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Abstract

We consider the class GM (3/3) in pointwise estimate of the deviations in
strong mean of almost periodic functions from matrix means of partial sums
of their Fourier series.
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1. INTRODUCTION

Let SP (1 < p < o) [p = o0] be the class of all almost periodic functions in the
sense of Stepanov [the class of all almost periodic functions in the sense of Bohr]
with the norm

™ Ju

1/
T sup{lfqu7r | f(t) [P dt} " when 1 < p < 00,
Sp = u
sup | f(u) | when p = oc.

Suppose that the Fourier series of f € SP has the form

V=—00
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with the partial sums

S’ka () = Z Ay (f) e

IAV‘S’YIC

)

and that 0 = A\g < Ay < A\pp1 ifr e N={1,2,3...}, lim )\, =00, A\_, = =\,
vV—00

|A,|+]A—y| > 0. Let Qg p, with some fixed positive « , be the set of functions of

class SP bounded on U = (—o0, 00) whose Fourier exponents satisfy the condition

Ayl =M >2a (veN).

In the case f € Qq,

st@»—Am{ﬂx+w+fuww»wMAﬁamdu

where
2sin L—;\)t sin Lz)\)t
=) 2 0O<A<m, |t]|>0).

W (t) =

Let A := (ap ) be an infinite matrix of real nonnegative numbers such that

(o]
(1) Zamk:l, where n =0,1,2,... .
k=0

Let us consider the strong mean

o) 1/q
(2) HY 4 f(2)= {Z an ke [Sy f(2) = f (w)q} (¢>0).
k=0

As measures of approximation by the quantity (2), we use the best approximation
of f by entire functions g, of exponential type ¢ bounded on the real axis, shortly
Jo € B, and the moduli of continuity of f defined by the formulas

EU(f)SP = lglf Hf - gUHSP s

wf (5)310 = sup Hf( +t) - f()”Sp s

[t|<é

wﬁwﬁwz{ééﬂwﬁwﬂ%vi

where ¢, (t) := f(z+1t)+ f(x —t) — 2f (x), respectively.

and



POINTWISE STRONG APPROXIMATION OF ALMOST PERIODIC FUNCTIONS 47

Recently, Leindler [4] defined the new class of sequences named as sequences
of rest bounded variation, briefly denoted by RBV'S, i.e.,

(3) RBVS = {a = (an) € C: Z larp — ag+1] < K (a) |ay,| for all m € N} ,

k=m

where here and throughout the paper K(a) always indicates a constant depending
only on a.

Denote by M S the class of nonnegative and nonincreasing sequences and by
GM the class of general monotone coefficients defined as follows (see [9]):

2m—1
(4) GM = {a:: (an) €C: > lag — apy1] < K (a) a| for allmEN}.

k=m

Then it is obvious that
MS C RBVS C GM.

In [5, 9, 10, 11] it was defined the class of 3-general monotone sequences as follows:

Definition 1. Let § := (3,) be a nonnegative sequence. The sequence of complex
numbers a := (ay,) is said to be f-general monotone, or a € GM (), if the relation

2m—1

(5) Y lar = ara| < K (a) B

k=m
holds for all m.

In the paper [11] Tikhonov considered, among others, the following examples
of the sequences 3, :

(1) 18n = lan|,
[cn]
(2) 280 = >, |a—k’“‘ for some ¢ > 1.
k=[n/c]

It is clear that GM (18) = GM and (see [11, Remark 2.1])
GM (18 +28) = GM (2B) -

Moreover, we assume that the sequence (K (an,)),— is bounded, that is, that
there exists a constant K such that

0< K (o) <K

holds for all n, where K («,,) denote the sequence of constants appearing in the
o o e o0
inequalities (3)—(5) for the sequences v, := (an k)
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Now we give the conditions to be used later on. We assume that for all n

2m—1 [em]
Qn
(6) > ang = angr| <K ) k’k
h=m k=lm/d)

holds if v, = (ank) s, belongs to GM (28), for n =1,2,. ..

