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A NOISY DUEL UNDER ARBITRARY MOVING. II

1. Definitions and supposntlons In paper [19]-[23] of the author and in
this paper an m versus n bullets noisy duel is considered in which duelists can
move at will.
' In this paper we solve the duels in which players have one, two or three
bullets. _

Let us define the game which will be called the game (m, n). Two Players
I and II fight in a duel. They can move as they like. Maximal velocity of Player
L is v,, maximal velocity of Player II is v,, and let v; > v, > 0. Player I has
m bullets (or rockets), Player II has n bullets (rockets).

Assume that at the moment ¢ = 0 the players are in the distance 1 off from
each other and that v, +v, = 1.

Denote by P(s) the probablhty that Player I (II) achieves a success
(destroys the opponent) if he fires in the distance 1—s. We assume that the
function P(s) is increasing and continuous in the interval [0, 1] and has
a continuous second derivative inside-this interval, P(s) = 0 for s <0, P(1)= 1.

Player I gains 1 if he only achieves the success, gains — 1 if Player II only
achieves the success, and gains 0 in the remaining cases. It is assumed that the
duel is a zero-sum game. :

The duel is noisy — the player.hears the shot of his opponent.

Wlthout loss of generahty we can assume that Player II is motionless.
Then v, =1, v, =0.

~ When Player I has fired all his bullets, his motion in the direction of the
opponent loses sense. Then we shall always assume that Player I evades with
maximal speed after firing all his bullets.
' Suppose that Player I has fired all his bullets and he evades. In this case

Player IT will do the best (if he survives) if he fires all his bullets immediately
after the last shot of Player I. If, on the other hand, Player II has fired all his
bullets and Player I survives and has yet bullets, the best- what he can do is to
reach the opponent and to achieve the success surely. '

We shall keep the above assumptions throughout the paper. We suppose
also that the reader knows paper [19] and remembers the definitions, notation
and assumptions given there.
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For the definitions and notions concerning duels see [1], [5], [6], [24].
For other games of timing see [2], [3], [8], [9], [111-[13], [15], [25].

2. Duel (m, 1). Let a point a,,,€[0, 1] and let <a,,,> be the earliest moment
when Player I reaches this point (at the moment 0 he is at the point 0). Denote
by a},, the random moment,

) K o S iy +00(8),
distributed according to an absolute continuous probability distribution
(ACPD) in the above interval, a(e)—0 if ¢ 0.
Let us consider the case where Players I and II have one bullet each.
Define the following strategies £ and 5 of these players:

Strategy of Player 1. Reach the point g, ,, and if Player IT did not ﬁre
before, fire the shot at a;.

Strategy of Player II. Fire at the earliest moment when Player
I reaches the point a,, (at the moment {a,, ). If he did not reach this point, do
not fire.

The number a,, satisfies the equation

(1) P(a,,) = \/2—1.
Now, let us consider the case where Player I has m bullets, m > 2, and

Player II has one bullet. In this case we define strategies ¢ and # of these
players as follows:

Strategy of Player I Reach the point a_,, and if Player II did not fire
before, fire a shot at (a,,> and play ¢-optimally the obtained duel (m—1, 1).

Strategy of Player II If Player I reaches the point aml, fire a shot at
ay1- If he does not reach this point, do not fire.
The number a,,, satisfies the equation

- Playy)
2 P(,,) = 11 :

In {19] it is proved that in the case m = t the strategy ¢ is e-maximin and
the strategy 7 is minimax. In the case m > 2 the strategy & is e-maximin and mls
e-minimax (for a properly chosen a(g)). In both cases the value of the game is
glven by the formula

. (3) Umt =

14+(m—3)P(a,,)
| 1+(m—1)P(a,,)

3. Further definitions and assumptions. Suppose now that the duel (m, n)
begins when the distance between the players is 1 —a. This duel will be denoted
by (m, n), {(a). To simplify considerations we calculate the time also from ¢ = a.
All other suppositions about the duel (m, n) made at the beginning of the paper

holds also for the duel (m, n), (a). Thus Player I, after firing all his bullets,
evades with maximal speed, etc.
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In the further part of the paper (and in the forthcoming papers [20]-[23]
We assume that between successive shots of the same player.the time £ has to
pass.

We say that Player I assures in limit the value u, if for each ¢ > 0, £ > 0 he
has a strategy ¢, such that

@) K(&s 1) = u,—ky (e, &)

for any strategy 7 of Player I1, where k, (¢, £) is a function tending to zero when
£-0, £§50.

Similarly, Player 11 assures in limit the value u, if for each ¢ > 0, £ > 0 he
has a strategy n.; such hat

) K(&; 1) < 4 +kae,
for any strategy € of Player I, where k, (¢, £) is a function tending to zero when
€0, §-0.

Other notions defined below can be defined wider. Since I want to be
Understood also by people not working in the theory of games, I define these
Dotions in a simpler way but under the following additional assumption
(satisfied in the paper):

(C) Assume that Players I and II assure in limit the same value 2.

The number v%, will be called the limit value of the game.

Suppose that there is a strategy &; of Player I assuring in limit, in the duel
(m, n), <a), the value Unn, Where k, (g, €) = k,(é). This strategy &, will be called
Optimal or maximin in limit.

Similarly we define the optimal or minimax in limit strategy of Player II.

If, however, instead of the condition k,(§)—0 for §—>0 we have
(6) limk, (8 <,

e—0
then such a strategy ¢,, is called e-optimal in limit.

Let us consider a family & of strategies such that for each ¢ > 0, £> 0
there is a strategy ¢.; belonging to this family and being e-optimal in limit. In
the paper we consider only families & of strategies containing for each £ > 0
4 strategy &, such that ¢ < 8(8) and
@ lim 6(8) = 0.

é~0
If Player I has at his disposal such a family of strategies, then he has a strategy
$ optimal in limit.

A similar corollary is true also for Player II.

4. Duel (1, 2), {a). In this section we give a solution for the duel (1, 2), {a)>
When q is small, This solution will be necessary to solve other duels with m and

" bullets and, in particular, the duels (m, n), <0>, which is the main aim of
Papers [19]-[23] and of this article.
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