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Abstract

Some sufficient conditins for tightness of continuous stochastic
processes is given. It is verified that in the classical tightness sufficient
conditions for continuous stochastic processes it is possible to take a
continuous nondecreasing stochastic process instead of a deterministic
function one.

1. INTRODUCTION

Given a seperable metric space (X, p) denote by P(X) the set of all prob-
ability measures on (X, 3(X)), where as usual 3(X) is a Borel o-algebra
on (X,p). We call a subset A C P(X) tight if for every ¢ > 0 there is
a compact set  C X such that P(K) > 1 — ¢ for every P € A. Let
P = (92, F, P) be a complete probability space and let Cr = C([0,T],R™).
We shall consider C'r as a measurable space with its Borel o-algebra
B(Cr). A continuous m- dimensional stochastic process z = (x¢)o<t<7 on
P can be equivalently defined as (F, 8(Cr))-measurable random function
xz : Q — Cp. For such continuous process we define its distribution on
B(Cr) in the usual way by (Pz~1)(A) = P(z~1(A)) for every A € B(Cr).



152 M. KISIELEWICZ

Having given a sequence (™) ; of continuous stochastic processes z™ : {2 —
Cr we say that (™), is tight ([2, 3]) if and only if a sequence (P(z™)~1)%
of its distributions is tight. It is known ([3], Theorem 1.4.3) that a sequence
(x™)9°; is tight if there are positive numbers ~, o, 3 and M such that for
every n = 1,2,... one has E|z}[Y < M and El|z} — 27| < M|t — s|'*5.
There are some weaker sufficient conditions for tightness of sequences of
continuous stochastic processes. It is proved ([1], Theorem I1.12.3) that a
sequence (z™)>°; of continuous processes 2" : Q@ — Cr is tight if a sequence
(7)o of m- dimensional random variables z{} : & — R™ is tight and there
are numbers v > 0 and a > 1 and a nondecreasing continuous function

F :]0,T] — R such that for every n = 1,2, ... one has
1
P ({laf =251 2 AY) < 5 [F(8) = F(s)”

for s,t € [0,7] and a positive number A. We shall show that the above
result holds true if instead of a function F there is a real-valued continuous
nondecreasing stochastic process (I'(t))o<¢<7 such that E[I'(T) —I'(0)] < co
and

P({laf — 2| > A) < 3 EIT(H) — T(s)]°

for s,t € [0,T] and a positive number A. The proof of such type result is
obtained by modifications of the procedures given in ([1], Theorem II1.12.1-
Theorem I1.12.3). To begin with let us introduce some adding notations.
Having given a probability space P and random variables &; : 0 — R™ for
i=1,...,n let us define Sy =& + ... + & for k=1,...,n and Sy = 0. Then
let M,, = Maxo<k<n |Sk| and M, = maxo<k<n (min {|Skl, |Sn — Sk|}). It is
clear that M, < M, and M,, < M, + |S,| a.s. Therefore, for every A > 0
we have

/

©  PUM.z AN <P ({M,222]) + P{ISu] = M2)).

2. AUXILARY RESULTS

We shall prove here some auxilary results that are needed in the proof of
the main result of the paper.
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Proposition 1. Let v > 0 and o > 1/2 be given and suppose there are
positive random variables uy, ..., un such that E (>, ul)2a < 00 and

1 a
) PAIS; = Sil 2 A [8k = Sl 2 AD) < 157 B (wigr + o + up,)”

is satisfied for 0 < i < j <k <n and every A > 0. Then there is a number

K, o such that for every positive A one has

(3) P ({M; > )\}) < [ing (g + oo+ un)?

Proof. Let § = 1/(2y+1). We have 2° [1/220 + 1/K°] < 1 for sufficiently
large K > 0. We shall show that (3) is satisfied if K satisfies the above
inequality and K > 1. It can be verified ([1], Theorem II.12.1) that the
minimal number K satisfying the above inequality is given by

2
Ko 1 1
v, — [21/(274,-1) (21/(274—1)) ]

The proof of (3) we get by the induction procedure with respect to n. For
n = 1 the inequality (3) is trivial. Let n = 2. Immediately from (2) for
K > 1 it follows

—(2v+1)

P ({M; 2 A}) = P({min[|$1]. |52~ $1[] = A})