In this paper we consider the class GM (3/3) in pointwise estimate of the
quantity H fl’ Ay f. Thus we present some analog of the following result of Pych-
Taberska (see [8, Theorem 5]):

Theorem 2. If f € Qy 00, @ >0 and q > 2, then

1/q
IS ™ ! £l g0
HY H < S ,
H n,A,'Yf Goo < n—+1 kz—o wf k+1 goo + (n+ 1)1/q
forn=0,1,2,..., where v = (yy) is a sequence with v, = %, anp = n%_l when

k <mn and ay,} = 0 otherwise.

We shall write [ < Iy if there exists a positive constant K, sometimes
depended on some parameters, such that I < K.

2. STATEMENT OF THE RESULTS

Let us consider a function w, of modulus of continuity type on the interval
[0,+00), i.e. a nondecreasing continuous function having the following properties:
wy (0) = 0, wy (61 + 02) < wy (61) + wy (d2) for any 1,02 > 0 with = such that
the set

1 /9 1/p
QL (12) = {f e e e R e

and wgf (0)gp < wy (0), where 7,8 > O}

is nonempty. It is clear that Qg (W) € Qqp (wy) , for p’ < p.
We start with proposition

Proposition 3. If f € Q,, (w;), a >0 and g > 0, then

1 2n . 1/q -
{n+1,§1‘5?f(x)_f(x)‘} <<ww<m>+Ean/2(f)Sp,

forn=0,1,2,...
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Our main results are following

Theorem 4. If f € Qo p (wy), @ >0, ¢ >0, (apk)rey € GM (28) for all n, (1)
and lim,,_, an o = 0 hold, then

. q) V4
HZA,’yf( < {Za”k [ww <k:—i—1) +E 1+[c] (f)SP] }

k=0

— _ ; : _ ak
for some ¢ >1 andn=0,1,2,..., where v = (V) is a sequence with v = 5.

Theorem 5. If f € Qqp (wg), @ >0, ¢ >0, (ank)rey € MS for all n, (1) and
limy, o0 an,0 = 0 hold, then

) 1
HY (= <<{Zank[ <k+1>+Ea2k(f)Sp]}

forn =0,1,2,..., where v = () is a sequence with vy, = %"”
Remark 1. Since
1/p
[ e0-vurara] | <wros
Sp

and
[w.f(6)grllgy < wf(6)gws

the analysis of the proof of Proposition 3 shows that, the estimate from Theorem 5
implies the estimate from Theorem 2 with p > ¢ (without change ¢ instead of ¢’ in
the estimate of the quantity {%H S |Ig(k:)’q}1/q). Thus, taking a, , = %H
when k& < n and a,j = 0 otherwise, in the case p = oo we obtain the better
estimate than this one from Theorem 2 [8, Theorem 5].

3. PROOFS OF THE RESULTS

3.1. Proof of Proposition 3

In the proof we will use the following function ®, f (4, v) = % f:+6 g (1) du, with
0 =0bp = nL+1 and its estimate from [6, Lemma 1, p. 218]

(7) @, f (61,02) < wy (61) + wy (J2)

for f € Qq,p (wy) and any 6y, 2 > 0.
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Since, for n = 0 our estimate is evident we consider n > 0, only.
Denote by S}, f the sums of the form

_ AT
Suf(x)= ), Av(f)e
| <%

%, T) does not contain any \,. Applying Lemma

1.10.2 of [7] we easily verify that

such that the interval (

Stf(2) — f (x) = / " (0 W (1) d,

where ¢, (t) :=f(z+1t)+ f(z —t) —2f (x) and Vi (¢) = ¥ op aern) (1), L€,

2

4sin %t sin

a(2k41)t
Uy (t) = 1

amt?

