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1. Introdu
tion and summary

Any linear statisti
al experiment involves some varieties 
alled fa
tors or

e�e
ts. One 
an distinguish two kinds of the e�e
ts: �xed and random.

The allo
ation of the �xed e�e
ts determines the expe
tation of the

observation ve
tor, while the allo
ation of the random ones determines

the varian
e-
ovarian
e matrix.

Many statisti
al operations, su
h as linear estimation, quadrati


estimation, and testing, require inverting the 
ovarian
e matrix (see, e.g.,

Rao, 1973, Kle�e and Seifert, 1986, or Jiang, 2004). From mathemati
al
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point of view, the last problem redu
es to inversion of a "patterned"

matrix (
f. Graybill, 1983). In spite of the great progress in the subje
t,

the attention of statisti
al literature fo
us on so 
alled balan
ed models,

being expressible in terms of the Krone
ker produ
t (among others Searle

et al., 1992, and Jiang, 2004). Similar results, for inverting matri
es in a

quadrati
 subspa
e, were obtained by Zmy±lony and Drygas (1992). This

te
hnique is very elegant but it is not appli
able in the unbalan
ed models.

In the last 
ase some expli
it results have been presented for the hierar
hi
al


lassi�
ation only (see St�pniak, 1974, 1991, St�pniak and Niezgoda, 1995)

in quite di�erent terms.

This paper is a further step in this dire
tion. The initial te
hnique,

introdu
ed in Se
tion 2, is illustrated by the balan
ed hierar
hi
al and 
ross


lassi�
ation. In fa
t the results presented in Se
tion 3 are very 
lose to these

by Jiang (2004), but they are more dire
t in use and proof. Se
tion 4 deals

with inverting 
ovarian
e matri
es in the unbalan
ed 
lassi�
ation. Some

expli
it results for 2-way 
ase are derived by Sherman-Morrison-Woodbury

formula of matrix analysis.

2. Multi-way 
lassifi
ation

Formal definition of the multi-way 
lassifi
ation (
f. St�pniak, 1983) will be

pre
eded by example.

Suppose 24 experimental units are submitted to three independent


lassi�
ations with 2, 3 and 2 sub
lasses, respe
tively. Denote by Sij

the set of experimental units belonging to the j-th sub
lass in the i-th

lassi�
ation. For example

S11 = {1, 2, 5, 8, 10, 13, 18, 20, 21, 22, 23},

S12 = {3, 4, 6, 7, 9, 11, 12, 14, 15, 16, 17, 19, 24},

S21 = {4, 6, 8, 15, 16, 17, 18},

S22 = {10, 11, 12, 13, 14, 20},

S23 = {1, 2, 3, 5, 7, 9, 19, 21, 22, 23, 24},

S31 = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14},

S32 = {15, 16, 17, 18, 19, 20, 21, 22, 23, 24}.
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To ea
h Sij 
orresponds a 
olumn ve
tor Nij = (n1, . . . , n24)
T
of zeros and

ones, where

nk =

{

1 if k ∈ Sij

0 otherwise,

for k = 1, . . . , 24. In our example

N11 = (1, 1, 0, 0, 1, 0, 0, 1, 0, 1, 0, 0, 1, 0, 0, 0, 0, 1, 0, 1, 1, 1, 1, 0)T ,

N12 = (0, 0, 1, 1, 0, 1, 1, 0, 1, 0, 1, 1, 0, 1, 1, 1, 1, 0, 1, 0, 0, 0, 0, 1)T ,

N21 = (0, 0, 0, 1, 0, 1, 0, 1, 0, 0, 0, 0, 0, 0, 1, 1, 1, 1, 0, 0, 0, 0, 0, 0)T ,

N22 = (0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 1, 1, 1, 1, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0)T ,

N23 = (1, 1, 1, 0, 1, 0, 1, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 1, 1, 1, 1)T ,

N31 = (1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)T ,

N32 = (0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1)T .

Then the observation ve
tor X = (X1, . . . ,X24)
T
, 
orresponding to the

experimental units, may be presented in the form

X = µ +
2
∑

j=1

N1ja1j +
3
∑

j=1

N2ja2j +
2
∑

j=1

N3ja3j + e,

where µ = (µ1, . . . , µ24)
T
is the expe
tation of X, aij is the e�e
t of the j-th

sub
lass in the i-th 
lassifi
ation, while e = (e1, . . . , e24)
T
is the ve
tor of

the experimental errors.

