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Abstract

In this paper we are concerned with the existence and uniqueness of the
weak solution for the weighted p-Laplacian. The purpose of this paper is
to discuss in some depth the problem of solvability of Dirichlet problem,
therefore all proofs are contained in some detail. The main result of the
work is the existence and uniqueness of the weak solution for the Dirichlet
problem provided that the weights are bounded. Furthermore, under this
assumption the solution belongs to the Sobolev space WO1 P(Q).
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1. INTRODUCTION

Boundary value problems for the p-Laplace operator subject to zero Dirichlet
boundary conditions on a bounded domain have been studied extensively during
the past two decades and many interesting results have been obtained. In this
respect we record the Dirichlet problem that lead us to considering generalizations
of the weighted Dirichlet problem.

Let © be a bounded domain in RY. Consider the following Dirichlet problem
for the Hilbert space case:

| “Av+cew=f in Q,
(1.1) D(Q): { v—0 on 99,
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Let ¢ € Loo(2) and f € L*(Q). Then a function v € H}(9) is a weak solution of
Dirichlet problem provided that for all ¢ € HZ(Q)

(Vo, V) p2oryy + /Q cvgdzr = (9, f)r2(q)-

A well known theorem states as follows:

Theorem 1.1. Suppose that 0 < ¢ € Loo(Q). For f € L*(Q), the Dirichlet
problem (1.1) has a unique weak solution v € H ().

In this paper we develop the issues contained in [10]. Thus we are concerned
with the existence and uniqueness of the weak solution to the following boundary
value problem:

Dy, [ “Besv el = i
' v=20 on 0f,

in which A, ,, with 1 < p < oo, denotes the p-Laplacian weighted by a diagonal
matrix a = (ai,...,an), that can be (formally) given by

p—2 "
<ai(9€) gﬂ) ;

and ap is an arbitrary function. It must be emphasized that A,, is just a
symbol, and may not be a differential operator at all, since the coefficients a;

ov
8:61'
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(1=1,...,N) are not assumed to be differentiable.
We treat the generalized Dirichlet problem under general conditions on the
weight function a, namely, we suppose that the components a; (i = 0,1,...,N)

of a are measurable functions on €2 such that
ai(z) >0 forx € Qae., a; €L,.(Q)
and 1/a; € Loo(2) (i =1,...,N).
Moreover, we assume that the weight
ap >0 and ap € Loo(92).

We established the existence and uniqueness of weak solutions for a non-linear
boundary value problem involving the weighted p-Laplacian. Our approach is
based on variational principles and representation properties of the associated
spaces. In order to carry over Hilbert space type arguments to the theory of
nonlinear elliptic equations in Banach spaces, we used on Sobolev space a type of
inner product, called a semi-inner product. Moreover, we specify precisely under
what conditions on the weights the integral in Theorem 2.2 in [10] makes sense,
and when it is just a symbol.
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2. AUXILIARY RESULTS

In this section the reader will be reminded of some important properties of semi-
inner product spaces, and some auxiliary results will be quoted or derived.

To apply Hilbert space type methods to the theory of Banach spaces, Lumer
[8] constructed a semi-inner product (s.i.p.) on a complex vector space X as a

complex function [-,-] on X x X with the following properties:
(2.2) [z, \y] = Mz,y], z,y € X, A€ C.

(2.3) [z,2] >0 for z # 0,

(2.4) e, 9] < [2,2)[y, 9], =,y € X.
(X,[-,]) is called a complex space with semi-inner product.

The importance of a semi-inner product space (s.i.p.s.) is that every normed
vector space can be represented as a semi-inner product space so that the theory of
operators on a Banach space can be penetrated by Hilbert space type arguments.

Theorem 2.1 [5, 8]. A semi-inner product space (X,[-,-]) is a normed linear

space with the norm
|z = [z,2]'/?, = € X.

Every normed linear space can be made into a semi-inner product space (in gen-
eral, in infinitely many different ways).

As an example, consider the real Banach space LP(2) where 1 < p < co. It can
readily be expressed as a s.i.p. space with s.i.p. defined by

2— —
2], = IIy\ILpr>Awlylp 2ydu, y#0,
9 p
0, y =0,

where ylle@) = (J;, lylPdu) /"

In a normed vector space X we set
S={zreX: |z||=1}.

