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Abstract

Commutative Jordan algebras are used to drive an highly tractable
framework for balanced factorial designs with a prime number p of
levels for their factors. Both fixed effects and random effects models
are treated. Sufficient complete statistics are obtained and used to
derive UMVUE for the relevant parameters. Confidence regions are
obtained and it is shown how to use duality for hypothesis testing.
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1. INTRODUCTION

A factorial design where all the factors have the same number of levels is
balanced factorial. In this work we use Commutative Jordan Algebras (CJA)
to carry out the study of the balanced factorial designs where factors have
a prime number of levels.
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As we shall see the framework provided by CJA is highly treatable both for
fixed effects and random effects models. In both cases we obtain complete
sufficient statistics as well as UMVUE for the relevant parameters. Confi-
dence regions are obtained and it is shown how, through duality, hypothesis
testing may be carried out.

1.1. Commutative Jordan algebras

A CJA A is a vector space constituted by symmetric commuting matrices
that contain the squares of their matrices. Seely (1971), showed that all
the CJA have only one principal base constituted by orthogonal projections
matrices, all of them mutually orthogonal.

Let Qq, ..., Q. be the matrices from the principal basis of a CJA A. If
Q. = %1”1’” = %Jn, where 1" is a matrix n x 1 with elements equal to 1,
the CJA will be regular. Moreover, if Z}Uzl Q; = I, where I,, is the n x n
identity matrix, the CJA will be complete.

In this work we only consider regular and complete CJA.

Let Q be an orthogonal projection matrix belonging to A. We have
w
(1) Q=e) 4;Q
j=1

witha; =0o0ra; =1,7=1,...,w.

Let R(Qj) = Vj, j = 1,...,w, be the range spaces of the matrices Q;,
j=1,...,w. We have, see Mexia (1995), Q; = ALA;, j = 1,...,w, if the row
vectors of A constitute an orthonormal basis for V;, j=1,..,w. If Ais
a complete CJA, the line vectors of

(2) P=[A]..A]]

constitute an orthonormal basis for R™ since we have

(3) L =) Q=) AjA;
j=1 j=1

and P is an orthogonal matrix associated to A.

Inversely, the matrices Q; = A;Aj, j =1,...,w, are symmetric and
idempotents and, as Q;Q;+ = O,xn, j 7# j', are mutually orthogonal consti-
tuting the principal basis of a CJA associated to P.
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If A is a complete and regular CJA with principal basis R={Q1,...,Qu},

we have Q = %Jn = (\/Lﬁln) (ﬁl’"), so Ay = ﬁl’" is the first row of
an orthogonal matrix P associated to A, constituted by elements equals to
\/Lﬁ. The matrix P will be, see Mexia (1988), orthogonal and standardized.

1.2. Prime basis factorials

We will consider the factorial design p?, with N factors each one having
a prime number p of levels. The p levels are numbered from 0 to p — 1
and the treatments are represented by vectors x = (z1,...,2N), with z; =
0,...,p—1,j=1,...,m, whose components are the factors levels.

Ifin G [p] ={0,...,p — 1} we define the addition and the multiplication
module p, where the results from the usual operations are replaced by the
rest of their division by p, we have the Galois field G[p] with support [p].
So, the vectors x will belong to the vector space G [p]N whose vectors have
N components belonging to G [p].

The treatments may be identified by the vectors xV € G[p]" with
components z; € G [p|, j = 1,...,N. This treatments my be ordered by the
indexes:

N
(4) j= 1—}-2:{%’])@'71.
i=1
Let L [p]" be the family of the linear functions
N
(5) ]L(X)zZajxj, aj=1,...,p—1
j=1

The values of these functions are obtained using the module p arithmetic.

Let also L,[p]" be the family of reduced linear functions, i.e. the func-
tions whose first non null coefficient is 1.

As L[p]" is a vector space with dimension N and each one of the N
coefficients can take p values, in L [p]N will exist p" functions of which
pV — 1 are not null. There are p;v:ll

For more details about prime basis factorials see, for exemple, Day and
Mukerjee (1999).

reduced linear functions.
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1.3. Incidence matrices

For each function L € L,[p]¥ we can assign a matrix C(L) = [c;;(L)]
where

0; L(xj)#1—1
(6) cij (L) = { ,
1; L(xj)=1—-1,

pxpN

with x; the vector with index j.

