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Abstract

Generalized F tests were introduced for linear models by Michal-
ski and Zmyslony (1996, 1999). When the observations are taken in
not perfectly standardized conditions the F' tests have generalized F
distributions with random non-centrality parameters, see Nunes and
Mexia (2006). We now study the case of nearly normal perturbations
leading to Gamma distributed non-centrality parameters.
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1. INTRODUCTION

The statistics of the generalized F' tests are the quotients of linear combina-
tions of independent chi-squares. These tests were introduced by Michalski
and Zmyslony (1996, 1999), first for variance components and later for linear
combinations of parameters in mixed linear models.

These tests derived when we have a quadratic unbiased estimator 0 for
a parameter 6 and we want to test

H0:9:0

against
Hy:60>0.

st e : s : =~
If 0 and 6 are, respectively, the positive and the negative parts of 6, when

Hy [H1] holds we have E(§+) —E@®) [E(§+) > E(0 )]. Thus, we are led
to use the test statistic

The following example shows the importance of these tests. In a balanced
variance components model in which a first factor crosses with the second
that nests a third, the variance component associated with the second factor
is not the difference between two ANOVA mean squares, see Khuri et al.
(1998). Thus, an usual F' test cannot be derived for the nullity of this
variance component. This problem is solved using generalized F' tests. We
can find a solution for this case, with a practical application of interest, in
Fonseca et al. (2003b).

An exact expression for the distribution of quotients of linear combi-
nations of independent central chi-squares was obtained in Fonseca et al.
(2002), when the chi-squares, in the numerator or in the denominator, have
even degrees of freedom and all coefficients are non-negative. This result
was extended to the non-central case in Nunes and Mexia (2006). On car-
rying out this extension there were used the Robbins (1948) and Robbins
and Pitman (1949) mixtures method for fixed non-centrality parameters.

When the vector of observations is the sum of a vector corresponding
to the theoretical model plus an independent perturbation vector, the dis-
tribution of the generalized F' statistics has, see Nunes and Mexia (2006),
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random non-centrality parameters. This kind of model perturbation is
worthwhile to study since it would cover situations in which the collection
of the observations was made on non standardized conditions. If we assume
that the fluctuations in the observation conditions are approximately normal
the non-centrality parameters would tend to be Gamma distributed. So, we
decided to study this case.

Our aim is essentially theoretical. An alternative for our treatment, if
practical applications are the main goal, is given by Imhof (1961). We can
also use the algorithm presented by Davies (1980). This way, the previous
approaches, such as the ones given by Satterthwaite (1946) and Gaylor and
Hopper (1969), may be improved.

This article is organized in the following way. In Section 2 the central
generalized F' distributions and some particular cases are presented. Section
3 presents the non-central case of these distributions. This section is divided
in tree Subsections. 3.1 is devoted to the case of random non-centrality pa-
rameters. The expressions of the distributions where the non-centrality pa-
rameters have Gamma distribution for the non-generalized case are obtained
in 3.2. Finally 3.3 deals with the results for the generalized case.

2. GENERALIZED F' AND RELATED DISTRIBUTIONS

Let a] and a3 be the vectors with non-negative components and being at
least one of them not null. Consider also the independent random variables
U; ~ th,z" t=1,...,r,and V; ~ ng,y j=1,...,s, the distribution of

I8

§ a1,;U;
i—1

S

) a2,V
i=1

Let consider some particular cases of these distributions. With (v™)~!
the vector whose components are the inverses of the components of v™, the
central generalized F distribution will be

will be F*(z|a], a3, g7, 93).

F(zlg,95) = F(2|(g5) 7", (95) 7", 05, 93)-
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Another interesting case of F*(z|al,a$, g}, g5) will be
F(2lgt, 95) = F7(2|(1", 1%, g1, 65).

If r = s =1, in the first case one will have the usual central F' distribution
with g1 and gy degrees of freedom, F'(z|g1, g2), while for the second case one
will have the F distribution, defined for the quotient of independent central
chi-squares with g1 and go degrees of freedom, F(z\ g1, 92)-

In Fonseca et al. (2002) the exact expressions of F'*(z|al,a, g7, g5) are
given when the degrees of freedom in the numerator or in the denominator
are even. Moreover, the second case reduces to the first one since

FT(z|a},a3,q7,2m®) =1 — F+(z_1|a§,a71’, 2m?®, g7).

An example to show how these expressions may be used to check the pre-
cision of Monte-Carlo methods in tabling such distributions may be seen in
Fonseca et al. (2002).

3. NON-CENTRAL GENERALIZED I’ DISTRIBUTIONS

The exact expression of
F*(2]1,03,01,63,0) = ¢y 2= F*(2[1,03, 01 + 20, g3),
=0

which is the distribution of
2
Xg1,6
s+1 )

2 : 2
aixgi
1=2

was obtained in Nunes and Mexia (2006) when g; is even.