We introduce additional properties of semi-inner product that will help us to move
some arguments of Hilbert space. Note that a semi-inner product is continuous
with the respect to the first component. A very convenient property of s.i.p. is
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continuity with respect to the second variable. First discussion concerning the
continuity due to the second variable can be found in paper [5]. Giles made the
following definition.

A s.i.p. is called a continuous s.i.p. when the following additional condition
is satisfied:

For every z,y € S,

(2.5) Rely, z + A\y] — Rely, z] for all real A — 0.

A s.i.p. space X has the representation property when to every continuous func-
tional f € X™* there exists a unique element y € X such that

f(z)=[z,y] forall zeX.

In Hilbert spaces the representation theorem for continuous linear functionals
shows the natural relationship between vectors and continuous linear functionals
using the inner product. The following theorem, which was proved by Giles, is a
modification of the representation theorem of Riesz-Fréchet for continuous linear
functional.

Theorem 2.2 [5]. Let X be a uniformly convex Banach space with a continuous
semi-inner product. Then for each f € X* there exists a unique vector y € X
such that

flx)=[z,y] foral zeX

and || fI} = {lyl-

Now we construct a space, which will be used for solving boundary value problem
by examining the properties of a certain s.i.p. space.

Let M be a vector space and let Y be a uniformly convex Banach space with
a semi-inner product [-,-]y. Consequently, Y is a reflexive space. Furthermore,
let semi-inner product [-, -]y satisfy the semi-Lipschitz condition, i.e., there exists
a constant L > 0 such that

(2.6) [z, yly = [z, 2ly | < Lllzlly lly = z[ly-

for z, y, z € Y, where |y|ly = [|z]ly = 1.
Note that the LP(€2) space (1 < p < 00) satisfies the semi-Lipschitz condition,
i.e.,
[, ylp — [, 2]pl <20 — Dllzllze@)lly — 2ll2r ()

where [[y]lr(q) = 2]l (@) = 1 (cf. [5]).
Let T': M — Y be an injective linear operator. Consider the functional

x> ||z|lq == ||Tz||y for =z e M,
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which is the norm on M.
We define a semi-inner product on the space M given by the formula:

[z,yla = [Tz, Tyly for z,ye€ M.

Note that the semi-inner product [-, -], also satisfies semi-Lipschitz condition with
the constant L > 0. Indeed, let x,y,z € M and ||y|ls = ||z||lc = 1. Then

[2,9)a = [z, 2la| = |[T%, Tyly — [Tz, T2]y]|

IN

LITz|y Ty — Tzlly = Lllzllally = z[la-

We denote the complement of the space (M, | - |lo) by Xi1. We show that the
norm in the space X; is derived from the semi-inner product [+, ],.

Theorem 2.3. Let the mapping [-,]a : X1 X X1 — R be given by the formula
(2'7) [x,y]a = lim [xnayn]av
n—oo

where (2,)0 1, (Yn)o>y C M such that x, — x, yn, — y, as n — oo, in the norm
Il - [la- Then the mapping [-, -], is a semi-inner product on the space X;.

Proof. We show that the mapping, given by formula (2.7), is well defined. Let
z,y € X;. Then there exist (2,,)52;, (yn)o>; C M such that z,, — = and y, — v,

n=1>

as n — 00, in the norm || - ||,. Using the inequality (2.6), it follows
Yn Ym
o Yla — s lal = [xnuynua, —} - [xmuymua, —]
HynHa a HymHa a
< [xnuynua,y—”] - [xnuynua,y—m]
”ynHa a HymHa a
n Hxnuynua, Um ] - [xmuymua, bim }
”ymHa a HymHa a
Yn Ym

+ |znllynlla — xm”?/mHaHa
a

< Lleallallgnle | "= 1
nlla m|la

Thus, it is a Cauchy sequence in R. Consequently, the limit im0 [Zn, Ynla
exists.

