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1. Intreduction. Suppose that (X, X,,..., X,) is a sample from
population having distribution function F(z) and probability density
function (p.d.f.) f(z). Let X, < X,<...< X, be an ordered sample of
size n. For fixed size m, extensive studies on order statistics have been
made, while a literature on this subject in the case where n is a value of
the random variable N is not so rich. Some studies on order statistics
for random sample size can be found, e.g., in [1], [2] and [6].

In this note we study distributions and moments of order statistics
in the case where N has a compound binomial distribution or a compound
Poisson distribution. Particular cases of the population distributions
(uniform on (0, 1]) and compounding ones (uniform on [0, 1], f- and y-
distributions) are also considered.

There are known somne applications of compound distributions in a qual-
ity control and mathematical statistics (see, e.g., [3]-[5], [7], [8]). That is
why we think our results would be useful in investigations of such a type.
Moreover, our considerations lead to some combinatorial identities.

2. N has a compound binomial distribution. A random variable
N is said to have the compound binomial distribution if the probability
function of & is of the form

(1) p(k; P) = P[N = k] = (Z)fp"q""‘f(p)dp,

k=0,1,2,...,n, 0<p<1l,p4+q=1,

where f(p) denotes the density function of the random variable P.
In what follows we write f; for f(«,), F; for F(z,) ete., and

n n o
Ay(n, p) = Z(k)p"q k
k=i

8= 8i(n,2) = [ Ay(n, ) f(2)dp = BAn, )= > ~E My,
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where
M,,—Z(— ( )EP”’" and (n), = n(n—1)...(n—k+1).

LEMMA 1. If X, < X,<...< Xy ts an ordered sample of size N
having the distribution (1), then:

(a) the conditional p.d.f. of X;, 1 < i< N, conditioned on the event
[N > 1] is

n—<
2 R — v - k If-i-’t—l k41,
(b) the conditional p.d.f. of Xy_; +1 conditioned on the event [N > 1] is
(n) f; —1 = n_i I - E
(3) 9@y ;1) = Ki),—gl Y(—l)k 2 (1—Fy_ip)* T EPH
T k=o

(¢) the joint conditional p.d.f. of X; and X;,1 < i < j< N, conditioned
on the event [N > j] is

(Wi, B B — B X3 (n —J\ prgpr
) o ; _ +i
(4) g(@;, z;) (—DIG—i—D)!5, I%( 1)* % )F EP

Proof. Let G be the conditional cumulative distribution function
of X;, conditioned on the event [N > i], i.e. G(z;) = P[X; < z;|N > i].
For a given sample of size & let us put
We have
G(z,) = . AN > .—_Z N =
() =P[X, <z, |N>1i] = PN S 1] PLX,; < x;| k]

n

1
_}_J (2| K)P[N = E].

P[N>z
Hence, we get
1 n

5 ) = h(z;|E)P[N = E].
(®) (@) P[N%.]; (e: | )PLN = E]

Using (1) and the formula

Il
h(w;|k) = F'QA-F)'f;, i=1,2,...,k,

(1 —1)1(k—1i)!
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we obtain

D M@ HPIN = k]
k=1

- k! i —ip [T - . e
=}; oDt T A F) fi(k)ofp’”q “f(p)dp

e f S mrre e
- S B, f P(L—pF)~f(p)d

— %Fﬁ‘lﬁg(—ly‘(";i) F; ofl " f(p)dp
- (i(ﬂi)! I Z (-1" (n?) FerBpe.

k=0

Taking into account the relations

we get (2).
Formulae (3) and (4) can be obtained in the analogous way, wfter
using

k!

h(zy_;4q 1K) = (i—l)'(.k—i)' (A=Fy_ 1) " i

and

k!
o k) = — _ " — P [F;— B (L — B,
Mo s = GG T W i

for ¢ < j, respectively.
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Remark 1. The smallest and the largest order statistics are the
following:

n—1

nfy (n—1 :
g(r,) = —; - y('—l)k( )FicEPk-H,
> (—1y+ ("’) EP* im0 ;
& k
dlax) = ——— D 3 —up (") - mpER,