Assuming all these e�e
ts are independent random variables with the

expe
tation zero and the varian
es

Var(ej) = σ0 for j = 1, . . . , 24, and,

Var(aij) = σi for i = 1, 2, 3 and possible j,
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one 
an write the varian
e-
ovarian
e matrix of X in the form

V = σ0I24 +
3
∑

i=1

σiVi,

where

V1 =

2
∑

j=1

N1jN
T
1j ,

V2 =

3
∑

j=1

N2jN
T
2j ,

V3 =

2
∑

j=1

N3jN
T
3j .

Now we are ready to introdu
e a formal definition of multi-way 
lassifi
ation.

Let n, q and k1, . . . , kq be positive integers su
h that q ≤ n and ki ≤ n,
i = 1, . . . , q. Moreover, let Nij , i = 1, . . . , q; j = 1, . . . , ki, be n-dimensional


olumns of zeros and ones satisfying

(1)

ki
∑

j=1

Nij = 1n, i = 1, . . . , q,

and

(2) NT
ijNij′ = 0, i = 1, . . . , q; j 6= j′,

where 1n means the 
olumn of n ones.

De�nition 1. Any 
hoi
e of su
h 
olumns is said to be an allo
ation of n
experimental units in q-way 
lassifi
ation with k1, . . . , kq sub
lasses and is

denoted by A(n, q; k1, . . . , kq/Nij , i = 1, . . . , q; j = 1, . . . , ki).

To ea
h allo
ation 
orresponds the 
ovarian
e matrix of the form

(3) V = σ0In +

q
∑

i=1

σiVi,
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where

(4) Vi =

ki
∑

j=1

NijN
T
ij , i = 1, . . . , q.

We shall assume that σ0 > 0 and σi ≥ 0 for i = 1, . . . , q.

It is worth to note that the notion of the allo
ation does not spe
ify

any relationship between the individual 
lassifi
ations. Some spe
ifi
ations

of this kind lead to the well known terms su
h as 
ross and hierar
hi
al (or

nested) 
lassifi
ation (
f. VanLeeuwen et al., 1999). Let us mention that an

allo
ation A(n, q; k1, . . . , kq/Nij , i = 1, . . . , q; j = 1, . . . , ki) is hierar
hi
al if

the matri
es

(5) Vi − Vi+1 for i = 1, . . . , q − 1

have nonnegative entries. General de�nition of 
ross 
lassi�
ation is more


omplex.

The stru
ture of the 
ovarian
e matrix simplifies in so 
alled balan
ed


ase (
f. Searle et al., 1992, and Jiang, 2004). We shall illustrate our notion

by examples with balan
ed hierar
hi
al and 
ross 
lassi�
ation.

Suppose n and k1, . . . , kq satisfy the 
ondition n = r
∏q

i=1
ki for some

integer r. Then one 
an set

(6)

N1j = E1j ⊗ 1k1
⊗ . . . ⊗ 1kq

⊗ 1r, j = 1, . . . , k1,

N2j = 1k1
⊗ E2j ⊗ . . . ⊗ 1kq

⊗ 1r, j = 1, . . . , k2,

· · · · · · · · ·

Nqj = 1k1
⊗ 1k2

⊗ . . . ⊗ Eqj ⊗ 1r, j = 1, . . . , kq ,

where ⊗ denotes the Krone
ker produ
t and Eij means the ki-dimensional


olumn with one on the j-th pla
e and zeros besides.

De�nition 2. Any allo
ationA(n, q; k1, . . . , kq/Nij , i=1, . . . , q; j =1, . . . , ki)
satisfying the 
ondition (6) for some r is said to be balan
ed 
ross allo
ation.

For su
h allo
ation the matri
es Vi, defined by (4), redu
e to
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(7)

V1 = Ik1
⊗ Jk2

⊗ . . . ⊗ Jkq
⊗ Jr ,

V2 = Jk1
⊗ Ik2

⊗ . . . ⊗ Jkq
⊗ Jr ,

· · · · · · · ·

Vq = Jk1
⊗ Jk2

⊗ . . . ⊗ Ikq
⊗ Jr,

where Jk denotes k × k matrix of ones.