(see also [3], p. 41). Evidently, if the interval (%k, a(k;l)) contains a Fourier

exponent \,, then
Sof (2) = S f (@) = (A (£ ™7+ A, (e ™).
We can also note that if f € Qqp (w;), with p > 1 and ¢ > 0, then there exists

q > q such that ¢ > 2 and p' = q,q—il < p. Thus,

/

) L4
q }

2n 1/q 2n
{HLZ\S@J@*J‘@)V} S{nilz‘Sazkf(m)—f(x)
k k=n

=n

Since (see [1, p. 78] and [2, p. 7))

00 1/¢
{ > \Au(f)lq/} < fllgr and [ fll g <N fllge

V=—00

where ||-|| g, with p’ > 1, is the Besicovitch norm, so we have

A (Nl = |Ail’ (f - gau/2)’ < Hf _gau/2Hsp’ < Hf - gau/2Hsp = Eaps2 (f)sw

for some g,,,/2 € Bayy2, With ak/2 < ap/2 < A,. Therefore, the deviation

1 2n K
{Hlkz\sa;ﬂx)—f(a:) }

=n
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can be estimated from above by

2n

1
{n+1z
k=n
1 2n
= {n+1z
k=n

where £ equals 0 or 1. Putting h,, = 27/a(n + 1) we obtain

q } 1/q'
hn (n+1)h 0
/ / / Px (t) \I}kJr/i (t> dt
n (n+1)hn

14 2n 1/¢
1 /
S{nHZM } {Hzm }+{n+1k§;|fs<k>rq}.

So, for the first term we have

1 & q "
{Hl;‘h(’“)' }

o gy Ve
= {n—i— 1 ,CZ:;L }
_aln Z:HJFD /Oh" oo ()] dt < <2++> waf <oz(n27—rkl)>5p

T
< Wy (n—i—l)'

Next, we estimate the second term. We have

1 2n l/q/
{H SNACK }
k=n

2n
1 4 DR (B f (5,,1) — @n (t)sin & ot
< § — ’ z 2 sin—(2k+2k+1
< {n+1k-n /h sin — (2k + 2k + 1)dt

. q 1/q' 1 on / 1/q
/0 Px (t) ‘llk-‘m (t) dt } + {n+1 kz_;l(Eakﬂ (f)Sp)q }

q 1/q
} +Eam/2 (f)SP )

/0 " o () W (1) dt

2n

1
{n—i—lkz:;

/0 " o (1) Wiy (1)

/
7 V4

n+1

4 hn sin%t .oat
owr/o oz (t) 2 st(2k—|—2/€—|—1)dt

am t2 4

q/ }1/(]/
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N 1/d
2n (n+1)h, o oat a
1 4 Oy f (0n,t) sin ot
— in —(2k 4+ 2 1)dt
n—i—lkz:;l onr/hn 12 Sln4( +2k+1)

1 2n 1/‘1/ 1 2n 1/11/
= Ly (k)| o (k)7 .
{n+1]§21(’€)| } +{n+1,§'22<k)' }

From the Hausdorff-Young inequality [12, Chap. XII, Theorem 3.3 II] we obtain

2n

1 1/q’
Toa (k)9
(it S moor |

=n

'y 1/d
2n i !
5 1 a [OHEDR (B, f (§n,t) — o (£))sin & ot akt
§a2{n+1,§ %/ P sin 7 (2 1) cos =t

1y 1/d
2n . q
1 (nF DR (Do, f (6, t) — oo () sin 2F
+ 8 { E a/ (@7 ( ) = ¢ (t))sin cos%t@n-l—l)sin—a;tdt

a? | n+1 o/, t2
» 1/p’
dt}

n

k=n

1 /(n+1)hn
L ——
(n + 1)1/q .
(DR | (4 (80, t) — o (1)) sin 2
+ 2
h”VL
< 1 {/(n+1)hn
(n + 1)1/(1/ n
1 (4 D) hn o M
— dt
(n+1)"" /

1 (n+1)hn 1 dn p’ 1/p’
S 7 / [g/ low (u+1t) — @u (1)] du] dt
(n + 1) hn n Jo

and by the Minkowski inequality, for p’ > 1, we have

(P f (On,t) — pu () sin &t
t2

sin O%(2/€ +1)

o 1/p’
i} )

cos %t (2k+1)

