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ALGORITHM 43
Z. CYLKOWSKI (Wroclaw)

EVALUATION OF AN IMPROPER INTEGRAL
ON A FINITE INTERVAL

1. Procedure declaration. The function subtrap evaluates the integral

b
(1) ff(w)da;.

The function f(x) in (1) can be regular, it can also have singularities
at the ends of the integration interval. In one of the ends it can be unlim-
ited, however, it is then required that the value of this end point be
equal to zero and that in its neighbourhood the values of f(x) can be
calculated with small relative error.

Data:
a,b — integration limits;
f — identifier of the integral function of type real with one parameter
2z of type real;
eps — relative calculation error of (1);
mapr — maximum admissible number of type real;
n — number which limits the length of ecalculations; during the
calculations at most n—%(1+(—1)") (n>3) values of the
integral function will be used.

Additional result:

n — number not exceeding the value of » given in the data; if n > 0,
the desired accuracy has been obtained after calculation of n function
values, if » = 0, the desired accuracy has not been obtained, and
if n = —1, then probably the integral (1) is not convergent.

Remark 1. The divergence is determined after at most iln(maxr)
evaluations of the integral function.

Remark 2. The nodes of the quadrature used are symmetrically
distributed in the integration interval and are fairly much condensed
in the neighbourhood of the integration interval end points. If f(») is
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limited and the value of eps is not too small, then the nodes are interior
points of the integration interval. Otherwise, some of them usually merge
together with the non-zero interval end point due to the limited accuracy
of the computer. For complicated integral functions it is therefore advi-
sable to programme the body of the function f in such a manner as to
avoid unnecessary evaluation of the same function value.

2. Method used. Let us assume that the integral (1) is convergent and
let us transform it using the substitution

a-+b b—a
r =

2 + 5 tght,
as follows:
b o)
_ b b—
(2) ff(w)dw=f2—af(cosh“2t)f(a;— + 2atght)dt

-t

_ b—z—aof cosh~*t(f(a+c)+f(b—c))dt, where ¢ = (b—a)m-

From the first form of the transformed integral and from the Euler-
-Maclaurin formula (see, e.g., [1], p. 91-94) it can be deduced that the
trapezoid formula will be an adequate quadrature. To use it, the unlimited
integration interval of (2) has to be replaced by some interval {0, R)
which is sufficiently great for the relative truncation error not to exceed

eps.
Let ¢(t) denote the integral function of (2), let

T = [ g@t)dt
0
and let

E = | lp(t)dt
R
be the truncation error. We have to find R such that
(3) E < |T|eps.
The value of T will be calculated from

1 n
) T~ h(5¢(0)+ ;«p(kh)) (h>0),

where 7 is some natural number.
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real procedure subtrap(a,b,f,eps,maxr,n),
vglue a,b,eps;
anteser n;
Leal a,b,eps,maxr;
raal progedure
Regin
integer k,N,ne;
Lesl ba,c,ch,ex,el,h,h2,R,s,t,v,x;
xeal procedure cft;
kezin
kf=k+2;
ex:=exp(x);
el1:=1.0/ex;
ch:=2.0/(ex+e1);
c:=baxeixch;
ci=cfts=(f(a+c)+f(b=-c) )xchxch;
c:=abs(c)
end cft;
ba:=.5%(b-a);
x:=h2:=2.0;
k:=2;
t:=f(a+ba)+ct;
if ba=.0
then g0 o B;
s:=abe(b-a);
N:=entier(.5»(ln(maxr)+(if s=1.0 then .0 glge 1n(s))));
if N>n
then N:=n;
nes=~1;

Asss=c;



144 Z. Cylkowski

Xsux+2.03
il =N
ihen g2 %o C;
ti=t+clt;
1L cxs>abs(txeps)x(s-c)
iken g0 io A;
R:=x;
vi=c;
nes=0; )
for h:=2.0,h2 yhile abs(t-s)>ch+ch dg
hezin
h2:=,5%h;
si=t+t;
for x:=h2 gtep h yptil R dg
if k<n
then t:=t+cft
edac & o Ds
ch:=abs(txeps);

1L cxcgehx(c-v)

end cxcgchx(c-v)
eud h;
Bine:=k-1;
Ci:gs=t;
D:ns=ne;
subtraps=baxh2xs

end subtrap
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Let us put R = nh and calculate n.
Since the form of the function ¢(t) suggests that, for ¢ great,

lp ()] ~ ae™,
where a and u are positive constants, we have
~ - ag~Fnh
(5) E ~ f ae " dt < hZ ae P — hm
nh k=n
lp (nh)] _ 5 le(rh—R)g(nh)|
1—|p(nh)/p(nh—h)| lp(nh — h)| — |p(nh)]

Formulae (3), (4) and (5) allow the calculation of n. Namely, it is
possible, beginning with some n = m, to substituten = m, m+1, m+2, ...
and to stop with that value which satisfies the inequality

1 n
(o (1 — W) (1) | < [lp (wh — )| — [p (1h) 1 59 (0)+ D" (k)| eps.
k=1

In the function subtrap it is assumed » = 2 and m = 2. If the evaluated
R is greater than

min {}1n (maxr), }In(|b — a|maxr)},

then the integral is assumed to be non-convergent. Otherwise, the trape-
zoid formula is used. The lengths of the subintervals are equal 2 at the
beginning, and later on they are halved repeatedly until the required
accuracy is obtained.

