from (c) we have

/Ifsx |ds</{|a )+ [b(s)] [2(6(s))]} ds

5
®) sup\b( )

Thus, f(-,z(¢(+))) € L1(0,1) and consequently equation (2) means that
there exist a.e. on (0,1) the fractional derivatives D%z € L1(0,1), i =
1,2,---. According to ([21], Lemma 2.4), I'~%z is absolutely continuous
on [0, 1] for every i. Thanks to Proposition 2.1 we deduce

< la|l +

1% L(D)a(t) =

n—1
= I*"D%x(t) — ZaiIO‘"Daix(t)

flany, al{lan %ig(t) — F(an)llo‘iw(o)}
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since f(-,xz(¢(+))) € L1(0,1), Proposition 2.1 results in I f € L;(0,1) a.e.
n (0,1). Applying the operator I** on both sides of (2) we have

ta"_l

n—1 n—1
#(t) = @il () = s { -3 aﬂ”ix(O)} = 1 f(t,2(p(1)),
i=1 " i=1

therefore, we obtain the integral equation 3.

Conversely, let x € L1(0,1) satisfy the integral equation (3) a.e. on (0,1).
Applying the operator D®" on both sides of (3) and using Proposition 2.1
we obtain

n—1
Dong(t) =Y a; DIV IO g (t) + f(t, x(p(t)))
=1

n—1
= " a;D%x(t) + f(t,2((t))).
=1

From here, we arrive at the equation 2. Now, we show that the initial
conditions of the problem (2) also hold. To see this we transform both sides
of (3) by the operator I'~®" and obtain:

n—1

I'=ena(t) = mol(an) + Y a;l' ™ a(t) + /0 f(s,2(p(s))) ds

i=1
n—1 n—1 t

= em Yol a0) + S ar e + [ Gl ds
i=1 i=1 0

Taking the limit as t — 0T, we obtain the initial condition of the problem 2.
Thus the sufficiency is proved, which completes the proof. [ |

Now, we formulate and prove the following result

Theorem 3.1. Suppose that the assumptions of Lemma 3.1 hold along with

n—1

|ai sup |b(t)]
) 2 T Tan—ay t a1 <&

i=1

Then equation (2) has at least one solution s.t. x(-) € By, where
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[zo| ]

< an, T+ ap)

- n—1
1 Z |a] sup [b(s)|
P 'l+oap, —a;)) MI(1+ay)
Proof. Let us define the operator T as

n—1
(Ta)(t) = ot ' + Y @I i (t) + I f(t, (o (1)),
i=1

(7)
a.e. on (0,1).

We claim
T:L1(0,1) — L1(0,1), continuously.

To prove our claim, first note that, as in the proof of Lemma 3.1, for each
x € L1(0,1), f(-,z(¢(:))) € L1(0,1). That is, the operator 7" makes sense.
Further, f is continuous in x (assumption 1) and I* maps L;1(0,1) contin-
uously into itself (Proposition 2.1), x — I f(t,z(¢(t))) is continuous in x.
Since x is an arbitrary element in L1(0,1), then T is well-defined and maps
L1(0,1) continuously into L1 (0,1). Now, we will show that T : B, — L1(0,1)
is a completely continuous operator. To achieve this goal we will let « be an
arbitrary element in the open set B,. Then from assumptions (1) and (2)
we have

1
ITa| < \xoy/ gon=1gy
0

1t ) (t—s)7" s. zw(o(s B
i /0 /0 [D“Z' el + S (s >>>|]d .
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< |$0| /

1
" W{‘a(s)\ + \b(S)Hw(sO(S))\}] ds

|a;|
Z; T O]

)

+ ap)
<, Z oty e
L [ oot o) s
< I +Z i 1+|Zzn| el

sup [b(s)| /“’(1)
+MF(1+ozn) o |z(u)| du.

»(0)
Therefore
n—1
|zo] [all |ag sup [b(s)|
Tz|| < .
(8) IT=] o T tan) ;F(l—kan—ai) MT(1 + an) ]

The above inequality means that the operator 7" maps B, into L;(0,1).
Moreover, if z € 0B,, then from inequality (8) we have ||Tz| < r ie.,
the condition (4) of Theorem 2.1 is satisfied. It remains to show that T is
compact, so, let Q2 be a bounded subset of B,.. We will show that (Txz), — Tx
in L1(0,1) as h — 0 uniformly with respect to Tz € Q. We have the following
estimation:

T2~ @l = [ 1o - o)
_ /0 :
</ 1 (7] @) - () ir)

t+h
[ @ dT—(Ta:)(t)‘ dt
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1 t+h
< / @/ |ron=t o1 dr dt
o h Ji
14 pt+h !
+/ E/ D lai| [T () — 1% a(r)|dr dt
0 t =

1 t+h
; /0 . / 1o f(r,a(6(r) — 1% f(tx(3(8)] dr dt.

Since f,z and t®*~1 are in L;(0,1), Proposition 2.1 and Lemma 2.1 imply
that T'(2) is relatively compact, that is, T is a compact operator. Set
U = B, and X = L1(0,1). Then Theorem 2.1 implies that 7" has a fixed
point. Therefore, equation (3) has a solution z € L1(0,1). In view of Lemma
3.1, equation (2) has a solution x € L1(0,1). This completes the proof. m

4. DIFFERENTIAL INCLUSIONS

In this section, we present our main result by proving the existence of
solutions of equation (1). Consider the multivalued equation (1), where
F :[0,1] x R — 2% has nonempty closed values. As an important conse-
quence of the main result we can present the following:

Theorem 4.1. Assume that the multifunction F satisfies the following as-
sumptions:

1° F(t,z) are nonempty, closed and convex for all (t,z) € [0,1] x R,
2° F(t,-) is lower semicontinuous from R into R,
3° F(-,-) is measurable,

4° |F(t,z)| :=sup{ly| : y € F(t,z)} < a(t)+0b(t)|z| for each t € (0,1) and
r € R, where a(-) € L'(0,1) and b(-) is measurable and bounded,

5° ¢ : (0,1) — (0,1) is nondecreasing and there is a constant M > 0
such that o' > M for a.e. t € (0,1),

° —1 |7,‘ S |b(t)|
6° 3251 Tigan—an + ety < L

Then the equation (1) has at least one continuous solution.



92 H.A.H. SALEM

Proof. By the Kuratowski Selection Theorem (cf. [5], for instance), for
each continuous function z(-) we can find a measurable selection for
F(-,z(¢(-)). By assumption 4° this selection is integrable. Consider a new
multifunction G(z) := {f € L1(I) : f(t) € F(t,z(p(t)) for ae. t e [0,1]}.
Its values are nonempty and since F' is lower semicontinuous, G is also lower
semicontinuous. Thus, we can repeat our argumentation from Theorem 3.1
to obtain a prior: boundahu%sof&ﬂuﬁonsbyr.T%en(?:BT—+2LﬂD}ms
decomposable values. By the result of Bressan and Colombo ([4]), we get a
continuous selection of G, namely g(z)(t) € F(t,z(p(t))) for a.e. t € [0,1].
Define f(t,x) := g(z)(t). Now, we are able to repeat the rest of the proof of
Theorem 3.1.

Finally, let us remark that from the proof of Theorem 3.1 it follows that
we can replace assumptions 1°—4° by an arbitrary set of assumptions which
guarantee the existence of Carathéodory selections (see [2]). In particular,
the continuity hypothesis can be weakened replacing lower semi-continuity
with quasi lower-semicontinuity (cf. [14, 19] or [20]). |
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