' 1/p’
dt}
1

t+on
T / (2 (u) — pu (8)) du

Puf (6n,t) — pa (B)
t

1 2n 1/q
{n+1 > ) }

k=n

" ' 1/p’
PR S /5" /< O oy (wt ) — e OF T
(n+ 1)1/,,/ on Jo h tr'

n
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n

1/p’
1 1 n (n+1)hn 1 d t ,
:(Jrl)wé/o Vh W </0 [a (u+5) = 0 ()] d8>dt du
n n
(n+1)h,

1 1 On 1 t ,
[ ——
(TL =+ 1) n JO 0 e
(n+Dhn 1 /1 ft , 1/p’
! P
+ p/ W (t/ Pz (u+ ) = a (s)] ds) Aty du
h 0

n

1 1 [, a\p [(FDha /
<<<n+1)“q’5n/o {(zw) /0 [pa (u+5) = pu (s)[ ds

53

, 1/p’
D\? [ , (ntDhn ,
+ <a(n+)> / “pz (U + S) — Pa (8)|p ds + p// : (wz (u))p dt du
2 0 . P

1 1 On ’ p —1 1 p'—1
< 71/(1/*/ wh (u) (g) =+ (a(n—i—))
(n+1) on Jo 2 o
(n+1)hn 1 1/]7/
/
+p An t?dt du

1 .
RsnAL LS Bl Ly
n

ti-p

(DR Y /P

hn

<wy (62) (n+ 1) (n+ )T <, <nj— 1> .

Moreover,

’ l/q/

2n (n+1)hn L at
1 4 &, f (6, ot
= wm%@“%mdt

ar Jh., t2

2n n " . N ,
—{ 1 i (n+1)h o f (6ut) slnf% (—COSJ(2k+2/§+1)>dt

n+1 arm Jp, 12 T(2%k + 2k + 1)

4
ar [‘Drf (60, t)

sin &t (—cos ?(2k+2,€+1)>:|(n+1)hn

2 <2k + 2k + 1) .

1/q'
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4 (n+Dhn g
L AT

1 2n
= {n—f—lz;I

<<I>xf (6,1

’ 1/q
sin &L\ cos 2E(2k + 2k + 1) tq
t2 T2k +2k+1)

;4<D:1:f <5na 27T> (3)2 = g(Qk; + = - 1)
m «

k=n ! 2n/ G2k +2k+1)
q/ 1/‘1/
+ i o, f (6 2w sin 2(7:;_1) cos 2(n11)(2k+2/<;+1)
QT z n’a(n+1) ( o )2 %(2]{3+2[{+1)
a(n+1)

ar dt 2 22k + 2K + 1)

n

1y 1/d
4 (’nr‘rl)hn d s at at 2k + 2 + 1 4q
/ En ((I)mf (5nat) = 4 ) = ! ( i )dt
h

1 2n
+ {n+lz

k=n

1 2 1/q 1 2 1/q
_ da q
= {n+1k2|1221(k‘) } +{n+12|1222(k‘) } :

=n k=n

For the first term, using inequality (7), we obtain

1 2n 1/q’
{i Yoo}
k
N 1/4
1 2n i o f 5 21 1 q /a
n+1 & i "o )| (2k + 2K+ 1)
’ 1/
A0t D) | (5 27 1 A
72 T\ am+1) )| (2k+ 26+ 1)

q/ 1/q,
W, (5) + (f))) }

’
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For the second term, using (7) and the Hausdorff-Young inequality [12, Chap.
XII, Theorem 3.3 II] we have

1 2n 1/q'
{lemmwﬂ
k=n

<
= 1/ 1
(n+1)"1 {kn

(n+1)hn d sin & ot
B, f (60, ok 42k +1
e /h T ( of (6n,t) e ) cos — (2k + 2k + 1)dt

q/}l/q'

1/p’