Then, with K obtained deleting the first row equal to %l’p fromapxp
standardized orthogonal matrix, we take

(7) B(L) = 3KC(L)

N—-1

with g =p
In Mexia (1988) it was prooven that the matrix

!/

(8) P (p") = LN 1,5,B'(L1),....,B' (L)

p2
with w = pév:ll, is orthogonal standardized. This matrix will be associated
to the CJA A (p") with principal basis R(p") = {pLNJpN, Q(Ly),...,
Q(Lw)}, Q(L;) =B/ (L;)B(L;),j=1,...,w.

2. FIXED EFFECTS MODEL

We will use the CJA to construct the model and make the inference. Let

us assume that we are working with the reduced linear functions L1, ..., Ly
N/
with w = pp_zl for which we have the matrices B; = B (L;), j =1,...,w,

and the orthogonal matrix

1
— 1~ Bj...Bj,

pT

P:

associated to the CJA relevant for the model.
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2.1. Model
The fixed effects model will be

w
(9) Y=1"u+) (Bj®1")p; +e,
j=1
where n = pNr, the vectors 0, ..., 3y are fixed with p — 1 components and

e is normal with zero mean vector and covariance matrix o21,,.

Let

B?:B]®#1,T7J: ) , W
(10)
BL=1,9T,,

where T, = I, — 1J,.

As the model Y has the mean vector and the variance-covariance matrix

w

(11) p=1"®1")u Z ;®1M)B and V =01,

respectively, it can be shown, see Fonseca et al. (2006), that the density
probability function is

~ 2 €
i 1B=6il =5

(27r)% on

(12) n(Y) =

with the complete sufficient statistics

L= BY P o2, gt =n(r-1)
(13) N
ﬁ:%( ®@17)Y ~N (8;,0°L,1), j=1,...,w.
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2.2. UMVUE
According to the Blackwell-Lehman-Scheffé theorem, we have the UMVUE

o2=55 gh=n(r-1)

(14) T

‘Ilj:Cjﬂj; jzl,...,w
for o2 and for v, =C;B,5=1,...,w. If C; =1 we have ¥; = 3; and
\Ilj:ﬁj,jzl,...,w.

2.3. Tests of hypothesis and confidence intervals for o2
We can use the statistic S+ ~ JQX; . to construct confidence intervals for

o2. And, through the duality we can also obtain tests of hypothesis for the
null hypothesis

(15) Hy: 0% = o},

This hypothesis is rejected at a significance level ¢, if and only if o3 is outside
the 1 — g level confidence interval.

2.4. Tests of hypothesis and confidence intervals for ¥; = G;/3;
The UMVUE for ®; = G;8;, j = 1,...,w, is ¥; = G;3;, and we have
T; ~ N (¥;,0°G,G))
(2)
St~ UZX?,M

where G, j = 1,...,w, is a matrix whose line vectors are linearly indepen-
dent.

Moreover we have, see Mexia (1995),

Uj = (¥ — ¥;)(G,G})" (¥, — )) ~ o™X,
(i)
St~ 02X§L,

with ¢; = car(Gj) = car(G;G}), j =1,...,w.



INFERENCE FOR RANDOM EFFECTS IN PRIME BASIS FACTORIALS ... 21

So we have the pivot variable

1L pyo
_9 = -
(16) ??_C_jS_J‘NFCj7gJ_7 j—l,...,w.
Thus, the 1 — ¢ confidence ellipsoid for ¥; is

= - = st
(17) (‘I’j - \I’])/(GJGQ) 1(‘I’j - \I’]) < ijl—q,Cj,gJ- gT’ ] = 1, e, W

where fl_w].?gL is the quantil with probability 1 — g from the F distribution
with ¢; and g+ degrees of freedom.

If we have to perform a test of hypothesis for the null hypothesis
(18) HO,j:‘I’j:ij j:1,...,w,
we may use the duality property of F tests. So this hypothesis is rejected at
a significance level ¢, if and only if b; is outside the 1 — ¢ level confidence

ellipsoid.

