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THE INVERSION OF CYCLIC TRIDIAGONAL MATRICES

1. Introduction. In some problems that arise in the theory of cubic
Splines we deal with the inverses of cyclic tridiagonal matrices (see [1]). We
Would like to mention that an (n xn)-matrix A4 = (x;;), where

by ¢ O 0 0 g
a, b, Cy 0 0 0
(1) A= o ,
0 0 0 Guoy baoy Cacy
e, 0 0 0" a, b, |

is said to be a cyclic tridiagonal matrix (see [2])).

The purpose of this paper is to derive some recurrence formulae for the
elements of A~ 1. In Sections 2 and 3 we give two different methods. The first
one is based on the LU decomposition of 4. In the case where a, =¢, =0
the obtained results reduce to those given in [3]. In Section 3, using Evan’s
factorization of A (see [2]) we obtain. another recursive method for the
elements of 4~ 1. Three numerical algorithms and the arithmetical complexity
for both methods under discussion are also included. '

2. Inversion of A by using LU decomposition. To this end we assume
d#0, k=1,2,...,n, where d; denotes the k-th leading minor of A. In
Particular, positive definite matrices satisfy this assumption.

LemMA 1. There exists a unique factorization A = LU, where

fi 0 0 0 0 o
e2 f, O 0 0 0
L=| i,
0 0 0 .. e_1fi., 0
(91 92 93 - Gu-26 fo ]
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and
i —p, 0 ... 0 0 g |
0 1 D .. 0 0 q»>
U= 0 0 0 1 —Pn-2 qn-2
0 0 0 0 1 — Pn-1
0 o o0 o o 1 |

The non-zero elements of matrices L and U satwfy the following recurrence
Jormulae:

f1=b19 ﬁc=bk+ekpk—1 (k=2: 3,....,71—1),

n—2
(2) f;1=bn+enpn—1_ Z g4

=1
(3) eg=a (k=23,...,n-1), €, =0yt Pn-29n-2>

Ch—17€y-1q4p-2

4 =——1(k=1,2,...,n=2), —1 = — »
4 Px .ﬁ - ( ), Pn—1 T
(5) g1 = Cy, 9 = Dk—19k-1 (k=29 35-”’”—2)’
(6) g =2 et o203, n-2).

no Ty

Proof. We can verify the correctness of (2)-(6) by multiplying LbyU
and then comparing the entries of LU with the suitable entries of A. This
completes the proof.

It is well known that
(7) f;c=dk/dk—1 (k=19 2,'-'7 n_l)

Hence f, #0 (k=1, 2, ..., n—1). Therefore, in formulae (4) and (6) the
division by zero does not occur. The leading minors of A also satisfy the
following formula:

@) di=bdi1—ac-1di-, *k=2,3,...,n-1;dy=1,d, =by).
For further aims we express the entries of L and U in terms of f;
(k=1,2,...,n-1).

LEMMA 2. The elements of the matrices L and U may be written in the
form ‘
A Cy—1

Ji-

fi=by, fi=b— k=2,3,...,n=1),

(2)
AnCp— l ( 1)”+1

bt g et Hal—a 2 21177
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(3/) & = a, .(k=2,3,..., n—l),
) n—Zc
€n = an+(_l)ncn H _la
=1 h
D= -2 (k=1,2,...,n-2),
@) Sk
’ . Cp—1 — "_lal
n-1 = — +(—-1)" 1 —,
DPn-1 1 (-1 1]=—I1fl
k—1
(59 g=(=1*"¢ ]2 k=12, ..., n-2),
: . I=1ﬁ
. k
©) cjrk=(—1)"“IIﬁ k=1,2,...,n=2).
l=1.ﬁ

Préof. Formula (6) follows immediately from (3) and (6). From (4) and
(5) we have (5"). Applying (3) and (6) to (4) we get (4). From (4) and (5') we
have (3), Using (3')H6") we obtain (2'). The proof is complete.