Subsequently, we show that the limit does not depend on the choice of rep-
resentative. Let z, y € X7 and let (2,)°%,, (,,)°%, C M such that x,, — 2 and
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Yy, — y, as n — oo, in norm || - ||,. Then

Yn / / y;z
[x””y””“’ Tonl } - [x"”y"”“’ A ] ‘
nila]q nlla |

Un Y,
["’“""”y"”“’ Tonl } - [x""y"”“’ T ] ‘
nlla ] q nlla |

/ ’

‘ [(L‘n, yn]a - [(L‘n, yn]a

y/ , , y/
+ [xn”ynuav ||y/nH ] - [anynH(b Hy/nH ] ‘
nlla nlla
a a
y y/ / /
< Llzallallynlla — — o + ‘ T Ynlla — anynHa — 0.
HynHa ”ynHa a a

The defined mapping [+, ], fulfills the conditions of a semi-inner product. More-

over, semi-inner product [-, -], satisfies the semi-Lipschitz condition with a con-
stant L > 0. Indeed, set z,y,z € X; such that ||y, = [|z]la = 1. Let (yn)oe,
(2n)2%, C M such that y, — y and 2z, — z, as n — oo, in norm || - ||,. By the

previous reasoning it suffices to suppose that ||y, |l = ||znl|le = 1 for n € N. Then
2. 6) — [ 21a] = Jim [z, gl, — [ 2l
= nlggo T2, Tynly — [Ton, Tznly| < Lnlggo lznllallyn — 2nlla
= Lllzllally — 2la-
The semi-inner product [-, -], is consistent with the norm in X;. Indeed,
[Ccax]a = nlggo[xnaxn]a = nlg%o H:anz = ||xHC2L’
which completes the proof. [ |

We will need some properties of the space X;. Therefore, it should be noted that
X is a uniformly convex space.

Lemma 2.1. Let Y be a uniformly convexr space. Then the space X1 is a uni-
formly convex space.

Proof. Let € € (0,2], x,y € M such that
[#]la <1 [lylla <1 and [z —ylla >e.

Hence, we obtain that

ITz|ly <1, |Tylly <1 and |[Tz—Tylly > e.
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By uniform convexity of the space Y, there exists §(¢) > 0 such that

Tx+T
7ot Toly |y
2
Consequently,
2
Under the assumption of density of the set M and continuity of the norm it
follows that for € € (0,2] and arbitrary z,y € X; such that

lzlla <L llylla <1, flz—ylla>e

there exists d(g) > 0 such that

Thus, the space X7 is a uniformly convex space, which completes the proof. =

Furthermore, we show that there is a representation theorem for continuous linear
functionals in the space Xj.

Lemma 2.2. Let Y be a uniformly convexr Banach space such that the semi-inner
product satisfies the semi-Lipschitz inequality with a constant L > 0. Then the
space X1 has the representation property.

Moreover, for everyy € X1 and for every sequence (y,)5>; C X1 converging
to y it follows

lim [z, yn]e = [x,yla for all =€ Xj.

n—oo

Proof. We prove first that [-,], is a continuous semi-inner product. Let z,
y € X such that ||z||, = [|y|le = 1. From (2.6) we have

Y+ Az

——— 9yl =0
v+l Y

+ \x
H v < Ll

T — T, Yla
ryﬂxua]a =]

a

for all real A — 0. As a consequence of continuity of the norm we obtain that
|[:Cay + )\SC]a - [‘T’y]a| —0

for all real A — 0. By virtue of Theorem 2.2, it follows that the space X; has the
representation property.



96 D. MIELCZAREK, J. RYDLEWSKI AND E. SZLACHTOWSKA

To prove the second statement, let a sequence (y,, )22 ; C X; converge to y. Then

Yy
.’IJ, - .’IJ, == ) x )
o, - fe5l] = | el uynnaL 1ol ”yHaL
Yn
zllynl —] [ 1l ] H 1l ] [ Wl }
[ e ||?/nHa a ¢ ||?/nHa a ¢ ||?/nHa a ¢ ||?/Ha a

Y
S H:CHynHa :CHyH || +LHIEHyH H ||y H H?JH
nila a

a

Clearly, the right-hand side expression tends to zero, which completes the proof.
|
Consider the following problem.
For a given functional f € X7 we seek y € X such that

(2.8) [,yle = (x, f) forall ze€ Xj.

Then y is called a weak solution of the problem (2.8).

It follows from homogeneity property of the semi-inner product that if y is
a weak solution of the problem (2.8) for f, then Ay is a weak solution of the
problem (2.8) for Af. Indeed,

(2.9) (x, Nfy =Xz, f) = Mz, yla = [z, y], forall z e X;.
The theorem to be proved is the following.

Theorem 2.4. Let M be a vector space and let Y be a uniformly convex Banach
space such that the semi-inner product satisfies the semi-Lipschitz inequality with
a constant L > 0. For every f € X}, the variational problem (2.8) has a unique
weak solution y € Xy, i.e.,

[‘T’y]a = <.’E, f>

for all x € M (or, equivalently, for any x € X1).

