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Abstract

The statistics of generalized F' tests are quotients of linear combi-
nations of independent chi-squares. Given a parameter, 6, for which
we have a quadratic unbiased estimator, 6, the test statistic, for the
hypothesis of nullity of that parameter, is the quotient of the positive
part by the negative part of such estimator. Using generalized polar
coordinates it is possible to obtain selective generalized F' tests which
are especially powerful for selected families of alternatives.
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We build both classes of tests for the orthogonal and associated
mixed models. The associated models are obtained adding terms to
the orthogonal models.

Keywords: selective generalized F' tests, generalized polar coordi-
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1. INTRODUCTION

Generalized F' tests were introduced by Michalski and Zmyslony (1996)
and (1999), first for variance components and later for linear combina-
tions of parameters in mixed linear models. The statistics of these tests
are the quotients of the positive by the negative parts of quadratic unbiased
estimators.

To obtain selective generalized F' tests for the fixed effects part of mixed
models generalized polar coordinates are used, (see Nunes and Mexia, 2004).
The statistic of these tests is the statistic of the generalized F' tests for the
same hypothesis coupled with a vector of central angles. In this way it is
possible to increase the test power for the selected family of alternatives.
This possibility had already been considered for the usual F' tests (see Dias,
1994). Moreover both F and selective F' tests have been considered for
balanced cross-nesting models (see Fonseca et al., 2003, and Nunes et al.,
2006).

The distributions of the test statistics of generalized and selective genera-
lized F tests have been studied (see Fonseca et al., 2002, and Nunes and
Mexia, 2006).

In what follows we consider generalized and selective generalized F' tests
for orthogonal mixed models. In this way we extend the results of Nunes
et al., (2006) for balanced cross-nesting models. We will obtain interest-
ing monotonicity properties that enable us to consider the extension of our
results to associated models. These models are obtained adding terms to
the orthogonal mixed models. Actually such extension has already been
considered (see Nunes and Mexia 2006), for balanced cross-nesting.

The next section is divided into two subsections, on distributions and
algebraic model structure. The results presented in this section will be used
in the study, first of generalized and then of selective generalized F' tests,
for orthogonal mixed models.
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2. PRELIMINARY RESULTS

2.1. Distributions

The vectors in this section will have & components, those of 1 [Bz] being equal
to 1 [0 except the i-th which is 1] and ¢, =1—p, i=1,.,k Moreover
uov will be the vector with components u;v;, ¢ = 1,..., k, and Xf,,(s will be
a chi-square with g degrees of freedom and non-centrality parameter 6. We
will only consider independent chi-squares.

With h < k let Fj,(.|a,g,d) be the distribution of
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Besides this we have

h h
2 2 2
Z AiXg;,5; Z AiXg;,8; +aixs
pr [ = < = =1,7=1,..h
2 2
Z @iXg;,5; Z @iXg;,5;
i=h+1 i=h+1
(2.4 |
h h
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pr| 2 > —= =1, =h+1,.,k
2 2 2
Z iXg;,8; Z @iXg;,5; + airXa
\ i=h+1 i=h+1

and since the second fractions will have distribution F3(.|a, g + 2p.,, 0), 4 =
1,....k, we have

F(zla, g +2(j + Dp,,,0) < Fu(zla, g + 2jp,,,9),

(2.5)

Fy(zla, g +2jp,,.0) < Fn(zla,g +2(j + 1)p,,,9)

G=0,0 i =ht1, .k
Now
5, \7

OF(la.g.0) 1 s £2 (%)

gl Loyl
(2.6) j=0

(Fu(zla. g + 20 + Vp,. 0,0) = Ful#la,g +2jp,,.4,9))
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SO
0Fy(zla,g,0) )
a5, <0,i=0,..,h
(2.7)
0Fy(zla, g,0) )
Ty >0, =h+1,..,k

Let us now assume that d;, i = 1, ..., k, to be realizations of the non-negative
random variables V;, 7 = 1,...,k, components of V, with distribution Gy
and moment generation function Ay. We put

(2'8) )‘K7 (ﬂ) - Hle 811/?1

and point out that Ay (w) is defined whenever u < 0.
The distribution of 3(a, g, V) will be

Fy(zla, g, \v)

k .
Vi\Ji
+o00 +oo H (5)
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It is also easy to see that, if Pr(V > 0) =1,

Fh(z|g,g, Av) < Fh(z|g,g, )\giz), 1=1,....,h
(2.10) :
Fh(z‘gvgaAZ) >Fh(2‘Q7Qa/\g2M)a Z:h+177k

since the i-th component of ¢,V will be null while the corresponding
component of V will be positive with probability one.