We note that the matri
es V1, . . . , Vq appearing in (7) satisfy the


onditions

(8) V 2
i =

n

ki

Vi for i = 1, . . . , q,

and

(9) ViVj = VjVi =
n

kikj

Jn for i = 1, . . . , q and j 6= i.

Thus we get the following 
orollaries

Corollary 3. In the balan
ed 
ross allo
ation the matri
es In, V1, . . . , Vq and

Jn belong to a 
ommutative quadrati
 subspa
e.

Corollary 4. The inverse of the 
ovarian
e matrix V in the balan
ed 
ross


lassi�
ation may be expressed as a linear 
ombination of In, V1, . . . , Vq

and Jn.

Now suppose

n
kq

and

ki+1

ki
are integers for i = 1, . . . , q − 1. Then one 
an set

(10)

N1j = E1j ⊗ 1s1
⊗ 1s2

⊗ . . . ⊗ 1sq for j = 1, . . . , k1,

N2j = E2j ⊗ 1s2
⊗ . . . ⊗ 1sq for j = 1, . . . , k2,

· · · · · · · ·

Nqj = Eqj ⊗ 1sq for j = 1, . . . , kq ,

where si =
ki+1

ki
, i = 1, . . . , q − 1 and sq = n

kq
.
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De�nition 5. Any allo
ationA(n, q; k1, . . . , kq/Nij , i=1, . . . , q; j =1, . . . , ki)
satisfying the 
ondition (10) is said to be the balan
ed hierar
hi
al allo
ation.

This implies that

(11)

V1 = Ik1
⊗ Js1

⊗ Js2
⊗ . . . ⊗ Jsq−1

⊗ Jsq ,

V2 = Ik1
⊗ Is1

⊗ Js2
⊗ . . . ⊗ Jsq−1

⊗ Jsq ,

· · · · · · · · ·

Vq = Ik1
⊗ Is1

⊗ Is2
⊗ . . . ⊗ Isq−1

⊗ Jsq .

It is worth to note that the matri
es V1, . . . , Vq appearing in (11) satisfy the


onditions

(12) ViVi′ = Vi′Vi =

( q
∏

r=i′

sr

)

Vi =
n

ki

Vi for i ≤ i′,

Thus we get the following 
orollaries.

Corollary 6. In the balan
ed hierar
hi
al allo
ation the matri
es In,
V1, . . . , Vq belong to a 
ommutative quadrati
 subspa
e.

Corollary 7. The inverse of the 
ovarian
e matrix V in the balan
ed hierar-


hi
al allo
ation may be expressed as a linear 
ombination of In, V1, . . . , Vq.

In the next se
tion we derive some expli
it forms for inverse of the 
ovari-

an
e matri
es in the balan
ed hierar
hi
al and 
ross 
lassi�
ation. Su
h a

possibility 
omes from the fa
t that in a 
ommutative quadrati
 subspa
e

there exists a basis of multually orthogonal proje
tors (
f. Seely, 1971).

3. Inverting 
ovarian
e matrix for balan
ed 
lassifi
ation

We shall start from the balan
ed 
ross 
lassifi
ation.

Theorem 8. Let A(n, q; k1, . . . , kq/Nij , i = 1, . . . , q; j = 1, . . . , ki) be bal-

an
ed 
ross allo
ation i.e. allo
ation de�ned by (6)�(7) with the 
ovarian
e

matrix V = σ0In +
∑q

i=1
σiVi. Then
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(13)

V −1

=
1

σ0

[

In−

q
∑

i=1

ρi

1 + ρi
n
ki

Vi +

q
∑

i=1

ρi

ki

(

1

1+ρi
n
ki

−
1

1+
∑q

j=1
ρj

n
kj

)

Jn

]

,

where ρi = σi

σ0
for i = 1, . . . , q.

P roof. Define matri
es

(14) Pi =















1

n
Jn for i = 0,

ki

n
Vi − P0 for i = 1, . . . , q.

We note that P 2
i = Pi for i = 0, . . . , q and PiPj = 0 for i 6= j. Thus

P0, P1, . . . , Pq are orthogonal proje
tors on the 
orresponding orthogonal

subspa
es of Rn. In 
onsequen
e, one 
an write

V = σ0

(

In −

q
∑

i=0

Pi

)

+ σ0

q
∑

i=0

Pi +

q
∑

i=1

σi

n

ki

(Pi + P0)

= σ0

[(

In −

q
∑

i=0

Pi

)

+

q
∑

i=1

(

1 + ρi

n

ki

)

Pi +

(

1 +

q
∑

i=1

ρi

n

ki

)

P0

]

.