Moreover, the set of all weak solutions, where f runs through X7, is the entire
space X1.

Proof. By Lemma 2.2 for any functional f € X7 there exists a unique element
y € X satisfying the identity (2.8). [

Theorem 2.4 will form the basis for our subsequent results.
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3. DIRICHLET PROBLEM

Let Q be a bounded domain in RY. Consider the following boundary problem
(the generalized Dirichlet problem for second order)

D(Q) : { —Aapv+agleP P =f in ©,

3.1
(3:1) v=20 on 0f),

in which A, ,, with 1 < p < oo, denotes the p-Laplacian weighted by a diagonal
matrix a = (ai,...,an) and ag is an arbitrary function.

Let ap = 0. It is a particular case of the problem (3.1). Then we obtain the
following boundary problem

_Aa = i Qv
(3.2) D(Q) : p0=1F n
v=20 on 0f2,

where A, ,, 1 < p < 00, denotes as previously weighted p-Laplacian with weights

given by the diagonal matrix a = (aq,...,an).
We treat the generalized Dirichlet problem under general conditions on the
weight function a, namely, we suppose that the components a; (i = 0,1,...,N)

of a are measurable functions on 2 such that
ai(x) >0 forz € Qae., a; €L (Q)

(3.3)
and 1/a; € Loo(R2) (i =1,...,N).

Moreover, we assume that the weight
(3.4) ap >0 and ag € Loo(N).

We shall establish the existence and uniqueness of weak solutions for a non-linear
boundary value problem involving the weighted p-Laplacian. We start by writing
the integral identity, which will contribute to define the notion of a weak solution
for this particular issue.

In addition, we assume that € is a bounded domain in RY with C'!' boundary
0. Let f € Wal’p(Q). Assuming that the functions a; (i = 0,1,...,N) are
sufficiently smooth and using the Green—Gauss—Ostrogradzki formula for u, v €
C5°(€2) we obtain

u, fY = [ ao(x)u|vP2vde — | ulg,vde
Q Q "

N -2
ou | Ov |P™* dv
— p—2 )
(3.5) /QG’O(x)u‘U‘ v+ Zl.zl /gal(x) ou: |0w;|  om
N -2
ov [P77 ov
+ i:E 1 Aﬂual(x) a—{I)Z %dS,
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where 2 4. denotes the outer normal derivative of v with respect to 9¢2. We consider
the Dirichlet problem with zero condition on the boundary. Taking into account
this condition, we demand that the trace of the function v on the boundary of
the domain be zero. Then we obtain the following integral identity

(u, f) :/ao( JulolP” 2vdw+2/“l axl

Note that the particular integrals are well defined for all functions which have
first order weak derivatives, such that the integrands are integrable functions.
Moreover, if f € Wo_l’p (€2), then there exist functions fo, f1,..., fnv € L1(Q)

such that
N o X
= — Y Q .
(u, f) /Qfoud””;:l/ﬂf%idx’ ue Wyt(Q)

;From the above considerations, we obtain that fy = ag|v|P~2v, f; = a;
(t=1,...,N).
We now prove a lemma which is interesting in its own right.

P=2
a.%'i

ov

dz.
ox; v

2 v
ox;

av |7~
ox;

Lemma 3.1. Under the conditions (3.3), (3.4) there holds the following inequality
(3.6)
P
dr <c /ao |u|pdaz—|—2/aZ dx

J
Proof. Under the assumption a; € Li,.(Q) (i =0,1,...,N) the integral

for all uw € C§°(Q).
/ao \u\pdaﬂ—i—Z/al

exists and is finite for all u € C§°(€2). Using Friedrichs inequality it follows

axl

dx

axl

N
/|u|pd:v+2/ B xﬁmZ/ﬂ 5. dx
:mz/az a;ipdx

IN

c ao(x)]u]pdx—i—z a;(x) pdx,
U > )

in which a constant ¢ > 0 does not depend on wu. [ |

61‘1‘
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Taking into account this fact, we can formulate.

Corollary 3.1. Under the assumptions (3.3), (3.4) the functional
|- lla: C5°(2) = R given by
1
P P
d:v)

N
\WM==</G&@MWW$+§:/1M@
Q — Ja
is a norm on C§°(Q2). This is due to Lemma 3.1.
We will denote the completion of C§°(€2) with respect to the metric of this norm
I lla by Wa(9).