2.2. Models structure

In this section we will use commutative Jordan algebras, CJA. These are lin-
ear spaces constituted by symmetric matrices that commute and containing
the squares of their matrices. Seely (1971) showed that for any CJA A there
exists one and only one basis, the principal basis pb(A) of A, constituted by
pairwise orthogonal projection matrices.

If @ = pb(A) ={Q1,...,Q/}, given an orthogonal projection matrix Q €
A, we will have Q = Z§:1 a;Q; but, since @ is idempotent and the @1, ..., Q¢
are pairwise orthogonal, a; = 0 or a;j =1, j = 1,...,£. Thus any orthogonal
projection matrix belonging to a CJA will be the sum of all or part of the
matrices in the principal basis.

Let us now consider symmetric matrices My, ..., M,, belonging to a CJA
A; contained in another CJA Ay. With pb(A,) ={Qu1, ..., Qus,}, u=1,2

we will have

u

(2.11) M= buijQujs i=1..,w, u=1,2,
j=1
as well as
(2.12) Quj= > Quj, j=1,..01,
J'€p;j
where the ¢1,...,¢,, are pairwise disjunct sets. If we put B, = [by ;]

u = 1,2, we see that the columns of By with indexers in a set ¢;, j = 1,..., 41,
are equal. Thus rank(B;) = rank(Bsg). Moreover, if
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Byi1 0
(2.13) B, = Cu=1,2,
Bu21 Bupp

where By, 1,1 has m rows and ¢,, columns, so that B, 21 will have w —m rows
and also ¢, columns and B, 22 w —m rows and ¢, — t,, columns, v = 1,2.
We also will have rank(By1,1) = rank(Bg,1) rank(Bi2,1) = rank(B221)
and rank(B122) = rank(Bsys22). Thus the row vectors of By o9, are linearly
independent if and only if the row vectors of Bg 3 o are linearly independent.
As we shall see this observation will be important.

Let us consider a normal mixed model

i=m+1

(2.14) Y=>"XiB,+ > Xif,
=1

where ﬁl, e ﬁm are fixed and the

null mean vectors and variance-covariance matrices U?Ici, i=m+1,..,w.

Emﬂa coey éw are normal, independent with

Many times X,, = I, and Ew = e, an error vector. Then Y will be normal
with mean vector

m
(2.15) p=> Xp,
i=1
and variance-covariance matrix

(2.16) )= Y P

i=m-+1

where M; = XZ~XZ-T ,t=1,...,w. This model is orthogonal when the matrices
M; commute.

Now, see Schott (1997, pg 157), the matrices M;, i = 1,...,w,
commute if and only if they are diagonalized by an orthogonal matrix P.
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Thus if the model is orthogonal, Mj, ..., M,, € V(P) with V(P) the family
of matrices diagonalized by P which is a CJA. So, the model is orthogonal
if and only if the matrices My, ..., M,, belong to a CJA. Since intersecting
CJA gives CJA there will be a minimal CJA A = A(M) containing M =
{Mi,..., M}, the CJA generated by M. With @ = {Q1,...,Q;} = pb(A)

we have
é .
(217) Mz = Z b@ij, 1= 1, ey W
j=1

Now the space €2 spanned by p is the range space of
m m .

(2.18) M=) ( bm‘) Qj»
i=1 jeD \i=1

with D= {j : >, b” # 0}. Thus the orthogonal projection matrix 7" on
Q will be

(2.19) T=> Q;

jED

We can always reorder the matrices in pb(A) to get D= {1,...,d}. Then,
since the matrices M;, i = 1,...,w, are positive semi-definite,

bij=0,j=d+ 1,6 i=1,..m,
and so

Biy 0

(2.20) B=|
Bs1 Bas
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As we saw, if for another CJA containing M, we have
k
(2.21) M; = meQj, i=1,..,w,
j=1

we will have

By 0

(2.22) B
Bs1 Bas

and the row vectors of By o are linearly independent if and only if the row
vectors of By 9 are linearly independent.