Distributions Xz,d are a mixture of the distributions X§+2j= j=0,... The
coefficients in this mixture are the probabilities for non-negative integers of
the Poisson distribution with parameter %, Psjp. Thus, if U ~ X; s, it can be
assumed that there is an indicator variable J ~ P/, such that U ~ Xf] o0
when J =40, 0=0,...
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.If the U; ~ szé.u_., i = .1,...,.7', and V; ~ X£272,j752,j’ j =1,...,s, are
independent, their joint distribution

T S
2 _ 2 2
Xgl.95.07.65 = nguﬁl,i H Xg2,5,62,5
i=1 j=1
will be a mixture with coefficients
T pS ST S ——=t L2 - 2 /)"

(3.1) c(1, €3, 1752):1_[6 LT e 2 1

L - 140 - il

=1 ’ 7j=1
of the

T S
; =11 11
Xgr+20r.gs+205 = 1 | Xgro+201: 1 ] Xgoj+262 ;-
i=1 j=1

Using the mixtures method, see Robbins (1948) and Robbins and Pitman
(1949), the distribution of

T
E a1,;U;
=1

z_=

S
E az,;Vj
=1

will be
F*(z]at, a3, 47,95, 01,03)

400 400 —+00

+0o0
(3.2) =S L3 S LY wl,61,63)

(1=0 £1,=0051=0 f5,=0
+
F7(z|al, a3, g7 + 207, g5 + 205).

Likewise, if indicator variables are considered, the conditional distribution
of Z, when J1; = {1, 1 = 1,..,r and Jo; = lo;, 7 = 1,...,s, will be
FT(zla}, a5, g + 207, g5 + 2¢5). Thus, the expression of FT(z|a},a$, g7, g5,
07, 05) can be obtained desconditioning in order to the indicator variables.
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Let consider now monotonicity properties for these distributions. With 61,
the p-th component of §7, there will be

OF T (z|ay, a3, g7, 95,07, 05)

001
(3.3) ?
_ F*(z|af, a3, g7 + 245, 95,01,05) — F*(z|af, a3, g7, 95,07, 05) “0
2 b
as well as
OF*(z|a}, a3, 97, 95,07,03)
0da,
(3.4)
_ F(elai, a3, 97, 95 + 245, 01, 83) — F¥(2lai, a3, 67, 93,01,63) _

2

where ¢;, has all components null, except the p-th that is equal to 1.
The non-generalized case will be used to justify (3.3) and (3.4). With
the independent chi-squares X%, sz’ s and Xi s> there will be

2 2 2 2
X X X +X
(3.5) pr| — m.8 5 < ;n’& < m’52 2) =1,
Xn,é’ + X2 Xn,&’ Xn,é'
SO
(3.6) F(zlm+2,n,6,8") < F(zlm,n,68,0") < F(zlm,n +2,0,8),
with
2 2
Xm.s T X —
% ~ F(z|lm +2,n,6,d")
Xn,é'
2
X —_
2L’5 ~ F(z|m,n,d,d)
Xn,é’
X?n,é

~ F(zlm,n +2,6,0")

2 2
L X6 + X3
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3.1. Random non-centrality parameters

So far we have considered the indicator variables Jy;, ¢ = 1,...,7, and J3 ;,
j =1,...,s, to have Poisson distributions with fixed parameters. Let now
assume these parameters to be random variables.

Remark. To understand the ”appearance” of randomized non-centrality
parameters we point out that if the error vector €™ has normal distri-
bution with null mean vector and variance-covariance matrix 0'2[9, e ~
N(0™,0%1,), with I, the g x g identity matrix, one will have [|e"||* ~ o®x2.
With " the mean vector of the observations vector, [e™ + u"||? ~ 0'2)(!2]’5,
with the non-centrality parameter § = #||,u"\|2 Let consider a random
perturbation vector of the model, W™, independent of e™. The condi-
tional distribution of [|e”™ + W"||?, given W™ = w", will be U2Xg2),5(w)’ with
d(w) = Cr—12Hw"H2 Then, desconditioning in order to W™, we obtain a chi-
square with g degrees of freedom and random non-centrality parameters. In
mixed models, see for example Khuri et al. (1998), Fonseca et al. (2003a)
and Nunes et al. (2006), the F' and generalized F' tests are quotients of
squares of norms of vectors or of linear combinations of such squares. These
squares may happen to have random non-centrality parameters when, in the
expression, a random perturbation vector W™ occurs.

