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Abstract

Let X be a completely regular Hausdorff space, E and F' be Banach
spaces. Let Cy(X, E) be the space of all E-valued bounded continuous func-
tions on X, equipped with the strict topology 5. We study topological
properties of the space Lg(Cy(X, E), F) of all (5, ] - ||#)-continuous linear
operators from Cy(X, E) to F, equipped with the topology 7 of simple con-
vergence. If X is a locally compact paracompact space (resp. a P-space), we
characterize 75-compact subsets of Lg(Cy(X, E), F') in terms of properties of
the corresponding sets of the representing operator-valued Borel measures.
It is shown that the space (Lg(Cy(X, E), F'),7,) is sequentially complete if
X is a locally compact paracompact space.
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1. INTRODUCTION AND TERMINOLOGY

Throughout the paper let (E, || - | g) and (F, | - ||r) be (real or complex) Banach
spaces, and let £/ and F’ denote the Banach duals of E and F, respectively. By
Bpr and Bg we denote the closed unit ball in F’ and F, respectively. By L(E, F)
we denote the space of all bounded linear operators E to F. Given a locally
convex space (Z,€) by (Z,£) or Zé we denote its topological dual. We denote by
0(Z, Z;) the weak topology on Z with respect to a dual pair (Z, Z{).

Assume that (X, 7) is a completely regular Hausdorff space. Let Bo stand
for the o-algebra of Borel sets in X. By K (resp. F) we denote the family of all
compact (resp. finite) sets in X.
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Let Cy(X, E) stand for the space of all bounded continuous functions f :
X — E. By 7, we will denote the topology on Cy(X, E) of the uniform norm || -||.

The strict topology 8 (denoted also by 3, and ;) can be characterized as the
finest locally convex topology on Cy(X, ') which coincides with the compact-open
topology 7. on 7,-bounded subsets of Cp(X, E) (see [6, 9, 11, 12]). This means
that (Cy(X, E),8) is a generalized DF-space (see [15], [17, Corollary]) (equiva-
lently, 5 coincides with the mixed topology 7|7y, 7¢] in the sense of Wiweger (see
[4, 19] for more details)). Then [ is weaker than 7,, and § coincides with 7, if
and only if X is compact (see [3, Theorem 2.3]).

By L3(Cy(X, E), F) we will denote the family of all (3,] - ||r)-continuous
linear operators 1" : Cy(X, E) — F. The topology 75 of simple convergence in
L(Cy(X, E), F) is defined by the family of seminorms {py : f € Cy(X, E)},
where p;(T) = | T(f)||F for T € L5(Cy(X, E), F).

In this paper we study topological properties of the space (Lg(Cy(X, E), F), Ts).
We characterize 75-compact sets in £5(Cy(X, E), F) in terms of the properties of
the corresponding sets of the representing operator-valued Borel measures when-
ever X is a locally compact paracompact space (resp. X is a P-space) (see
Theorem 3.4 below). It is shown that the space (L3(Cy(X, E), F), 7s) is sequen-
tially complete if X is a locally compact paracompact space (see Theorem 4.2
below).

2. INTEGRAL REPRESENTATION OF OPERATORS ON Cy(X, E)

Recall that a countably additive measure scalar measure v on Bo is said to be a
Radon measure if its variation |v| : Bo — Ry is regular, i.e., for each A € Bo,

w|(A) = sup {|v|(K) : K € K, K C A}, |v|(A) = inf {|v|(0): O € T, O > A}.

By M(X) we denote the space of all Radon measures.

Let M (X, E’) denote the space of all countably additive measures u : Bo —
E’ of bounded variation (|u|(X) < oo) such that for each x € E, p, € M(X),
where p1(A) := u(A)(z) for A € Bo. Then |u| € M(X) (see [10, Lemma 2.3)).

It is known that for p € M (X, E’), every f € Cy(X, E) is u-integrable in the
Riemann-Stjeltjes sense (see [7, Definition 2], [14, Definition 2.2]).

The following characterization of -continuous linear functionals on Cy,(X, E)
will be of importance (see [14, § 2]).

Theorem 2.1. For a linear functional ® on Cy(X, E) the following statements
are equivalent:

(i) @ is B-continuous.
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(ii) There exists a unique p € M (X, E") such that

B(f) = Du(f) = /X fdu for feCy(X,E).

Moreover, ||®,|| = |p/(X).

The following result will be useful (see [12, Lemma 2]).

Lemma 2.2. For a subset M of M (X, E'’) the following statements are equiva-

lent:

(1) supuem [p/(X) < oo and M is uniformly tight, that is, for each ¢ > 0 there
exists K € K such that sup,,epq |u[(X N K) <e.

(i) The family {®,, : p € M} in Cp(X, E)j is B-equicontinuous.

Let ip : F — F” denote the canonical embedding, i.e., ip(y)(y') = ¢/(y) for
y € F, y € F'. Moreover, let jp : ip(F) — F stand for the left inverse of ip,
that is, jp o ip = idp.