2 (=1 (Z) EP* i=o
k=1

Remark 2. The considerations leading to the formulae above
allow us to give

Sl - S e

COROLLARY 1. If the random wvariable P has a uniform distribution
on (0, 1), then formulae (2)-(4) are of the form

(x;) = (n+1)if; (N (1) (n—i) Frti-1
I = G m—i+D) & it \ B )0
(m+1); 0 fyv—is \—7 - k (n—z) hti1
voieg) = o 1—F .. )k
g(x_v_,_,_l) (’&—1)’(’}’&—’1,—]—1) AJ L—{-’ll—l—l Iv ( N——z‘l) ’

SO UR S5 ke o ) Z L)
v (GE—1)1(j—i—1)"(n—j+1) k+g+1 k ]

Remark 3. The smallest and the largest order statistics are the
following:

n—1
—1) -
g(x;) = (n+1)f; (—‘—)—(nkl) Ff,

Fr k+2
O (=1 (n—i

) = 0y > (M) - B
k=0

Remark 4. The considerations leading to the formulae above allow
us also to give

SIS S S0
k & E+1+1 l —k=l E+1 \E)] n+1”

k=1
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COROLLARY 2. If the random variable P has the [-distribution, i.e.

a b—a

® 1) = 5 ﬁ qb—a+1) , 0<p<l,—-l<a<bdl,piq=1,
?
then
(n)i i—
9(@;) = (i—1)! fiF7 Dy,
(n); i—1 %
9(@n_iy1) = Wflv—iﬂ(l—FN—i-u) D;,
_ ('"’)J' Fi-YF j—i—1
9w, @) = (—D)!(—i—1)! fifiBy (F;—Fy) Dy,
where

— [2’ (—1)* (”;i) FEB(k+a-+it1, b—a+1)]><

Eod

n -1
X[Z(Z) B(k+a-+1, n—k—}—b—a—[—l)]

k=t

P

LEMMA 2. Let R be the range of an ordered sample X, < X, < ... < X,
where N is a random variable distributed according to (1). Then

(7)

and D} is equal to D;, 1 —Fy_. ., standing for F;.

n

(" 2 B4 [ B+ — P 1)

k=0
n—1
' E [n—1 g
k+1 k-1
;’:(_1) k+1( k )EP

(m—1
g(r) =

Proof. Since the p.d.f. of range R ([9], p. 248) is, for fixed %,

h(rik) = k(k—1) [ [F(z+7r)—F @) 2f(z+rf(x)dr,

— 00

and

8, = 1—E(1—P)"—nEP(1— Z 1)k 754;1 ("kfl)EPkH,

the p.d.f. of range R in the case where N is distributed according to (1)
is given by (7).
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Remark 5. The considerations given above lead us also to the
formula

n—1 n n—k
N, g1 k(-1 e+ NN gy n—k k+1
nﬁ( Tl kg‘ . z_fo“( ("] )RR

COROLLARY 3. In the case where P has the uniform distribution on
(0, 1) the p.d.f. is of the form

{(8)
n — 2\

o) =000 3 (%) f[F 241 —F@) -1+ 1)@

n—2

Remark 6. The considerations given above lead us also to the
formula

né_'j (1) k (n —1) _ n—1
~ (k+1)(k+2)\ * | n(m+1)’

COROLLARY 4. In the case where P has the f-distribution the p.d.f. is of
the form
O Lk +a+3) (n—2) y

) g(r)=[<n—1) ,
& THErb+ o\ &

x [ P40 - -1Ff+ s

[5% Ly (n _1\ T'(k+a+2)"
o k+1\ &k ) T(k+b+3)
3. N has a compound Poisson distribution. A random variable N is

said to have the compound Poisson distribution if the probability function
of N is of the form

oAk
(10)  p(k) = P[N = =fi e*dG(2), k=0,1,2,...,
0

where G denotes the distribution function of the parameter A.

