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1. Introduction

Throughout the paper by £(X) we denote the distribution of the random
variable X. If random variables X and Y have the same distribution we will
write X £V

We say that a random variable X is strictly stable if for every positive
numbers a, b there exists a positive number ¢(a,b) such that

(1) aX +bX" L c(a,b)X,

where X’ independent copy of X.
It is known ([?, ?]) that for every strictly stable random variable X,
there exists a unique number « € (0, 2], referred to as the index of stability

of X, such that
c(a,b) = Va* + be.
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If X is a strictly stable random variable with o € (0,1) and a characteristic
function ¢(t) = exp{—o®[t|*(1 — isign(t) tan(%*))}, o > 0, then its density
function is concentrated on (0, 400) and the Laplace transform of X has the

«
form Ee 5% = ¢ %" for s > 0 and a® = —Zra~.
cos(—2 )

A strictly stable random variable X is called symmetric stable if its
distribution is symmetric, that is, if X 2 _X. From now on we will use the
notation SaS for a symmetric stable distribution with the corresponding
index of stability a. We will also say that the random variable X has a
symmetric a-stable density function. If a random variable X is SaS, then
its characteristic function is of the form o(t) = e~ 1" for some C' > 0. It
is well known ([?, ?]) that no random variable has a characteristic function
given by the formula o(t) = e~ for a > 2,C > 0.

For o € (0,2], let f, ¢ denote the density function of the Sa.S distribu-
tion with the characteristic function ¢(t) = e~ CI!* for some C' > 0. By the
Fourier Inversion Formula

1 [ a
faclz) = / cos(tz)e 1% dt.
T Jo

Since foc(x) = C_éfml (C%> for every C' > 0, we can restrict our

. . . d,
considerations to the function f, lef ol

2. Properties of SaS density function

In this section, we show some properties of the Sa.S density function. The
explicit formula for this density is known for all « € (0, 2], namely

o for a = 2 the distribution 525 is a symmetric Gaussian distribution
and
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e for a =1 the distribution S1S is the Cauchy distribution:

1

fi(z) = 0122

e for a € (0,1) we have

o for o € (1,2) we have

I =1 (k 1
fala) = ;Z ol (a + 1) |z|* L,
k=1
It is easily seen that for « € {1,2} the function f, has a nice analytical form.
However for a € (0,1) U (1,2) the formula of a symmetric a-stable density
function is rather complicated and hence it is difficult to find analytical
properties of f,. In [2] we can find asymptotic expansions and integral
representations of stable densities and in [4] there are plots of them. The
very important property states that for every o € (0, 2] the density function
of an SaS random variable is infinitely differentiable (see [4]). The following
theorem shows the properties of Sa.S that are intuitive and some others.

Theorem 1. Let a € (0,2]. The density function fo : IR — [0,400) of a
symmetric o -stable distribution with a corresponding characteristic function
@(t) = e 1% has the following properties:

(i) 2m) (x) = gn)(—w), gnﬂ)(x) =— é2n+1)(_$) for every r € IR,
n € IN (we assume féo) = fo);

(i) £29(0) = G2y, (B(0) = 0 for every n € IN;

T «

(iii) if g(x) = fa(\/z) for x >0, then g is completely monotonic;

(iv)  falz) >0 for every x € IR;
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(V) fa is strictly decreasing on (0,00);

(vi) there exists only one number y > 0 such that fo is concave on the
interval (0,y) and convex on (y,00);

(vil) limg oo fo(én) () =0 for everyn € IN.

(viii) Letn,k € IN, n > k.
e Ifa#2andn+k=20+1 (n+k=2l) for somel € IN, then
15"

there exists a number z > 0 such that the function rl 18 strictly

increasing (decreasing) on (z,00).
o [fao=2 then

(@)
139 ()

where Qn_i 1s an algebraic expression of power fewer than n—k.

= (9" 4 Qusl)

Proof. The proof of properties (i)-(vii) for the cases a € {1,2} is a matter
of simple calculations. In (vi) we obtain y = v/2 for a = 2 and y = @ for
a=1.

Since the proof of these properties can be the same for all a € (0, 2], on
the other hand there is no need to separate these cases. Let o € (0, 2].

The first property is obvious in view of the previous remark.

The second one is obtained out of the property (i), the Fourier Inversion
Theorem and the properties of Gamma distribution, namely

o 1
Tox

s D o
0

™

£8m(0)

o0 «@
/ cos(ta)e 1" dt|,—g
0

ye’ i ye’ «

:(—1) / tznoj-l_le_tdt _ (—1) r <2n—|— 1> ‘
0
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In order to see (iii) let us notice that if X is a random variable with the
density function f,, then X 2 YO, where Y is a standard Gaussian ran-
dom variable, for a € (0,2) a random variable © is positive strictly stable
independent of Y with the Laplace transform Ee 5© = e*(Qs)% for s > 0

and for @ = 2 we have P{© = 2} = 1. If we denote £(©) = A then we
obtain

@) fale) = [ T L 5 ads)

and hence

S B
)= e 2s \(ds) for z > 0.
ola) = | e E ) for o >

Now it is easily seen that g™ (z) > 0 and ¢g***Y(z) < 0 for every z > 0
and n € IV, which implies complete monotonicity of the function g.