We observe that the last row represents the 
anoni
al form of V . Therefore,

V −1 =
1

σ0

[(

In −

q
∑

i=0

Pi

)

+

q
∑

i=1

1

1 + ρi
n
ki

Pi +
1

1 +
∑q

i=1
ρi

n
ki

P0

]

=
1

σ0

[

In −

q
∑

i=1

ρi
n
ki

1 + ρi
n
ki

Pi −

∑q
i=1

ρi
n
ki

1 +
∑q

i=1
ρi

n
ki

P0

]
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=
1

σ0

[

In −

q
∑

i=1

ρi
n
ki

1 + ρi
n
ki

(Pi + P0)

+

q
∑

i=1

ρi

n

ki

(

1

1 + ρi
n
ki

−
1

1 +
∑q

j=1
ρj

n
kj

)

P0

]

and, by (14), the desired result is proved.

In parti
ular, for q = 1 the formula (13) redu
es to

(15) V −1 =
1

σ0

[

In −
ρ1

1 + ρ1a
V1

]

,

where a = n
k1

(
f. St�pniak, 1974).

Now let us pass to the balan
ed hierar
hi
al 
lassifi
ation.

Theorem 9. Let A(n, q; k1, . . . , kq/Nij , i = 1, . . . , q; j = 1, . . . , ki)
be balan
ed hierar
hi
al allo
ation i.e. allo
ation de�ned by (10)�(11) with

the 
ovarian
e matrix V = σ0In +
∑q

i=1
σiVi. Then

(16)

V −1

=
1

σ0

[

In −

q−1
∑

i=1

ρi

(1 + n
∑q

j=i

ρj

kj
)(1 + n

∑q
j=i+1

ρj

kj
)
Vi −

ρq

1 + n
kq

ρq

Vq

]

.

P roof. Define matri
es

(17) Qi =



















k1

n
V1 for i = 1,

ki

n
Vi −

ki−1

n
Vi−1 for i = 2, . . . , q.
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We note that Q2
i = Qi for i = 1, . . . , q, QiQi′ = 0 for i 6= i′ and

∑i
j=1

Qj =
ki

n
Vi. Thus one 
an write

V = σ0

(

In −

q
∑

i=1

Qi

)

+ σ0

q
∑

i=1

Qi + n

q
∑

i=1

σi

ki

i
∑

j=1

Qj

= σ0

[(

In −

q
∑

i=1

Qi

)

+

q
∑

i=1

Qi + n

q
∑

i=1

ρi

ki

i
∑

j=1

Qj

]

= σ0

[(

In −

q
∑

i=1

Qi

)

+

q
∑

i=1

(

1 + n

q
∑

j=i

ρj

kj

)

Qi

]

.

Therefore

V −1 =
1

σ0

[(

In −

q
∑

i=1

Qi

)

+

q
∑

i=1

1

1 + n
∑q

j=i

ρj

kj

Qi

]

=
1

σ0

[

In −

q
∑

i=1

n
∑q

j=i

ρj

kj

1 + n
∑q

j=i

ρj

kj

Qi

]

and, by (17), the desired result is proved.

Remark 10. For q = 1 the formula (16) redu
es to (15).

Remark 11. For q = 2 the form (16) 
oin
ides with St�pniak (1991, formula

(3)) and with St�pniak and Niezgoda (1995, formula (7)).

An alternative way for inverting the 
ovarian
e matrix in the balan
ed hier-

ar
hi
al 
lassi�
ation is indi
ated by Corollary 7. Namely, the inverse V −1

may be obtained by solving the equation

(

In +

q
∑

i=1

ρiVi

)(

In +

q
∑

i=1

xiVi

)

= In
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with respe
t to x1, . . . , xq. This 
an be rewritten as a system of equations

ρq + xq + n
ρq

kq

xq = 0,

ρi + xi + n

q
∑

j=i

ρj

kj

xi + nρi

q
∑

j=i+1

xj

kj

= 0 for i = q − 1, . . . , 1.

From the first one we get immediately

xq = −
ρq

1 +
n

kq

ρq

and, by substitution to the se
ond one,

xq−1 = −
ρq−1

(

1 + n
∑q

j=q−1

ρj

kj

)(

1 + n
ρq

kq

) .