Now we are going to present results analogous to those of Section 2
in the case where N has a compound Poisson distribution.

Let

X qk

. A
z)~2k—!e

k=t
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and
00 oo M*
8 =8 —_f A*(2)dG (1) = BA*(4) j—kT",

0 k=1 )

Where
O (—1)
M= Z ( l') BAFH
1=0 :
LeEMMA 3. If X; < X, <... < X, s an ordered sample of size N having

the distribution (10), then:
(a) the conditional p.d.f. of X,, 1<i< N, conditioned on the event
[NV > 1] s

'Fk-H - k+z
(1) g(@) = u—-'s 22 ——E4

(b) the joint conditional p.d.f. of X; and X;, 1 <1 < j< N, conditioned
on the event [N >=7j] is

FiU[F,—F, V-1
(12) g(x;, x;) 1if; i ]'S 2

P T Tl —i—)

J EAIH-J

Proof. Taking into account the formula

P[N >i] — Z%f PFeraq(a) = BA(A)

k=1

and making simple evaluations (some of them are analogous to those
of Lemma 1), we get (11) and (12).

Remark 7. For the smallest order statistic we have

w(_l)k k k41
fi ) ——— FiBA**

fiEAe 14 =k
— e 1 ( _;3 E Ak
k=1 °

COROLLARY 5. If the random variable A is distributed according to

@ t—1_,—ak
(13) f(l) _ '11(—/0)‘}. € fOT A> 0,
0 for A<0,
where a > 0, v > 0, then
fl;n 1
) ="' 7.

4 — Zastos. Mat. 17.2
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and
( ) fzf;Fl I[F F]] -1
o (i—1)1(j—i—1)!
with
b u N Fi_c—i
=[S ()
k=i

k! l at
k=1
One can prove the following

LEMMA 4. Let R be the range of an ordered sample X, < X, < ... < Xy,
where N is a random variable distributed according to (10). Then

o%kl— (4%*2) [ [F(z+7)— F(2)]f(@+7)f(2)dw
(14) g =* =
2’( (BA+ 4 EAY)

Remark 8. One can also prove

oo

oo _ k+l

COROLLARY 6. In the case where A is distributed according to (13)

we have
S (k—1)k T
2( kl) (v—Ho 1) f [F(OH'T)—F(”)]k—zf(a?+9')f(w)dx

k
g(r) = =2 ¢ ) (_1;1::.1 v+ k—1
1+k2=‘;—a" [a+v+k]( . )

Remark 9. For a > 0 and v > 0 we also have

k+l

N k—1
1y Y [a+v+k](”+k )
k=0

v 1 (- v—}-l-l—k—i—l)
—Ig (k+2)! §a1+k+2 (l+k+2)k+2( l+k+2 .
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4. A sample from a population uniformly distributed in (0, 1). We now
consider a sample (X,, X,,..., Xy) of size N from a population having
the uniform distribution in (0, 1), i.e. F(x) = « for # € (0, 1). In this case
We can prove the following

THEOREM 1. If X, < X, < ... < Xy is an ordered sample from F (x) =z,

€(0,1), and N has the compound binomial distribution (1), then

n? n—2 .
(n—l) 2 (_1)k s )(1—7‘)k+1EPk+2
(15) g(r) = —=— .
(_1)k+1 k (n_l) EPk+1
=6 k+1\ K
Moreover, for m > 1 we have
(n); = 1 n—i .
(16 E_Xm _ v -1 k- E k47
) i 2 Y wriri ()2
and
(17)
Exr_n — EX'-"'—I Pk+z
¢ ¢ (z— ! ,;‘ m+k+z)(m+k+z— )( k ) ’
and for i < j
im); 1 '
(18 EX,X; = ] -1 k———("_J) EP*+,
) X, j!Sj;( e

Proof. (15) follows directly from (7), whereas (16)-(18) can be obtain-
ed by simple evaluations after using Lemma 1.