1 2 K 2
SEE(U&-FUQ) OCS2TWE(U1+U,2) ¢

for A > 0. Assume now that (3) is satisfied for any positive integer k < n.
We shall show that it is also satisfied for k = n. Let v = E (u1 + ... + u,)*®,
vo =0and v, = F(u; + ... + uh)%‘ with 1 < h < n. We can assume that
v >0. We have v,_1 < vp. Then 0 < vy/v < vy/v < ... <wvpq/v < 1.
Therefore [0,1] = Up_; [vn—1/v,vp/v]. By virtue of the assumption a > 1/2
we have 1/22% € [0,1]. Therefore, there is 1 < h < n such that vj,_;/v <
1/2%* < vy, /v. Similarly as in [1] we define Uy, Us, D; and Dy by setting
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Uy = mase min {]51, Sh1 = 551}

Ug = Imnax min{]Sj — Sth ‘Sn — Sj’},

h<j<n

D1 = min{\Sh,l\, ’Sn - Sh,ﬂ} , D2 = min{\Sh\, ’Sn - Sh’} .

Let us observe that for 1 < h < n, taken above, we have v;_1 < (22% —

Dv/22% and 2,1 < (22¢ — 1)v/22%, where 2,11 = E(upyer + ... + up)?.
Indeed, we have vj,_; < v/22% < (22¢ — 1)v/22%. Furthermore

2 2
Up N Zhit _ FE (u1 +...+Uh) O‘+(uh+1 +...+un) «

v v v

Ef(ug + ... +up) + (upg1 4 - + )]
v

<

=1

and 1—vp, /v < 1—1/22% = (22 —1)/22*, Therefore, zj, 1 < (22% —1)v /22,
Let us observe that (2) will be satisfied if we take h — 1 instead of n. Since
h —1 < n then we can assume that (3) is satisfied for random variables
&1,..,&p_1 and uq,...,up_1. Hence and the above inequalities we obtain

K o K22 -1)
P({U1 2 M) < 557 B (w1 + ot un-1)™ < —gmg—v.

Similarly, taking in (2) indexes h < i < j < n, we shall only consider
random variables &4, ..., &, and up4q, ..., Uy and we can assume that (3) is
satisfied for these random variables because n —h < n. Hence and the above
inequalities we obtain

K K22 -1
P({UQ > )\}) < EE (Uthl + ...+ Un)2a < ( ) V.

- 22a )\ 2y
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Next, by (2) we have

P({D1>)\}) < ;TVE (ug + ... + up)*® = %
and
P({D:2 M) < 5-
Let us observe that in particular cases: h = 1 and h = n the above

inequalities are trivial, respectively. Similarly as in ([1], Theorem II.12.1)
we can verify that MT/L < max[U; + Dy,Us; + Ds| and therefore

4 P ({M;L > A}) < P({Uy+ D1 > A} +P({Us+ Dy > A}).
On the other hand we have

(5) P{Ui+ Dy > A}) < P({U1 > Ao}) + P({D1 > A\1})

1 K(222—-1) 1
S |32 920 TV
)‘O )‘1

for positive numbers A\g and A1 such that A = A\g+ A;. It can be verified ([1],
Theorem I1.12.1) that for positive numbers Cp, Ci, A, § and v such that
d=1/(2y+ 1) we have

Co ()

1 1/6
- 0(5 4+ C(S ’
D Y [ 0 1}

min
= 1

Ao+A1=A

where minimum is taken over all positive numbers A\g and A; such that
Ao + A1 = A. Therefore (5) implies

o 5
P{Ui+D; > A\}) < A% [(%) +1
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In a similar way we obtain

>
2

a )
P({Uz+ Dy > A}) < — [(M) +1

Therefore (4) implies

P({a =) < 2 [(@)f

For o > 1/2 and sufficiently large K > 1 satisfying 2°[1/22%0 +1/K%] < 1

we have
K22 —1)\°
[( 2204 > + 1

1/6

1/6
< K.

Indeed, we have

92 _1\% 1 920 _ 1\ °
e ) Txe| T\ T

as K — oo. Therefore for sufficiently large K > 1 we get

1/8
K22 —1)\° 9220 _1\° 1
[< 220 )H -h < 2% >+F =i

Then for such sufficiently large K > 1 we finally obtain

1/6

/ K. . .
P ({Mn > A}) < B (4 e+ )’
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Proposition 2. Let v > 1 and an integer a > 1 be given and suppose there
are random variables & : Q — R™ and u; : Q@ — RY fori=1,...,n such that
E(uy + ... + up)® < 00 and

(6) P{|S; — S| = \}) < %E(uiﬂ b tu)®

for every A > 0 and 0 < i < j < n. Then there is a positive number K, ,
such that

’

