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Abstract

In this paper we study the existence of nontrivial solutions for a nonlinear
boundary value problem posed on the half-line. Our approach is based on
Ekeland’s variational principle.
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1. INTRODUCTION

We consider the problem,

O { —u" () + u(z) = M(2) f(z,u(z)), z € [0,+00),
u(0) = u(4o00) = 0,

where f:[0,400) x R — R is a continuous function and A is a positive param-
eter.
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Because of the importance of second order differential equations in physics,
existence and multiplicity of solutions to boundary value problems on the half-
line were studied by many authors. These results were obtained using upper and
lower solution techniques, fixed point theory and topological degree theory; see
for example, [6, 7, 8] and [11]. There are only a few papers on boundary value
problems on the half-line using variational methods; see [3] and [4].

We assume the following are satisfied:
(Hp) there exist constants a,b € RT \ {0} and 6 € (0,1) such that

f(z,u)| < alul® +b, Vz € RT Vu € R,

(H1) p : [0,400) — (0,400) is continuously differentiable and bounded, ¢ :
[0, 4+00) — RT, with ¢ € L'[0,+00) N L>[0, —|—oo),z%,l2 € L'0, +o0),

p

Mo = [ afw) (1 55 ) de < +oo, and M = max(|pl|z2, /] z2) <+oo.

(H2) f(z,0) = 0, limuﬁof(xT’u) = 400 and limy e f(xT’u) = 0, uniformly for
z € [0,400).

Let the space H} (0, +00) be defined by
HJ(0,4+00) = {u measurable : u, v’ € L*(0,400), u(0) = u(400) = O}

endowed with its natural norm

u]| = </0+OO u2(3:)dx+/0+oo u’2(x)dx> Y

associated with the scalar product

(u,v) = /0+00 u(z)v(x)dz + /0+0° o (x)0' (z)d.

Note that if u € H{(0,+00), then u(0) = u(+o00) = 0, (see [2], Corollary 8.9).
Let

Ci [0, +00) = {u € C([0,400),R) : lim p(x)u(z) exists }

T—+00

endowed with the norm

[tlloop = sup  p(a)[u(z)].
x€[0,+00)

Consider the space

L?I(O, +00) = {u: (0,+00) — R measurable such that \/qu € L*(0,+00)},
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equipped with the norm

ol = ( | +°° @) )

We need the following lemmas.

N

Lemma 1.1 [10]. H{(0,400) embeds continuously in Cj,[0,+00).
Lemma 1.2 [10]. The embedding H}(0,400) < Cj,[0,+00) is compact.
Lemma 1.3. Cj,[0,400) is continuously embedded in LZ(0,~+00).

Proof. For all u € C,[0,+00) we have

2, = o $U2$ xr = +Ooq(x) 2(I,'U2(I,' X C’U,2
iy = [ ap@ar = [ D@y < clul,.

where ¢ = ||+ Then [[ullzz < v/elullooy- .
Corollary 1.1. Hj(0,+00) is compactly embedded in L2(0,+00).
We consider the first eigenvalue A1 of the linear problem:

(2) { —u"(z) + u(z) = Ag(x)u(z), x>0

u(0) = u(400) =0,

namely
ul®

ueH\(0} [[ullZ,

Lemma 1.4. )i is positive and is achieved for some positive function p; €

H}(0,+00) \ {0}.

Proof. We proceed as in [1]. For u € H}(0,+00), let I1(u) = |ul|?, Io(u) =
|ull., and define the quotient functional @ : Hj(0,+00) \ {0} — R by
q

Then

A1 = inf .
1= éroll\{o}Q(u)
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Let u € H}(0,+00). From Corollary 1.1, we have that \; > > 0.

Indeed, for = > 0, note
+0c0 1
Vp(s)u'(s) ds

/x T (s)ds x Nz

(L) ([55)
() ([755),

e < ([ peneas) (a0 [,

lullZz < llpllze Mollul®,

1
[Pl oo Mo

2 2

u(@)® =

IN

IN

and so,

which yields

and
el 1

ueH\0} [[ullzz ~ IIpllzeMo

A= > 0.
Let (uy,) be a minimizing sequence. Since (|uy|) is a minimizing sequence for
@, we may suppose that u,(x) > 0, for = € [0, +00). Moreover the functional @
satisfies Q(au) = Q(u), for every a € R. By setting u,, = Hu‘Tﬁ, for every n, we
L
can assume that Hun||L3 = 1. Note lim;,, 4o Q(uy) = inf,c 1\ (03 Q(u) = A1, so

the sequence (Q(u,)) is bounded. From this and since Q(uy,) = ||u,||?, we deduce
that (uy,) is bounded in H{. ;From Lemma 1.2 and the reflexivity and separability
of H}, there exists a subsequence (uy, ) of (u,) such that, as k — 400,

Up, — U, in H&;

Up, — W, in Cpy,
S0 Up, (x) — Tu(x), for all € [0,+00). ;From Lemma 1.3, (uy,,) converges in
norm to u in L2. Thus [allz = 1 and u(z) > 0, for z € [0,+00). Finally, the

weak lower semi-continuity of the norm guarantees that

Q@) =IL(u) < lim i%f I (uy, ) = lim 1%fQ(unk) = A1,

sow € H}\ {0} and Q1) = M. |
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To prove our main result, we need the following variational principle.