Let consider now the random variables Li;, i = 1,...,7 and Lo, j =
1,...,s, with )\L{,Lg( 7,t5) the joint moment generating function for these
variables and

T it S i\ 1 (8, 85)

T S
L1 Ly ;
[Tot [T ot
i=1 j=1

<0 05>
(3.7) Aprips (t1,13) =

Desconditioning

F*(z|al, a3, 97, 95,11,13)
—+o0 —+o0 —+o0 —+o0
(38) =D D D > B ILE)

£1,1=0 l1,=0021=0 {3 s=0

F*(2la}, a3, g} + 203,65 +203)
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in order to the random parameters vectors L] and L3, we will have

+oo +oo —+00

+o0o
F+(z|a7117agvgid)g;v)‘Lg',L%): Z Z Z Z

11=0 £1,=0021=0 {2,=0

(3.9) \<G 45> 1 B
Ly,L3

X— 5 F*(zla1, a3, g7 + 207, g5 + 23).
[T 62t I 252
i=1 j=1

With ¢} [qj] be the vector with all r [s] components null, except the i-th

[j-th] which is 1, all components of T, = (1" — ¢})L} [fj = (1° — ¢;)L3] will

be equal to the ones of L] [L] to exception of the i-th [j-th] that is null.
From (3.3) and (3.4) it is easy to obtain

F+(z|a7117a§7g{7957)‘zz7[/§)>F+(z|a7117a§7g{7957)‘LI,L‘;); 1= 1,...,T
(3.10)
F+(Z‘a71,7a§7g{7957)\L{,L3)>F+(Z‘ag7a§7g{7.g§7)‘L§7f;); j: 17‘”73'

So, when one of the components of L§ [L]] is null, with probability 1, the
values of F*(zlaf, a3, 97,95, Arr 1s) decrease [increase].

3.2. F distribution with non-centrality parameters with Gamma
distribution

As it was previously seen, if a] = 1" and a5 = 1%, with » = s = 1 one will

have the F distribution defined for the quotient of independent chi-squares

with g1 and gy degrees of freedom. So, (3.9) can be rewritten as

/\<i,j>< 1

_ tootoo A, \ T T

(3.11) F(2lg1, 92, Araa) = DD
i=0 j=0

F(z|g1 + 2i, g2 + 2§).

2074141
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Consider now L; with Gamma distribution with parameters n; and aq,
L1 ~ G(nl,al),

@ ™
ALl(t1)=< ! > , < ap

ar —t
and consequently

(n1+i— Dl (o — ty)"me
(nl — 1)‘

(3.12) AP () =

If L, is independent of Lo, with Ly ~ G(n2, a3), one will have
ALy (b t2) = AT ()AL (t2)

(ng +i— Dl (g —tg) M~
(n1 — 1)'

(3.13) =

(n2 +j —1)lag?(ag — tp) "2

(ng — 1)' ’
and (3.11) will be
F(z|g1,92, ALy,1,)
nl—l—i—l)(ng—l—j—l) ny - mo
o0 400 . . (62 e
(3.14) _ +Z+Z < i j 1 Qo
2i+j(a1 41 _

i=0 j=0

F(z]g1 + 23, g2 + 2j).

N La/ 1
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Let consider a particular case of Gamma distribution. If L1 ~ x2 and

Ly ~ x2, then L; NG(%,l 7,1
, , 1= /1 Tt/ =TI
S NIy (- <—
ni n9g
o= -
( 5 ) 5 )
and
i < F+i-l > ( F+i-1 >
Felgr g2 Ansn) =D D ~—— :
(3.16) 9192 AL Le _i:Oj:O o it 2]

F(zlg1 + 2i, 92 + 2§),

if L1 and Ly are independent.

3.3. Generalized F' distribution with non-centrality parameters
with Gamma distribution

Consider the generalized case and the independent random variables L] ~
G(nf,al), with ny1,...,n1, [011,...,a1,] the components of n} [a]] and
Ls ~ G(n3, af), with ng1,...,n2 s [a21, ..., a2 5| the components of n§ [a5],

r r ni

041,' ’ i

>\L71‘(t7£) = HALl i(ts) = H <7Z> 5 tz < a1, 1= 1, ey T

- ’ - aq 4 — t;
i=1 i=1

Consequently

T

(a1,i)" (n1 + bri — 1)!
(nl,i — 1)!(0&17Z' — ti)nlvﬁ_glvi

(3.17) A () =
1=1
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and
<7 05> <> <05>
Aprips T (01, 83) = AT (83) AL (3)
_H alz 11711@4-61@—1)
(3.18) (n1;—1)! — )it

H 042] 2.5 ( n2j+€2]—1)

_ o ng i+lo ;"
j=1 (no,; — 1)y —t;)"2a752

This way, (3.9) can be rewritten as

“+00 +oo 400

+(Z‘a71,7a§7g{79§7)‘L{,L3 Z Z Z Z

l11=0 {1,=0421=043 =0

- ( nyi+ =1 ) ()™ ﬁ ( ngj+ e —1 > (g ;)"
Pl b RO baj !

(3.19) x =L =1

S

nsl% 1°
a5 o ) SNG<2—7_>
2 2) 2 2 72

[
3

and there will be
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<> (s
ALriLs (1,152

o o
g T b (T ()

(et A () e
| 21 1),

2
and
F7*(z]a1, a3, 9%, 95 ALy L3)
+o0o +oc0 400  +oo
£11=0 £1,7=0421=042:=0
3.21 ) )
( ) ﬁ(n§72+€1’i_1>ﬁ<%+€2’j_1>
i1 el,i i1 EQJ
X - 5 .y
H 95+ H 95 +2,;

X F*(z|af, a3, g7 + 207, g5 + 203).
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