(7) P({M, >)\}) < K;fE (ug + oo +up)®

Proof. Taking into accaunt inequalities P(E1NEy) < [P(E1)|Y/?[P(Ey)]Y/?
and vy < (z +y)? for By, Ey € F and z,y € R, we can easly see that (6)
implies

P ({IS; = Sil = A\ [Sk — Sj| = A})

<[P{|S; = Sil = ANV [P ({|Sk = Sj| > Ap]Y?
a1/2 a1/2
1
i<l<j J<I<k

1 < 2

_)\_WE Zul + Zul _FE Zul+2ul
i<l<j I<I<k i<I<j I<I<k
1 a

Then the assumption (2) of Proposition 1, with 7/2 and «/2 instead of ~
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and «, respectively is satisfied. Therefore, by virtue of Proposition 1, we
obtain

/ K .
P ({Mn > A}) < B+t )
with K = K /3.0/2- On the other hand (6) implies
1 (0%
P({|Sn] > A}) < EE(UJI + o up)” .

Hence and (1) we obtain

’

K (0%
P({{M, >} < ;7’ E(ui + ... +n,)"

with K, =27 (K +1). .

3. TIGHTNESS OF CONTINUOUS PROCESSES
We shall prove now the main result of the paper

Theorem 3. A sequence (z")22, of continuous m- dimensional stochastic
processes x" = (z"(t))o<t<T on a probability space P = (2, F, P) is tight if
for every € > 0 there is a number a > 0 such that P(|z"(0)] > a) < € for
n > 1 and there are v > 0, an integer a > 1 and a continuous nondecreasing
stochastic process (I'(t))o<t<r on P such that E[I'(T) —T(0)] < oo and

(8) P({[a"(t) —a"(s)]| = A}) < %E I0(t) = T(s)|”

for everyn > 1, A >0 and s,t € [0,T].
Proof. For simplicity we consider the case T' = 1. By virtue of ([1], Theorem

I1.8.3) it is enough only to verify that for every € > 0 and 7 > 0 there is a
§ € (0,1) such that §~! is an integer and
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9 P su z"(s) —x2"(40)| > ¢ <
(9) jg; <{j§§s§5ﬂ)6! (s) — a"(j6)| > }) <n

for every n > 1. Fix for n > 1 and j > 1. For a positive integer k consider
m- dimensional random variables &7, ...,{i defined by

i ol l o 1—1
& =x (j5+k5> T (j5+ k 6>

for i = 1,...,k. Immediately from (8) it follows that (6) is satisfied with

: -1
u{zr(jé-Fé(S)—F(j(S-i-—lk 5>

for [ =1,2,....,k, because we have

P({IS; = Sil = A})

({2 (1)
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Therefore, by virtue of Proposition 2 we get

P ({554 20) -] <))

< E’L’QE (’LL1 + ...+ uk)o‘

K

= 2B ((+1)8) ~ T (j6))*

Similarly as in ([1], Theorem I1.12.3), by continuity of 2", hance it follows

P <{ sup  |z" (s) — 2" (§O)| > 8})
jo<s<(j+1)5

’

Bro g+ 1)6) - T (G6))°.

<
S
Therefore
Z P<{ sup  |z" (s) —z" (jo)] 25})
et Jo<s<(j+1)8
< K;’O‘E Ao D [O((G+1)8) =T (j0)]
< o J 3ol ¢
j<é—1
where

a—1
Aa:[mmuwu+n®—ro&@ |

j<é—1
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Hence it follows

>Yr sup |2 (s) —a" (jO)] > €
j<o1 JO<s<(j41)8

because >, s [['((j+1)8) —T'(j6)] < I'(1) — I'(0) as. By the
continuity of a stochastic process I' = (I'(¢)) o<t<1 and the assumption
a > 1 we get lims_,oHy(w) = 0 for a.e. w € Q, where Hy(w) =
supgesci [D(t 4 0)(w) = D()(w)]* ! for w € Q. Hence, by the properties
of T, it follows that lims_oE [H, (I'(1) —T(0))] = 0. But Ay < H, as.
Then

Z P({ sup  |z" (s) — 2" (jo)| 25})
Poral J6<s<(j+1)5

Therefore for every n > 0 there is 6 > 0 such that 6! is a positive integer
and for every n > 1 one has

ZP({ sup |x"<s>—x"<ja>|zs}>gn.
et JO<s<(j+1)8

Then (9) is satisfied for every n > 1, which togather with the tightness of a
sequence (z™(0))5°;, implies the tlghtneSb of (™). ]

n=1
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