(n+1)hn sin ot p’
4
< n+11/q+1{ <I>f(§n,t) 2 ) dt}
(n+1)hn Sinoit
4
< (n+ 1) 1/q 1 { |<Pz (6n +1) — pa (1) o

1/p’

242 cog 2L _ Ofgin 2t v
b 1@f (6,0 EES 4 ) dt

14

1/p’

1 (n+1)hn 1 p’
< W /h (m |S0z (6’)1 + t) — Pz (t)|) dt

' {/( (e o) <t>>)p/ dt}

Further, by partial integration the considered term does not exceed

1 1 o t 5 y . (n+1)hy
m 57,; ) Pz (0n + 1) — @a (W[ du .
1/p’

p/ (n+ 1)hn , 1 t ’
s 2T (3 [ e Gt 0= o 0 ) a
o Jh, tJo

’
1/p 1/p’

L )

1/p’

1 1 (n+1)hy, ,
<,{a/ (a5 + 1) — ¢, ()" du
0

(n+ )Y |6, | 27

1/p’

hn ’
““*”A wﬂ%+m—%wwd%

21

n

+ %(n + 1)t {
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1/p’

1 (n+1)hn , ,
+ 5 / t7P (wy (6,))F dt

n hn

1/p’ 1/p’
+ wg (6n) gl +(n+1) ™ il R
—2p' +1 . n+1 - +1 N
1 1 1 1y

< T g e O) + e ) ('

e (6 (14177 (ot ()

™
LWy | —— .
(n+1)

For the third term we obtain

(n+1)hn (1)
; > /( (0w (8) — @uf Ok, )] g (1) dt

1 %  p(n+1)hn (u+1)
21 / O f (Op, 1) Wy (1) dt

1 2n 1/q 1 2n 1/q
q q
n+12|131(k)| } +{n+1;|f32(/€)’ }

o0

(n+1)hn(u+1) 9
Ik < —% / (00 (1) — ®of (50, 1) 2t

o0

4 (n+1)hn(ﬂ+1) 1 Ok
> s [ loa® = a0+ w)l |
( okt Jo

anm u:]_ n+1)h’ﬂiu'

4 1 [ (n+Dhn(p+1) q
= —— — s (t) — @i (t +u)|dt y du
= ;{/WW e (1) = ou (04 )

I

IN
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Ok (n+1)hn (p+1)
- o0 (5) = o s+ ) ds|
am o / Z { [tQ / (n+1)hnp
(n+1)hn (u+1)
+2/ [3/|4p$ — ¥ s—i—u)]ds]dt du
(n+1)hnp t
1 /% X 1 (n+1)hn(u+1)
< 2 (8) — r (s +u)|ds
5k/0 ;{[(nﬂ)hn(uﬂ)]?/o 0 () = o (s )

(n+1)hnp
- ), @ <s+u>|ds}du

1 [ (n4+1)hp (u+1)
—I—/ / [ / 0z (8) — vz (s +u ds]dt du.
5k 0 221 (n+1)hnp t3 ‘ )|

Since f € Qqp (wz), thus for any «

1 1
lim - +u)lds < lim —w, < lim —wg (6
Cmgz/ o ( ds < lim Zue (u) < Jim Zus (5

1
< lim —w, =0,
< Jim = (m)

and therefore,

1 O o o 27/«
< | = _
bl < 5 [ [% JAC %<s+u>|ds] du
1 (nt+1Dhn(p+1)
+ = du / —dt

1 [% 1
< 5/ w, (1) du 4 w, (5@272 < wy (0k) -
k JoO

= (n+ 1)hpp

Next, we will estimate the term |I32(k)|. So,

9 X (n+1)hn(u+1) O, f (6, 1) d ot(k+k) at(k+r+1)
Isp(k) = — / M* S22 —E—+ 0 = dt

aT (n+1)hpp t dt o ;‘“) o +2’§+ )

2 & [ @, f ( 5k, ( cos 2UEER) g allhtnd]) )] (1) (1)

= — - +
aT Z a(k+k) a(k+k+1)
n=1 2 2 (n+1)hnp
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L2 f: /<n+1>hn<u+1> d <q>z f(ék,t)) (cos Al cos at<k+25+1>> B
(

2 a(k+k) a(k+r+1)
aT lLLZl n+1)h7LH dt t 5 5

= I391 (k) + I32 (k).