We then have b; ; =0, j =d+1,....k; i=1,...,m, and

w k

k
(2.23) P = > oD bi Q= Qs
i=1

i=m+1  j=1

with
w
(2.24) vi= Y bior.
i=m-+1

Putting ¥(1) = (71, - 74)> A2) = (a1, ) and 02 = (02,1, .., 03) we
have

(2.25) :
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and, since the column vectors of B; , are linearly independent, we will have

(2.26) ,

where (B, 5)* is the Moore-Penrose inverse of B ,.

Let now the row vectors of A; constitute an orthonormal basis for the
range space of Q;, then Q; = A]-TAj and AjAjT = I,,, with g; = rank(Q;),
7 =1,...,k. We may assume that the observations vector spans R" so that
Sk ATA; =" Qj =1, Then with

ﬁj:AJH’ i=1,..k
(2.27) R ,
_jZAjX, Vi :1,...,k

3

we will have n; = 0,7=d+1,....,k, and

d
n= ZAJ'TQJ‘
j=1

(2.28)

These expressions show the central part that vectors n Lol [ﬁl, 1] k] play
in our model.

3. GENERALIZED F' TESTS

We start by obtaining sufficient and complete statistics. Since the @Q;, j =
1, ..., k, are pairwise orthogonal projection matrices we will have
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_ 1 1
(3.1) IY)T =) —Q =) —Al A,
=19 =117
so that, with S; = Hh_ijz, j=d+1,.. k,
E o, —n 2
Y- Y- =) 377]
; J

Jj=1

d o 2
177, =, L5

(3.2) ::;ég > o

Using the factorization theorem and the fact the normal distribution belongs
to the exponential family with, for these models, a parametric space that
contain open sets, we establish the first part of the thesis of

Theorem 1. The ﬁl, ...,ﬁd and Sqy1, ..., Sk constitute a sufficient complete
statistic. Moreover the ﬁl,...,ﬁd, 7(2) with components 7; = g—j, j=d+
1,...k, 3> = (B],)"3(2) and (1) = BJ,(By,)7(2) will be UMVUE.

Proof. The second part of the thesis follows from the first part and from
the theorem of Blackwell-Lehman-Scheffé. [

Now we can put

(33) Ui2 = Z bi,j’Yj — Z bi,j’Yj’ 1 =m++ 1,...,1&),

ice; j€p;

with goj Ug;, C{d+1,...k}. Thus the positive and the negative parts of

i - 2 wi 5 5
an unbiased estimator for o7 will be 3. oF bij5+ and > e . bij5+ and the
statistic for testing
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(3.4) Hy:0?=0,i=m+1,.

be v
Zbd Z %Xfy

& jcp; jewj’
(3.5) S = Z N TR
,J Z g; 9
VIS VIS ’
The orthogonal model
(3.6) Y = ZAT~

has associated models given by

(3'7) Za - X+Zp7
where
k
+
(3:38) Y, =) AlZ;
j=1

The Z,, ..., Z), being independent of the 7, ,ﬁk We take
(3.9) Vi=—ZlI% i=1,....k,
i

and represent by G; the joint distribution of the V; with j € goj
¢, i =m+1,..,w. With h; = (o), ki — h; = t(p;), a; the vec-
tor of the coefficients for the positive and the negative parts of the es-
timator and ¢. the vector of number of degrees of freedom, the distri-
bution of & for the orthogonal model be Fj, (. |Ql,gl.), it =m+ 1., w



GENERALIZED F TESTS AND SELECTIVE GENERALIZED F TESTS ... 241

When we go over to the associated models we get the distribution
Fhi(.\gi,gi,Gi), i = m+ 1,...,w. Our results of Section 2.1 show
that the effects of the Z;, j = 1,...,h;, is to "increase” the test statis-
tic possibly leading to pseudo-significant results. Moreover the effect of
Zj, j = hi+1,.. ki, will be to "decrease” the statistic leading to loss of
power.

Likewise if we go to the fixed effects part, and given

(3.10) Y=Wn, j=1,..d

we have the UMVUE ¢ = Wil j =1, d.