Next, by su

essive substitutions,

xi = −
ρi

(

1 + n
∑q

j=i

ρj

kj

)(

1 + n
∑q

j=i+1

ρj

kj

)
for i = q − 2, . . . , 1.

The final result 
oin
ides with (16).

4. Inverting 
ovarian
e matrix for unbalan
ed 
lassifi
ation

The method of inverting based on the orthogonal de
omposition does not

extend for the unbalan
ed 
ase. On the other way, solving linear equations,

used in St�pniak and Niezgoda (1995) for the unbalan
ed hierar
hi
al 
las-

sif i
ation is not easy. LaMotte (1972) suggests for this 
ase a step-by-step

pro
edure whi
h is, however, rather far from the expli
itness.

In the unbalan
ed 
ross 
lassifi
ation the problem of inverting appears

even more 
omplex and, as far, it has not been undertaken in statisti
al

literature, at least in the analyti
 form. We are just taking an e�ort in this

area.
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The following result (
f. Horn and Johnson, 1985, p. 19, or Golub and Van

Loan, 1989, p. 51) plays a key role in our 
onsideration.

Lemma 12 (Sherman-Morrison-Woodbury formula). Suppose a nonsingu-

lar matrix A of n × n has a known inverse A−1
and 
onsider a matrix

B = A + FGH,

where F is n× r, H is r × n, and G is r × r and nonsingular. If, moreover,

B is nonsingular, then

B−1 = A−1 − A−1F (G−1 + HA−1F )−1HA−1.

By using this lemma one 
an obtain a re
urrent formula for inverting the


ovarian
e matrix in the unbalan
ed q-way 
lassifi
ation. An expli
it result

will be provided for q = 2.

Given 2-way allo
ation A(n, 2; k1, k2/Nij , i = 1, 2; j = 1, . . . , ki) define

s
alars

ni· = NT
1iN1i, i = 1, . . . , k1,

n·j = NT
2jN2j , j = 1, . . . , k2,

nij = NT
1iN2j , i = 1, . . . , k1; j = 1, . . . , k2,

ρ =
σ1

σ0

, and λ =
σ2

σ0

,

and matri
es

N
n×k1

= [N1, . . . , Nk1
], where Ni = N1i for i = 1, . . . , k1,

M
n×k2

= [M1, . . . ,Mk2
], where Mj = Mj(ρ) = N2j − ρ

k1
∑

i=1

nij

1 + ρni·

N1i

for j = 1, . . . , k2,
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D
k1×k1

= D(ρ) = ρdiag

[

1

1 + ρn1·

, . . . ,
1

1 + ρnk1·

]

,

and

C
k2×k2

= C(ρ, λ) =











































1

λ
+ n·1−ρ

k1
∑

i=1

n2
i1

1+ρni·

−ρ

k1
∑

i=1

ni1ni2

1 + ρni·

· · · −ρ

k1
∑

i=1

ni1nik2

1 + ρni·

−ρ

k1
∑

i=1

ni2ni1

1 + ρni·

1

λ
+ n·2 − ρ

k1
∑

i=1

n2
i2

1 + ρni·

· · · −ρ

k1
∑

i=1

ni2nik2

1 + ρni·

· · · · · · · · · · · · ·

−ρ
k1
∑

i=1

nik2
ni1

1+ρni·
−ρ

k1
∑

i=1

nik2
ni2

1 + ρni·

· · ·
1

λ
+n·k2

−ρ

k1
∑

i=1

n2
ik2

1+ρni·











































−1

.

Now we are ready to state the main result in this paper.

Theorem 13. The inverse of the 
ovarian
e matrix in 2-way allo
ation

A(n, 2; k1, k2/Nij , i = 1, 2; j = 1, . . . , ki) may be presented in the form

(18) V −1 =
1

σ0

[

In − NDNT − MCMT
]

,

where N,M,D and C are defined above.

P roof. In this situation one 
an write

V = σ0

(

In + ρ

k1
∑

i=1

N1iN
T
1i + λ

k2
∑

j=1

N2jN
T
2j

)

.
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Let us set in Lemma 12 A = In + ρ
∑k1

i=1
N1iN

T
1i, G = λIk2

and F =
HT = [N21, . . . , N2k2

]. It is well known (
f. St�pniak, 1974) that A−1 =
In − NDNT . Now the desired result follows by a routine algebra.
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