3. Certification. The control calculations have been performed on
the Odra 1204 computer (maxr = 6,,153) for the integrals given below.
The asymptotic approximations of the function ¢(f) give an insight
in the form of the integral function of (2):

1

(6) farccosa:dw =1 (p() ~2me ),

0
1
(7 fln"‘m
0
0

d — =01t
(8) [ (_ln(1+$))o_95_19.470085 (@(t) ~ 4e~%1),

dx
= —5.6821970 1) ~ —32t3e7%
1+ta (‘P( ) )y

1
(9) f sin% dz = 0.7570600 (p(t) ~ 4(sin(¢) +sin(1))e™™),
o @x

1
(10) f cos-lw—dm = —0.08441095  (p(t) ~ 4(cos(e”)+cos(1))e™™),

10 — Zastosow. Matem. 15.1
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P 4e
11 f O _ 0.8116404 6 ~—o ).
(11) 2(—Ina) (p(¢) (2t‘+1)2-5)
In order to satisfy the requirements of Section 1 in case (8), the
integral function was given the form

0 for » = —1,
fl@) =1 (—In(1+a))7** for —1< x< —0.01,
(—z+3a®—32*+32) "%  for —0.01 <2< 0.

The remaining integrals did not require such changes.
In every calculation there was assumed » = 20 000. Table 1 contains
the obtained integral values and the final values of n. The first three

approximate values of (10) are essentially bad, probably the integration
method did not ‘‘grasp’’ the oscillation of the function cos(1/x).

TABLE 1
eps (6) (7) (8)
10—1 1.0026495 9 —5.6872117 13 18.056862 53
10—2 .9982234 15 —5.6730965 25 19.312796 97
10—3 9998904 41 —5.6818375 33 19.454739 287
10—4 .9999846 47 —5.6820532 73 19.468385 375
10—95 .9999980 57 —5.6821922 89 19.469921 937
10—06 .9999997 63 —5.6821961 95 19.470068 1115
10— 17 1.0000000 145 —5.6821968 105 19.470084 1305
10— 8 1.0000000 171 —5.6821970 235 19.411404 -1
eps (9) (10) (11)
10—1 .7622373 15 —.21996577 15 .7892627 9
10—2 .7581698 31 —.10036838 51 .8025381 33
10—3 7564605 121 —.09919080 77 .8103825 129
1w—4 7570598 383 —.08442596 10857 .8115019 1137
10—9 75670599 853 —.08441439 0 .8494819 —1
10— 6 7570596 1943 —.08441309 0 .8494819 -1

Reference

[1] P. J. Davis and P. Rabinowitz, Numerical integration, Waltham 1967.
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UNIVERSITY OF WROCLAW
50-384 WROCLAW '

Recetved on 31. 10. 1974
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ALGORYTM 43
Z. CYLKO WSKI (Wroclaw)

OBLICZANIE CALKI NIEWLASCIWE]J W PRZEDZIALE SKONCZONYM

STRESZCZENIE

Wartoscig funkeji subirap jest calka (1). Funkeja podcatkowa moze byé regularna,
ale takze moze mieé osobliwoséci na koncach przedzialu calkowania. W jednym z kon-
c6w moze byé nieograniczona, wtedy jednak wymaga sig¢, aby by! on zerem i aby
w jego otoczeniu wartodei funkeji f(x) byly obliczane z malym bledem wzglednym.

Dane:

a,b — granice catlkowania;
f — nazwa funkeji podcatkowej typu real z jednym parametrem x typu real;
eps — blad wzgledny, z jakim nalezy obliczyé calke (1);
maxr — najwieksza dozwolona w maszynie liczba typu real;
n — liczba ograniczajaca dlugosé obliczen; w obliczeniach uzyje sie@ najwyzej
n—3(14+(—1)") (n> 3) wartodci funkeji podcatkowej.

Wynik dodatkowy:

n — liczba nie wigksza od danego n; jesli » > 0, to dang dokladnosé uzyskano po
obliczeniu n wartosci funkeji, jesli n = 0, to nie uzyskano danej dokladno$ei,

a jesli n = —1, to istnieje obawa, Ze catka (1) jest rozbiezna.

Uwaga 1. Rozbieznos¢ stwierdza sie po obliczeniu najwyzej 4In (maxr) wartosei
funkeji podcatkowej.

Uwaga 2. Wezly zastosowanej kwadratury sa rozlozone w przedziale calkowania
symetrycznie i w poblizu jego konicéw 83 doéé mocno zgeszczone. Jesli f(x) jest ograni-
czona, a wartosé eps nie jest zbyt mala, to wezly sa punktami wewnetrznymi przedziatu
calkowania. W przeciwnym razie niektére z nich zazwyczaj zlewaja sie — wskutek
ograniczonej dokladnosci maszyny — z niezerowym konhcem przedzialu. Dla skompli-
kowanych funkeji podcalkowych warto zatem w tym ostatnim przypadku zapro-
gramowaé tre§é funkeji f tak, aby uniknaé wielokrotnego obliczania tej samej war-
tosei.

Uzyta metoda polega na przeksztalceniu calki (1) do postaci (2). Nieskonczony
przedzial calkowania zast¢puje si¢ pewnym przedziatem (0, R) tak duzym, zeby
blad wzgledny obciecia byl nie wiekszy od eps. W celu wyznaczenia R korzysta sie
z faktu, ze dla duzych ¢ funkeja podcatkowa w calce (2) ma przewaznie postaé¢ wyklad-
nicza ae#, gdzie a i u 83 pewnymi statymi. Jegli obliczone R jest wieksze od

min{}1ln (mazxr), $In ()b — a| maxr)},

to calke uznaje sig@ za rozbiezna. W przeciwnym razie korzysta si¢ z wzoru trapezdw .
Dlugoéci podprzedzialéw najpierw sa réwne 2, a nastepnie sg wielokrotnie polowione,
az do osiagniecia danej dokladnodci. Kilka przykladowych obliczetr zamieszczono
w rozdz. 3.