Moreover we want to test
(3.11) Ho: ¢ =1,
Since é will be normal with mean vector ¢ and variance-covariance matrix
WASY)A W =W,
the quadratic form
U= (2-2) (77) (2- 1)

will be (see Mexia 1990), the product by v, of Xfyﬁo with ¢ = rank(W)

and

(3.12) 50:l(¢_%)T<WWT>+<g_%>-
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When Hj holds, dg = 0, and if the row vectors of W are linearly independent,
WW T will be positive definite so (WW T)* = (WW T)~! and the hypothesis
may be rewritten as

(3.13) Hyp: A=0,

with A = d¢7;. In what follows we will restrict ourselves to this case.
Now

(3.14) E(U) = g7 + A

and for ; we have the UMVUE

(3.15) ;)v/j = Z Cj,v;)v/v - Z Cj,v;?va

veapj CS

where <p;r Up; C{d+1,..,k} and the ¢;, an element of By (Bj,)".

Thus for A we have the quadratic unbiased estimator

~ Sy Sy
(3.16) A=|U+gyg Z cj,vg— -9 Z Cj,vg_

vE@pj_ anpj'

So we will have the test statistic with distribution Fy,(.|a, g,d0p,), where
a has components v;, gcjw;y—z, v € p; and gcm;—z, v E goj while the com-
ponents of g will be g, g, v € ¢; and gy, v € goj and h; = j:t(@;) + 1.
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Since in the test statistic

U+g Z Cjﬂ)%

v

cp.
(3.17) F= i
Sy
g Cj,v_
Uzew 9
J

only the term U may have non null centrality parameters, from our results
in Section 2.1, it follows that this test will be strictly unbiased.

If we go over to associated models we can reason as above to show that:

e the Z,, with j e ®; ”increase” the statistics leading, possibility, to
situations of pseudo-significance;

e the Z,;/, with j e gpj, ”degrease” the statistics leading to a loss of test
power.

Moreover, if we replace ﬁj by ﬁj + Z; we will have, with % =Wn,,

U= (ﬁj +tZ;- QO>TWT (WWT)AW@J T4 _ﬂo)

so when Hy holds and dp = 0, the perturbations Z; may lead to pseudo-
significant results.

4. SELECTIVE GENERALIZED F' TESTS

To obtain selective F' tests we use generalized polar coordinates. Let
1 have s components. Given a point in R® with cartesian coordinates
(21, ...,zs), and generalized polar coordinates (r,01,...,05_1), we will have
r =||z| and

Ty = Tg]' (Q)v

where 0 = (61, ...,05s—1) and
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((01(0) = cosfp---cosfs i

4.1 £;(0) = cosBy---cosbs_;sinfs_;1q1, j=2,...,s —1
J J J

ls(0) = sinby

For the central angles we have the bounds

wla

<0; <

wla

(4.2)
0<0,_1<2r

which define the domain D of variation of the central angles.
Given z the corresponding vector of the central angles will be §(z)

The use of generalized polar coordinates enables us to obtain tests for
alternatives

(4.3) =1,
to
(4.4) Hy:1 = %

such that, 0(y, —1,) € D1C D.
In the previous section we presented a statistic F for the (non-selective)
generalized F' test for Hg. Now , when Hy holds F is independent of

0=0(4-,)

(see Nunes and Mexia, 2004) thus we now use as test statistic the pair
(F,0), rejecting Hy when F> f and © € Dj. The test level will be the
product of Fj (f|a,g), (see Nunes and Mexia, 2004),
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Pr (@ € DlyHo)

()
= —2r oo [ cos0272 . cosOs_o | | d6;.
ms/2 /1)1 / ! ]1_[1 !

Many times, when ) = ;s 0(z) € Dy if and only if the g; components satisfy

¢ order relations. Since ﬁj —1; will be normal with null mean vector, when
Hy holds, and variance-covariance matrix ~;/,, we will have

1l

Pr(© € Di|Hy) = —.

9j:

Going over to the associated models, we will assume only perturbations Z ;,

7 =d+1,....k, so that @ will have the same distribution as before and F
will continue to be independent from © when Hj holds. We can now reasons
as before to see that:

e the Z,, with j e ©i, ”increase” the test statistic leading, possibility,
to pseudo-significance;

e the Z,, with j e gpj, ”degrease” the test statistic originating loss of
test power.
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