3. RANDOM EFFECTS MODEL

3.1. Model

The random effects model is

w
(19) Y =1"Y,+ Y Bg;,

j=1
with n = p’V. The vectors Bj, j = 1,...,w have normal distribution with
null mean vector and covariance matrix oI, 1,...,02I, 1 and are inde-

2

pendents. Y, the general mean with mean vector p and variance oZ.

As1"B;=0,j=1,...,w,

N
SplPY = pN Py

BY =8, B=[B,,...,B,|,

(20)

where 8 = | ’1,...,5;)]/.
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From the first equation on (20), p is known and Y depends only of
that have normal distribution with null mean vector and covariance matrix
diagonal by blocks, D (U%Ip,l, . ,U%UIp,l).

Then, the density probability function for g is

n(Z)ZeXP{_(( ot T 1>}

(21) (n—1)/2 TTw 1 ’
(2m) Hj:laj

where
(22) S;=I1Bjzl? = 1B* ~ oixp1, G =1, w,
since

/ 2 2 — 1 2 S HﬁjHQ
(23)  ZD ("L, 0ilp) m =) Sl =) T

j=1"7J j=1 J

According to the factorization theorem the Si,...,S, will be sufficient

statistics. Moreover since the normal density belongs to the exponential
family and the parameter space contains an open set, the statistics S},
j=1,...,w, and Y, will be complete.

According now to the Blackwell-Lehman-Scheffé theorem, the estima-
tors

(24) 52 = j=1,...,w,

are UMVUE for the 0 ,j=1,.

3.2. Confidence intervals and tests of hypotheses for 0]2-

We can use the statistics S;, j = 1,...,w, as pivot variables to obtain 1 — ¢
confidence intervals for 0]2-. So we have

S; 5

b)
Xp—1,1—¢q/2 Xp—1,q/2

(25)

where X;%—l,q is the quantile for probability ¢ of the chi-square distribution
with p — 1 degrees of freedmen.
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If we have to perform a test of hypothesis for the null hypothesis
(26) Hy: 0% =02,
we may use the duality property of x2 tests. Thus this hypothesis is rejected,

at a significance level g, if and only if o2 is outside the 1 — g level confidence
interval.

2
3.4. Confidence intervals for 0;; = %, j#l
l

Now we consider quotients of variance components.

With
2
(27) 031 = 5.5 #1,
g

the test statistic for Hq : 0;; = b is

S .
(28) Sl = j ~ 0 Fy 1p-1, JFL
If p > 3,
p—1 .
(29) E@) =050, =30 71

And, according to the Blackwell-Lehman-Scheffé theorem, the estimators

- p—3
(30) 051 = Egj,l
are UMVUE for the 0;;, j # [.

Let F (- |k, h) be the central F distribution with k¥ and h degrees of
freedmen and fi, 5, (¢) the quantile with probability ¢ from F (- |k, h). Since

Sj

(31) Pr (fp 1,p— 1((]) 9 ll < fpl,pl(q”)) — ql/ _q/’

we obtain the bounds for the two-side confidence interval for 6,;, j # [,
given by
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Sjl Sjl > " !
32 Prl ——m—— <0, < ———— ) =q —¢.
( ) (fpl,pl(q") ! fpfl,pfl(q/)

Similarly, we have the one-side confidence intervals

;.1 1
Pr <9j’l S fp—l,;—l(Q)) =1-q

(33)

;.1 _
Pr (9ij = fp_1,;_1(q)) -

These confidence intervals can be used to perform, through duality,
two-sided and one-sided tests of hypothesis for

(34) H() . Hj,l == HJO'J.
So these tests reject Hy for a significant level ¢ when 9?1 is not covered by
the corresponding 1 — ¢ confidence interval.

4. FINAL COMMENTS

As the considered tests (chi-square tests and F tests) have the property of
duality, it able us to unify the presentation for confidence intervals and the
rejection regions for the tests of hypotheses.

We intend to extend this treatment to mixed models thus completing
the study of prime basis factorial which up to now have been restricted to
the fixed effects models.
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