Assume that T : Cy(X,E) — F is a (f,] - ||r)-continuous linear operator.
Then according to [14, Theorem 3.1] there exists a unique measure mr : Bo —
L(E,F") (called the representing measure of T') such that the following state-
ments hold:

(2.1)

(2.2)

(2.3)

For every y € F', (mr), € M(X,E'), where
(mp)y (A)(z) == (mp(A)(z))(y") for A€ Bo, z € E.

The mapping F' 3 ¢ — (mr), € M(X,E")is (o(F',F),0(M,E"),Cy(X, E))-
continuous.

mr(X) < oo and for every € > 0 there exists K € K such that mz (X \ K)
< & (here mr(A) stands for the semivariation of mg on A € Bo).

) 1T} = mr(X).

Every f € Cy(X, E) is m-integrable in the Riemann-Stjeltjes sense and
Jx fdm € ip(F) (here [, fdm denotes the Riemann-Stjeltjes integral)

and T(f) = jp(fx f dm).
For every v/ € F’,

y(T()) = ( /X fme)<y'>= /X fd(mr)y for feCy(X,E),

Note that (see [5, §4, Proposition 5]),
mr(A) = sup{|(mr)y|(A) : ¥ € Bp/} for A € Bo.
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Let Beyx,m) = {f € Co(X, E) - [|f]| < 1}.
We will need the following result.

Lemma 2.3. Assume that T : Cy(X,E) — F be (B, | - ||r)-continuous linear
operator and my is its representing measure. Then for vy € F' and K € K, we
have:

(i) |mr)y[(X N K) = SUP{‘ /X fd(mr)y|: | € Beyx,p) with f =0 on K}

= sup{y/(T(1)] : f € Beyox.py with £ =0 on K}
(ii) mp(X N\ K) :sup{H/ fmeH f € Be,(x,p) with f =0 on K}

=sup{[|IT(f)llF : f € Boyx,p) with f =0 on K}.

Proof. (i) It follows from [14, Lemma 2.3] and (2.6).
(i) Using (i), (2.7), (2.6) and (2.5), we get

(X~ K) = sup {\ ( /X f dmr) ()

:y/ € Bpr, f € BCb(X,E) with f =0 on K}

= sup{H /demTHFU : [ € Boy(x,p) With f =0 on K}

=sup{[|T(f)l|F : f € Bey(x,p) With f =0 on K}. -

3. RELATIVE COMPACTNESS IN (Lg(Cy(X, E), F), Ts)

We start with the following characterization of (8, || - || 7)-equicontinuous subsets
of Lg(Cy(X, E), F).

Proposition 3.1. For a subset A of Lg(Cy(X,E),F) the following statements
are equivalent:
(i) Ais (B, - ||F)-equicontinuous.

(ii) suppeqmr(X) < oo and for every ¢ > 0 there exists K € K such that
suppeamr(X N K) <e.

(iii) suppey |IT]| < oo and for every € > 0 there exists K € K such that
supre | [x fdmr||pr < e whenever f € Co(X,E), ||f| < 1 with f =0
on K.
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Proof. (i)=(ii) Assume that A is (8, || - ||r)-equicontinuous. This means that
the set {y' o7 : T' € Ay’ € Bpr} is B-equicontinuous in Cp(X, E)j;. Hence by
(2.6), (2.7) and Lemma 2.2, we get

;uaﬁlT(X) = sup{|(m7)y|(X): T € Ay € B} < o0,
€

and for every € > 0 there exists K € K such that

sup mp(X N\ K) = sup{|(m7)y|(X N K): T € A,y € Bp/} <e.
TeA

(ii)=(i) Assume that (ii) holds. Then by Lemma 2.2 and (2.6), (2.7), we obtain
that the family {y' o7 : T € A,y' € By} is S-equicontinuous in Cy(X, E)j, and
it follows that A is (5, || - || r)-equicontinuous.

(ii)<(iii) It follows from Lemma 2.3. ]
In view of [16, Theorem 2| we have the following useful result.

Theorem 3.2. Let A be a Ts-compact subset of Lz(Cy(X, E),F). Then the
set {yoT : T € Ay € B} is a o(Cy(X, E)’ﬁ,Cb(X, E))-compact subset of
Ch(X, E)g.

Assume that X is a locally compact space. Then 5 = 3, and f is the topology
defined by Buck [2] (see [6, p. 844]).

Recall that X is a P-space if every Gs set in X is open (see [8]). Then every
compact set in X is finite and 8 = B; on Cy(X) (see [18, Theorem 2.2]) and it
follows that 8 = 3, on Cy(X, E).

Note that if X is a locally compact paracompact space (resp. a P-space), then
(Cp(X, E),B) is a strongly Mackey space, that is, every relatively o(Cp(X, E),/Bv
Ch(X, E))-countably compact subset of Cy(X, E)} is S-equicontinuous (see [11,
Theorem 6.1], [12, theorem 5]).