From the property (iii) we obtain f.(z) = g(z%) > 0 for every z > 0
and from the property (i) we get (iv).

From (iii) we obtain also that f/(x) = 2x¢/(x?) < 0 for every x > 0,
which implies (v).

We now show the property (vi). Because of the symmetry of the function
fa(x) we consider only z > 0. From the equation (??) we obtain

S

z2 2 22 0o 2 22
:/ <5” _ 1) 5—%e—z)\(d5) / (1 - x) s—%e—%)\(ds).
0 S 22 S

Since fl(z) exists for every x > 0, then in the second expression each
of the integrals is finite and takes a nonnegative value for every x > 0.
Moreover, these integrals are monotonic functions of the variable x - the
first is increasing and the other is decreasing. This implies that we can
find only one number y > 0 such that 2 f”(z) > 0 for every z > y.

\/gfg(@:/om (952 _ 1) s~ 3% A(ds)
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Since the a-stable density function is infinitely differentiable in IR, in view
of (v), the point z = 0 is a local maximum of the function f,. This implies
that y must be positive and that v/2m f”(z) < 0 for every 0 < x < y, which
completes the proof of (vi).

The property (vii) follows from the equality

11—«
for a#1
— 1
lim z°P{X > 2} =c, = ['(2 — a)cos (27”3‘)
T— 00 1
— for o=
T

For a € (0,2) we have ¢, > 0 and for a = 2 there is ¢, = 0. If z — o0, then
z% — oo and P{X > z} — 0. Using the de 'Hospital theorem we obtain

(3)

P{X o
Cq = lim @ a lim / (f)
T—00 e T—00 (& mroms
!/ "
=0 —a(a+1)mm e alat1)(a+2) o
H 18" (x)

lim I
T—00 (—1)”04(04 —+ 1) e (O[ -+ H)W

Y

which means limg_, fén) (x) =0 for every n € IN.

In order to obtain (viii) for a € (0,2) we use the equality (?7). It
implies that for € = -2 (Va+n+1—-+Va+k+ 1)2, 0 < € < cq, there
exists a number z = z(e) > 0 such that for every number x > z and for
every n € IN we have
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where B,, = a(a+1)...(a+n). This means

By(ca —¢) Bu(ca + ¢
0< % < (—1)nfc(yn)(37) < % for every x > z

and since % =a+n+ 1 then for kK € IN, n > k, we obtain

n

V@) @tk Dt _ atnt D=9 @)
1 @) (o = (Ca+ 9z ON

Hence for = > z we have

&) DO @) ()T @) @)
O R o) )

and since (—1)" ) (z) > 0 for every n € IN, then

(~1) (£ @) P @) — FED @) £ (@) > 0.

(n)
Equivalently, if n + &k = 2] + 1 for some [ € IN, then the function % is

strictly increasing on (z,00) and if n 4+ k = 2[, then that function is stl?ictly
decreasing.

To see (viii) for a = 2 let us notice that

@) = e T (5).
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where H,(z) = (—1)”612%(6*5"2) is the Hermite polynomial. Using the
property

Hua (3) =ot (3) - . (3)

n — k times we obtain that

o (3) = (3) (e Q).

which ends the proof. [

3. Negative moments of stable distribution
In [4] we can find the very well known property of nonnegative moments of

an a-stable distribution. It states that for every a-stable density function
Ja, 0 < a < 2, we have

/ |z|"go(z)dz<+00 for 0 <r < «,
R

/ |z|" go(x)dr=—400 for r > a.
R

In the following remarks we give some information about negative moments
of the strictly positive and symmetric a-stable distribution.

Remark 1. If a random variable © is positive strictly stable with the

Laplace transform Ee $© = e*(QS)% for s > 0, @ € (0,2), and with the
density function £(©) = A, then for every r < 0 we have

/OOO 2 \(dx) = a?:r)r (2;> .

Proof. From the properties of the Gamma distribution for » < 0 and z > 0
we obtain that ﬁ JoS s e ®sds = 2" ([?]), so we can write
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Remark 2. If an SaS random variable X has the density function f,,
a € (0,2], then

1 T
" fo(z)dz= 'f——) for —1 ,
/,R ol falw)dz acos(0.5mr)I'(—r) ( a) o <r<0

/ |z|" fo(z)dr=+00 for r < —1.
R

Proof. The symmetry of the function f, allows us to consider only the
case x > 0. Using the same trick as in the proof of the previous remark for
r < 0 we obtain

/OOO 7" falz)de = F(ir) /OOO s /0°° e " fo(z)dx ds.

Consider the random variable ZX, where Z is S1S and X is SaS, Z and
X are independent, then



100 G. MAZURKIEWICZ

EeisZX:/ 6—|zs|fa(x)dl,
R
= /OO e " fo(x)dz
0

:2/ e @)% 1 (2)du.
0

Using this equality for a nonnegative s we obtain

> r _ 1 > —r— > —(zs)~
/0 xfa(a:)da;—r(_r)/o s 1/0 e fi(x)dx ds

1 /OO /oo —r—1_—(zs)*
= T S e ds dz

The integral [;° %dm is finite only for r» € (—1,1) and then it is equal

Feos(05xr) - Lhis ends the proof. .
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