Next, we consider the mapping T : C§°(2) — LP(Q,RN*1) given by

1 1/p Ou 1/p Ou
Tu = (ao/pu al/paxl,... /paxN>

ou
61‘1‘

By virtue of Lemma 3.1, T is an injective linear operator. Moreover, |ull, =
| Tull g (orv+1y for all u € C§°(9).
Due to Theorem 2.3 the mapping [, -], : C5°(2) x C3°(2) — R given by

v P72 9
frd 2—17 p2 .
.0l = 1ol (/ ol vdﬂz/ oile) g axid"’“>

is a semi-inner product on the space C§°(Q2). Moreover, the semi-inner product
[ Ja s WaP(Q) x WaP(Q) — R given by

(%vz

(3.7) [u,v]q = lim [uy, vp]a,
n—o0
for (un)o 1, (vn)52, C CF°(€2) such that U > u and v, — v, as n — 00, in norm
|| - |la, is consistent with the norm in Wa?(£).
Norm of any element u of the space Wq? () can be approximated by a
sequence of functions of class C§°(f2), i.e., there exists a sequence (up)pe; C

C3°(€2) such that
1
P P
dac)

lufla = lim (/ 002 Pz + Z/ ai(z
Next, we denote by W, () the dual space of Wa ().

On the basis of the considerations in Section (3.5) we give now the definition
of a weak solution.

6un
a.%'i
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A function v is a weak solution of the Dirichlet problem (3.1), where f is a given
functional of W, "**(£2), provided that

[u,v]g = (u, f)  forall we WP(Q).

We will need some properties of the obtained space I/Va1 P(Q). In this context,
note that it is a uniformly convex space and there holds a representation theorem
for linear continuous functionals defined on it (see Lemma 2.2).

Our main result is the following.

Theorem 3.1. Suppose that the conditions (3.3) and (3.4) are fulfilled. For
f € Wi '2(Q), the Dirichlet problem (3.1) has a unique weak solution v € Wa'* (),
i.e.,

[u’ U]a = <u’ f>

Jor all u € CZ(Q) (or, equivalently, for any u € WaP(Q)).
Moreover, the set of all weak solutions, where f runs through f € Wg (Q)
is the entire space WaP(Q).

Proof. See Theorem 2.4. [
JFrom Theorem 3.1 we infer a useful corollary.

Corollary 3.2. Under the conditions (3.3), (3.4) for any f € Wo_l’p(Q) there
exists a sequence of functions (vy,)22, C C3°(2) such that
-2
avn
)

2
Jimlon I3 (/%MWW7%M£Z/m o

for all uw € C§°(Q).

ovy, |P
afEi

Suppose additionally that the weights a; € Loo(2) (¢ = 0,...,N). Then, obvi-
ously Wa?(Q) becomes the Sobolev space VVO1 P(Q2) and we can look for a weak

solution in VVO1 P(Q). The significance of this fact for our purposes is captured by
Theorem 3.2.

Theorem 3.2. Suppose that the conditions (3.3) and (3.4) are fulfilled. If the
weights a; € Loo(2) (i = 0,...,N), then for any f € Wo_l’p(Q) there exists a
unique weak solution v € Wol’p(Q) such that

|ww<ﬂmmw%M+Z/m o

for all uw € C§°(Q).

K I
8:61 8:61 vpT A
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Proof. Let the weights a; € Loo(2) (¢ = 0,...,N). Then under the inequality
(3.6) the space W,P(Q) becomes the Sobolev space WP (). Moreover, the
operator T : C§°(Q) — LP(Q,RN¥*+1) is bounded. Indeed, for u € C§°(9)

N
u
T oy = foato o+ 32 [ aito)| 5

c</9|u|pda:+§;/Q pdx).