Corollary 3.3. Assume that X is a locally compact paracompact space (resp. a
P-space). Let A be a 75-compact subset of Lg(Cy(X, E),F'). Then Ais (B, ||||r)-
equicontinuous.

Proof. Since (Cy(X, E), ) is a strongly Mackey space, by Theorem 3.2 {y/ o T :
T € A,y € Bpi} is a S-equicontinuous subset of Cy(X, E)/B’ and it follows that
Ais (B, || - ||F)-equicontinuous. ]
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Now we can state a characterization of 7,-compact sets in L5(Cy(X, E), F') in
terms of the properties of the corresponding sets of representing operator-valued
Borel measures.

Theorem 3.4. Assume that X is a locally compact paracompact space (resp. a
P-space). Then for a subset A of Lg(Cy(X, E), F), the following statements are
equivalent:

(i) A is relatively T5-compact.
(ii) A s (B, || - ||F)-equicontinuous and for every f € Cy(X, E), the set {T(f) :
T € A} is relatively compact in F'.
(iii) The following statements hold:
(a) suppeqmr(X) < oo and for every e > 0 there exists K € K (resp. M €
F) such that suppe g (X N K) < e (resp. suppecqgmr(X N~ M) <e¢).

(b) For every f € Cy(X,E), the set {[y fdmp : T € A} is relatively
compact in F”.

(iv) The following statements hold:
(a) suppeq IT|| < oo and for every e > 0 there exists K € KC (resp. M € F)

such that suppe 4 || [x fdmr||pr < e whenever f € Co(X, E), || f]| <1
and f =0 on K (resp. M).

(b) For every f € Cy(X,E), the set {[y fdmp : T € A} is relatively
compact in F".

Proof. (i)=(ii) Assume that (i) holds. Then by Corollary 3.3 the set A is (S,
|| - ||7)-equicontinuous. Clearly for each f € Cyp(X, E), the set {T(f) : T € A} is
relatively compact in F.

(ii)=-(ii) It follows from [1, Chap. 3, §3.4, Corollary 1].

(ii)«e(iii)«(iv) It follows from Proposition 3.1. [ ]

4. SEQUENTIAL COMPLETENESS OF (Lg(Cy(X, E),F),Ts)

It is known that if X is a paracompact space, then X is metacompact and nor-
mal. It follows that if X is a locally compact paracompact space, then g = 3;
on Cy(X, E) and the space (Cp(X, E)j, 0(Cp(X, E)j, Cp(X, E))) is sequentially
complete (see [13, Theorem 3]).

Now we can state a Banach-Steinhaus type theorem for (5, || - || r)-continuous
operators T : Cy(X, E) — F.
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Theorem 4.1. Assume that X is a locally compact paracompact space. Let
Ty : Co(X,E) = F be a (B,] - ||r)-continuous linear operator for k € N. Assume
that T(f) := limy Ty (f) exists in F' for every f € Cy(X, E). ThenT is a (B, ||||F)-
continuous linear operator and the set {T}y : k € N} is (B, || - | p)-equicontinuous.

Proof. In view of the Banach-Steinhaus theorem T' : C(X, E) — F is a bounded
linear operator. Then for each y' € F' (v o T)(f) = lim(y’ o Ty)(f) for all f €
Cy(X, E), where y' o T}, € Cyp(X, E)j for k € Nand y' o T' € Cp(X, E)'. It follows
that (y' o T) is a o(Cy(X, E)j, Cp(X, E))-Cauchy sequence in Cy(X, E)j. Note
that under the assumptions on X, we have that 5 = 3, on Cp(X, E) and hence
by [13, Theorem 3] the space (Cy(X, E)j, 0(Cyp(X, E)}, Cp(X, E))) is sequentially
complete. Hence for each y’ € I’ there exists ®,, € Cy(X, E)j such that ®,/(f) =
lim(y’ o Ty,)(f) for all f € Cyp(X, E). Then y' o T = &, € Cp(X, E)j. Since B is a
Mackey topology, we derive that T is (8, ||-|| r)-continuous. Thus T}, — T for Ty in
Ls(Cy(X, E), F),so{T}, : k € N}U{T} is a T,-compact subset of L5(Cy(X, E), F).
Hence by Corollary 3.3 the set {T} : k € N} is (8, ] - || r)-equicontinuous. |

As a consequence of theorem 4.1 we get:

Corollary 4.2. Assume that X is a locally compact paracompact space. Then
the space (Lg(Cy(X, E), F),7s) is sequentially complete.

Proof. Let (1)) be a 7,-Cauchy sequence in Lg(Cy(X, E), F). Then for each
feC(X,E), (Tr(f)) is a Cauchy sequence in F, so T'(f) := limy, Ty (f) exists in
F. By Theorem 4.1 T is (8, || - || p)-continuous and Ty, — T for 5. |
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