Theorem 1.1 ([9]). (Weak Ekeland variational principle) Let (E,d) be a com-
plete metric space and let J : E — R a functional that is lower semi-continuous,
bounded from below. Then, for each € > 0, there exists u. € E with

J(ué‘) S IIElfJ+ 67

and whenever w € E with w # u,., then

J(ue) < J(w) + ed(ue, w).

2. MAIN RESULT

We denote by F' the primitive of f with respect to its second variable, i.e.,
F(z,u) = [y f(z,s)ds. The functional corresponding to (1) is

1

J(u) == o u'?(x) +u?(x) ) de— = q(2)F(z,u(x))dx, u € HJ(0,+00).
2.Jo 0

Proposition 2.1. Suppose that condition (Hp) holds. Then the functional J is
continuously differentiable. The Fréchet derivative of J has the form

w.e) = | 7 (@) @) + ula)ol@) ) de / @) vl pla) e

Proof. First we show J is Gateaux-differentiable. Indeed, for all v € H{ (0, +00),
and for any t > 0, we have

1 [t oo
J(u+tv) — J(u) = 3 / (|(u + tv) | + |u + tv|?)dzx —)\/ q(z)F(x,u+ tv)dzx
0 0
1

+00 +oo
— 5/ (\u'\Q—i- \u]2)dx+)\/ q(z)F(z,u)dx
0 0

t2 +o0 t2 +oo +oo
= — |v/|?dx + —/ |v|2dx+t/ u'v'dx
2 Jo 2 Jo 0

+ t/0+00 uvdx — )\/O+oo q(zx) {F(x,u + tv) — F(x,u)} dx

t2 +oo t2 +oo “+o00
= — |v|?dx + —/ \U\de—l—t/ u'v'dx
2 Jo 2 Jo 0

+oo +oo
+ t/ wvdr — t)\/ q(z) f(z,u + thv)vdz,
0 0



136 D. BouAria, T. MoussaoUl AND D. O’REGAN

where 0 < 6 < 1 (from the mean value theorem). Then

J tv) —J 1 [t 1 [t +oo
(uttv) = J(uw) _ —/ \v’\de—i-—/ ]v[de—i-/ u'v'dx
t 2 Jo 2 Jo 0

+oo +o0o
+ / uvdr — )\/ q(x)f(x,u + thv)vdx.
0 0

Let t — 0. Note assumption (Hp) and the Lebesgue dominated convergence
theorem guarantees that

(J'(u),v) = /0+00 (u'v' + uv) dx — )\/04-00 q(z) f(x,u)vde, Vv € HL(0,+00).

Next we show J’ is continuous. Indeed, let (u,) C HE(0,+0o0), where u, — u,
when n — +o00. It follows from (Hy), that

q(@)]f (@, un(2))] < ag(@)lu(@)|® + bg(z)
)

0| 4(x) .
<o g Jo0 @l g |+t
)

q(
’p‘pe(x) ‘ + bg(x) € Ll(O, +00).

]
= allulls

Then from the Lebesgue dominated convergence theorem we obtain
+oo

+oo
im [ q()f(@,un(e))ds = /0 a(@)f (. u(x))dz,

n—-+4o0o 0

so, we have

(J (up) — J'(u),v) /0+<>0 (u;v' + unv> dx — )\/OJroo q(z) f(x, up)vdx
400 +00

-, (u v+ uv) dx + )\/0 q(x) f(x,u)vdx
+eo /! N,/

= /O [(un —u ) + (u, — u)v] dx

3 [ st~ fGo e

Passing to the limit in (J'(u,)— J'(u),v) when n — 400, using assumption (Hy)
and the Lebesgue dominated convergence theorem, we obtain that J'(u,) —
J'(u), as n — +o0. ]
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Definition 2.1. We say that u € HJ(0,+00) is a weak solution of problem (1)
if for any o € H}(0,400) we have

+00 +oo
e = [ (W @rrue@) e [ @) u@)e@ = o

Remark 1. Since the nonlinear term f is continuous, then a weak solution of
problem (1) is a classical solution.