Furthermore, by continuity the operator T' can be uniquely extended to a con-
tinuous linear operator T' on the whole space W P(Q) and

Tu = (agl]/pu ai/paau:l,.,, Up@iﬁ\f)

dzx

afEi

for all u € Wol’p(Q).
Due to Theorem 3.1, there exists a unique v € VVO1 P(Q) such that

[uv v]d = <u7 f>

for all u € VVO1 P(Q). This is equivalent that there exists a sequence (v,,)3%; C
C°(92) such that v, — v as n — oo and

ov
. 2—p p— -
T [Jon O% eJefend %“+2/% o, %z> "y

for all u € C§°(2). By continuity of the operator T and continuity of the semi-
inner product in LP(Q, RN¥*1) (cf. Lemma 2.2), it follows

Ovy, [P2
a.%'i

(u, f) = lim [T, Ton] oo rrv+1) = [Tu, Tv] 1o pov+1)

P72 Gy
2—p p—2
Iwa</%UW40ﬂ+Z/% . émﬂ>

for u € C§°(92). |

ov
ox;

Due to Theorem 3.2 it follows that for every f there exist v 7 such that

2
(%f

d
axx

(3.8) <u Fllosle- 2> /ao z)ulvg|P~? dx—i—Z/al axz

axl
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- 2-p
Let f = fllvgll4~". Then by the equality (2.9) the left-hand side of expression
(3.8) can be suitably modified, i.e.,

(i ol ) = (o o gl )
2—p (2—p)(p—2) _
_ <u,f||vfuv—1 g | S22 o 2 > ~ (. f).

Therefore,

(u,f>=/a0( )U|Uf|p dx"'Z/az (%vz

We conclude this section with a useful corollary.

-9 ~
7 o
a.%'i

dz.

8_xz

Corollary 3.3. Suppose that the conditions (3.3) and (3.4) are fulfilled. Suppose
that the weights a; € Loo(2) (i = 0,...,N). Then to every f € Wal’p(Q) there

exists a unique weak solution v € VVO1 P(Q) such that

/a()u\v\p 2vdw+2/a O P v dr = (u, f)
0¥ ’ 83:1 oz; ox;
for all u € C§°(R2).

Acknowledgements

The authors would like to express their thanks to prof. Petru Cojuhari for useful
comments and discussions on the paper.

The authors were supported by the Polish Ministry of Sciences and Higher
Education.

REFERENCES

[1] J.A. Clarkson, Uniformly conver spaces, Trans. Amer. Math. Soc. 40 (1936)
396-414. doi:10.1090/S0002-9947-1936-1501880-4

[2] P.A. Cojuhari, Generalized Hardy type inequalities and some applications to spec-
tral theory, Operator theory, operator algebras and related topics, Theta Found.,
Bucharest (1997) 79-99.

[3] P. Cojuhari and A. Gheondea, Closed embeddings of Hilbert spaces. J. Math. Anal.
Appl. 369 (2010) 60-75. doi:10.1016/j.jmaa.2010.02.027

[4] P. Cojuhari and, A. Gheondea, Closely embedded Krein spaces and applications to
Dirac operators, J. Math. Anal. Appl. 376 (2) (2011) 540-550.
d0i:10.1016/j.jmaa.2010.10.059


http://dx.doi.org/10.1090/S0002-9947-1936-1501880-4
http://dx.doi.org/10.1016/j.jmaa.2010.02.027
http://dx.doi.org/10.1016/j.jmaa.2010.10.059

ON THE SOLVABILITY OF DIRICHLET PROBLEM FOR ... 103

[5] J.R. Giles, Classes of semi-inner-product spaces, Trans. Amer. Math. Soc. 129
(1961) 436-446. doi:10.1090/S0002-9947-1967-0217574-1

[6] R.C. James, Orthogonality and linear functionals in normed linear spaces, Trans.
Amer. Math. Soc. 61 (1947) 265-292. doi:10.1090/S0002-9947-1947-0021241-4

[7] A. Kufner, Weighted Sobolev Spaces (Teubner-Texte zur Mathematik, Band 31,
1980).

[8] G. Lumer, Semi-inner-product spaces, Trans. Amer. Math. Soc. 100 (1961) 29-43.
doi:10.1090,/S0002-9947-1961-0133024-2

[9] V. Smulian, Sur la dérivabilité de la norme dans Uespace de Banach, Dokl. Akad.
Nauk SSSR 27 (1940) 643-648.

[10] E. Szlachtowska, On weak solutions of Dirichlet problem for weighted p-Laplacian,
Opuscula Math. 32 (4) (2012) 775-781. doi:10.7494/OpMath.2012.32.4.775

Received 31 January 2014


http://dx.doi.org/10.1090/S0002-9947-1967-0217574-1
http://dx.doi.org/10.1090/S0002-9947-1947-0021241-4
http://dx.doi.org/10.1090/S0002-9947-1961-0133024-2
http://dx.doi.org/10.7494/OpMath.2012.32.4.775