COROLLARY 7. If in the considered case P is uniformly distributed in
(0, 1), then

B n—2 B k_L n_z o
g(r)—fn(n—l—l)kg;( 1) k+3( % )(1 ryett,

Moreover, for m >1 we have

(7 41);41 1 n—1
T G-1)!(n—i+1) 2(_ (m+k+i )(k+z—|~1)( )

i
and

EX?= EX7'—

S ) 22 y(_)k 1 (n—z)
(t—=1)!(n—1i+1) Ld (m+k+i—1)(m+k+a)(k+i+1)\ k)’
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and for i < j
i 1), NI = ("‘j)
EX,X, = ———77_ —1)k - : .
- a!(n—y+1>,§( S Gk | R

COROLLARY 8. If in the considered case P has the (-distribution (6),
then

K —9\ I'(k+a+3) |
_ —1) n B S R N A TN A2 |
() " 1)5( )( k )I’(k+b+4) a-n
r) =
g nZ_l(_l)k+1 k (fn—k) I'k+a+2)
f=o k+1\ k | I'(k+b+3)
Moreover, for m =1 we have
E'X:n = n—i n (n)z X
. 1y ) i
(¢ 1)'k=o(k+'£) Bk+i+a+l,n—k—i+b—a+1)
O (n—i 1
—1)* ————— B(k+1 —
X}%( ) ( I )m+k+i (k+i+a+1l,b—a+1)
and
. n—1t . I . _
EXZ” — EX;-n—l— .(n)1 [ ﬁ(_l)k(n ’l/) B( +?/+.a+1, b a+1)]
((—1)! | & E'] m+Ek+i)(m+k+i—1)
n— " -1
X [k—o (k-{—z) B(k+z+a+1,n——k—z—]—b—a+l)] )
and for 1 <j
EX, X, =M"—[n2_j(—1)";(n—j)B(k+j+a+1 b—a+1)]><
1) j! < k+j+2 k ?
n—j n -1
X[g(k—i-j)B(k+]+a’+l’n_k—‘7+b_a+1)] .

THEOREM 2. If X, < X,<...< Xy 148 an ordered sample from
F(z) =2,2€(0,1), and N has the compound Poisson distribution (10),
then

1— o 7%
(19) g(r) = d Z}:—' EA*?,

o _1\k
14 Y @y Ay £
k=0 °
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Moreover, for m > 1 we have

1 =y (—1)F .
(20) EX?T = — - . E Akt
(E—1)18] & (m+E+i)k!

and

1 %(_1)1\ EARHE
(i—l)!S;‘kLOJ K (m4+k+i—1)(m+k+i)’

(21) EX? =EX?'-

and for i <)

(22) EX,X; =

Proof. (19) follows directly from (14), and (20)-(22) can be obtained
by simple evaluations after using Lemma 3.

COROLLARY 9. If in the considered case A is distributed according
to (13), then

k+2 k + 2
9(r) = D

1+2 Hl [a+v +k](

Moreover, for m > 1 we have

(1_1,)2 <k+t>(k+2> (v+k+1) ,nk

v+ k— ﬂ

iy ) -1\ 1
-0t Y M- o

]

and
Z”w 1)*"(k); (v+k—1) 1
EXP — BXP ~ (m+k—1)(m+k) k a

—1\ 1
@_1)!2]‘;12 o ('D-{"; 1)7

b

and for ¢ < j
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ZOFIA GRUDZIEN i D. SZYNAL (Lublin)

O STATYSTYKACH PORZADKOWYCH DLA PROBY 0 LOSOWE]J LICZEBNOSCI,
MAJACEJ ZLOZONY ROZKLAD DWUMIANOWY
I ZLOZONY ROZKLAD POISSONA

STRESZCZENIE

W pracy podaje sie wzory na gestoSci warunkowe statystyk porzadkowych,
gdy proba jest pobrana z populacji o rozkladzie F (x), a liczebnosé proby jest zmienna
losows o zlozonym rozkladzie dwumianowym lub Poissona. Dla préby pobranej
z populacji o rozkladzie jednostajnym na przedziale (0, 1) podano wzory na momenty
statystyk porzadkowych.