Theorem 2.1. Suppose (Hp), (H1) and (Hz2) hold. Then problem (1) possesses

, 1
at least one solution uy for every A € (0, ||p||LooMo)'

Proof. Tt follows from (Hsz) that 39; > 0 such that

|F(z,u)| < =u?, for all |u| > dy;

N | —

and from (Hp) that 3M; >0  such that

|F(z,u)] < My, for all u € [—d1,01] and z € (0, +00).
Therefore, we deduce that
(3) |F(x,u)] < M + %uQ, for all w € Rand z € [0,400).

Now (3) together with (H;) (also note the continuous embedding of H{ (0, +00)
in Lg(O, +00) (i.e., note [|ul|2, < ||p||Loe Mollul[* for u € H{(0,+00), see Lemma
q

1.4)) yields

+o0
Tu) = ¢l ~ A /0 4(@)F (z, u(z))dz

Y

1o oo 1,

Slul —)\/O a(@) (M1 + Ju?(x) )da
J I oo Al e

= gl =ans [ ate)da = Sl

1
> 51~ Allpll o Mo)[[ull® = XMlqll .-

2>‘J‘/Il||‘1||]41

1
Thus there exist p > (W) ? > 0 with

J(u) >0 if |lul| =p, andthen inf J(u)> 0,
u€dB,(0)
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and J(u) > —Cy if |ju|| < p, where Cy = AMi||q||z1. Then the functional J is
bounded from below on B,(0). Let ¢1 € H} (0, +00) be defined as in Lemma 1.4.
Fix A in ( ), and let My = 3. From (H), there exists 6, > 0 such that

1
0, =it
(4) F(z,u) > Mslu|?, forall —dy <u < do.

The function ¢; is continuous on [0, +00) (note 1 € Hg(0,+00)) and ¢1(0) =
¢1(400) = 0 80 SUP,c[0,400) P1(7) < ¢ for some ¢* > 0. Hence for every 0 <t <

%2 and (4), we have
C

2 +oo
T = Slenl =2 [ a) P tor (@) da

t2 —+oc0o
< Slalt = an [ @)@

2
s [

— %[l ?

t2 5 t t2 9
= S ler lerl? = 5 ller = —leil? <o.

Thus, when ¢ — 0, we have J(t¢1) < 0. Then we deduce that

(5) inf J(u) <0< inf J(u).
u€B,(0) u€dB,(0)

By applying Ekeland’s variational principle (Theorem 1.1) in the complete metric
space B,(0), there is a sequence (u,) C B,(0) such that

1 1 —
J(up) < inf_J(u) + =, J(un) < J(w) + ~flw —unl,  Vw € B,(0).

u€B,(0) n

From (5), un & 0B,(0). Thus, Vn € N,u, € B,(0) and if we put, w = u, + th,
forallt >0, he H&(O, +00), and n € N, then w = u,, + th belongs to the open
ball B,(0) when t — 0, and then J(u,) < J(up, + th) + Lt||R[], so

J(up) — J(up, +th) 1
/ <Ly,

and we have .
—(J (up), h) < EHh\L for all n € N*.

If we put w = u, — th, then we obtain (J'(uy), h) < 1||h||, Vn € N*. Thus

1
sup [(J'(uy),h)| < =, for alln € N*.
Inll<1 n
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Therefore, we have

|J (up)]| = 0,and J(u,) — ¢\ asn — +oo,

where ¢y stands for the infimum of J(u) on B,(0). Since (uy) is bounded and
B,(0) is a closed convex set, there exists a subsequence still denoted by (uy), and

there exists uy € B,(0) C H}(0,+00) such that

u, — uy weakly in H}(0, 400);
up(z) = up(x) for z in (0, +00);
un — uy strongly in Cj [0, +00).

Consequently, passing to the limit in (J'(u,),¢), as n — 400, we have using the
Lebesgue dominated convergence theorem that

+00 +oo
| (h@e @+ n@ew)i—a [ g@i @@ =o
for all p € H(0,400). That is, (J'(uy), ) = 0 for all ¢ € HZ(0,+00). Thus u, is

a critical point of the functional J, which is a classical solution of our problem. m

3. EXAMPLE

Let f(x,u) = us, q(z) = e p(x) = e~ 3% where k > 0 is a constant. Then
we get

1
us

Vz e RT,Vu e R: |f(z,u)| =

1
<|ul® +1, where 6¢ <§, 1) .

Also

(%)(x) — e ihe, (%) (z) = e"3%% € L', and q € L]0, +o00) N L®[0, +-00).
p2? p

Note conditions (Hy), (H1) and (Hz) hold. Theorem 2.1 can now be applied.
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