Since f € Qg p, thus for = (using (7))

" D, f (0k, 2¢) (_cos [¢(k + K)] 4 cos ¢ (k+ K+ 1)]) ‘
m T 12 a K [ K
¢(—o0 [204 C] (k; ) (k+2 +1)
. Wy (5k) + wy (QWC) . Wy (5]43) + Qg (ZW) 14 ¢
< a Q =
< Clg)go om 2R < Clglolo k < wy () 131010 2 0,

and therefore,

I321 (k) = OMZ[ o/ 5’“’ (”+1)) <_COS[7T(M+1)(I§+/<;)]

+ 1)] Oé(k;-/q,)
COS[W(M-i-l)(k—i—n-i-l)]
i a(ktrtl)
2
O, f (Ok, 2 1) < cos [mu(k+ k)] cos[mp(k+ K+ 1)})]
2 - +
o alktr) alktrtl)
[ou] : :
_ _i o, f ((5k,27T/04) _(_1)(k+f-c) (_1)(1~c+;@+1)
arm - [2n/of’ alitn) T alidrd])

1

1 1
73 Paf (O, 2m/a) (=1) Frrtl ktn

Using (7), we get

1 2
I ) 2 ——— (wy, 2 (2 :
oo ()] < g 19 (00, 27/0)] €~ (1 (60) + s (2m/)
Similarly
9 19 (n+1)hn(p+1) iq)w ) ,t 20, ) t
1322(k):Z/ < iz(k = J;gk )

2
a(k+k) a(k+r+1)
2 2

cos at(k;’{) cos 2Hktrtl) ) o
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and

/(n+1 Pn(Bt1) o (£ 4 61) — ¢

(n+1)hpp 5k’t

|IS22 (k)| << k‘—l— 1 Z [

(n+1)hn (u+1)
.y 12t (10,
(n+1)hnp t

o0

8
a? (k4 1) woy =

IN

/(n+1)hn Y Jpw (4 0k) — oo (B)]

[e.e]

16

- - dt
a?(k+1)w =

+

/(n+1)hn(u+1) Wy (5kz) + wy (t)

o0

< mwx (5) + k}rl ;1 sz (0k) + wq <27r (p;+ 1)>> 4;13}

- . o . (250D
< we (00) + —— |wa (003 = + M]

1 47\ o=+ 1
<<wx(5]g)+m w;r((sk)‘i‘wa: (a>z )

< wg (Or) + kil (wx (0k) + wy (i) )M

Therefore,

I3 (k)| < we (6;) + k,_lH (“’»’C (%) + wa (ch) e <4§>>

and thus
2n 1/q 2n e
1 1 T 1 7\ \ ¢
q J—
(efmor) < e £ e ) eam )

and the desired result follows. []
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3.2. Proof of Theorem 4

For some ¢ > 1

olel _q 00 1/q
HY g f @) =Y an |Seaf (@) = f @)+ anp|Sasf (@)~ F @)
k=0 k=2ld
old _1 . 1/q 0o om+l_q . 1/q
<Y an[Sas @ = f @) p YD ank|Senf (@) ~f (@)
k=0 m=[c] k=2m

Using Proposition 3 and denoting the left hand side of the inequality from its by
F,, ie., F, = w, (#) + B, (f)gp , we get
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By partial summation, our Proposition 3 gives
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Since (6) holds, we have
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Finally, by elementary calculations we get
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Thus we obtain the desired result. [ ]

3.3. Proof of Theorem 5
If (ank)pey € MS then (an)iey € GM (2) and using Theorem 4 we obtain
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This ends our proof. [ |
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