From (7) we have

dy dy  dy-,

fifao famn =%‘Z-~'dn_2

S_ince det(4) = de=fi fo...fn=4d,_1 f,, we obtain f, =d,/d,_,. Hence rela-
ton (7) is also true for k = n.
Now we want to express the determinant of 4 by the elements q,, by, ¢,

af-lfi the leading minors d,. Using (2)) and (7) we obtain

=dn—1'

k-

d -
—~r_ _ a,C,— (__.1)" - “ " la la G-
d f;. = bn—_—l dn—Z— {n a,+ I:I cl}_cn Z x l__[ fl;zldn‘—lla

n-1 _d,.—1 dn_ I=1 I=1 lﬁcl 1
d =bd . n n n—lakk—lalcl
n nly—1—8,Cpyd, ,—(—1) {H a,+ Hcl}_cndn-l Z }' 2
=1 =1 Ck=1Jk =1 JI

Easy calculations show that

n—lakk—la'cl n- 1

1 k k-1
—_ — =a a C;.
kglj;c 1=1'f12 1k§1 dk-—ldk II=]1 lll=—[1 :

Thus we obtain finally the following
LEMMA 3. The determinant of A satisfies the formula

9 Ta+ T
9) d,,=bndn_1—ancn_1dn_z—(-—l)"{n a+ ncl}
=1 =1

n—1 1 k k-1
—ayc,d,_y Y, 1 d [Ta[]ec.
k=1%-10k1=1 =1
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In Theorem 1; recursive formulae for obtaining the elements of B = A?
are given. Since 4 = LU, where L =(};)), U =(u) (i,j=1,2,..., n), we have

B=U"'L1,
Hence
(10) UB=L"'=() Gj=12,..n),
(11) BL=U"'=(@,) @j=1,2,...,n).

From (10) and (11) we obtain recurrence formulae for the elements of B
=By (,j=1,2,...,n

n

(10,) ‘ kZ.uEkﬂkj = yij (isj = 1’ 2: ey n))
(119 kz Bix lkj =g¢; @j=1,2,...,n.
=j

Now we present the announced theorem.

TueoreM 1. Let A =(w;) (i,j=1, 2, ..., n) be a cyclic tridiagonal ma-
trix and let all leading minors of A be different from zero. Then the elements of
the matrix B satisfy the recurrence formulae of the “first kind”

Yui (i=nj=1,2,...,n),
(12) :Bij={pn—lﬁnj+)’n—l,j (i=n-1;j=1,2,...,n),

PiBiv1j—@Bu+y; (=1,2,...,n-2;j=1,2,..., n),
where

RYA (i=j=n),

ot 5 o I S 11 2]

A AR e | B Ry

(13)  y; =4 Ci=nj=1,2,...,n—1;g,-4 =0),

(_},-) JIJL;—: (>j,i=1,2,...,n—1),

L0 i<j,j=23,...,n),

and the formulae of the “second kind”

( 0.1 (=i, 2y wse B
Oin-1—€nPin
(14) ﬂij = j;u—l

0ij=j+1 Bij+ 19 Bin (G=1,2,...,n=2;i=1,2,...,n)
j} g &g rony s s 4~y s ’

(j=n-1;i=1,2,...,n),
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where
( n—1 n—2 k-1
-2 alln G=mi=12,..,n),
k=i k=i I=i
(15 =4 i1
) QU < Hpk (1<131=19 2:'-':n—1)5
k=i :
| O i>j,i=23,...,n.

Proof. We prove the formulae of the “first kind”. From the equality
Li-t < I, where I is the identity matrix, we obtain the following system of
linear equations satisfied by the j-th column of the matrix L™!: ‘

f1'}’11 =0,
e 71;+/2725 =0,

...........

............

€n1Yn—2.jtSu-1Vn-1,;=0,
g1 71j+G272;+ ... +9n—2?n—2,j+eﬂ’n—1,j+fn Vnj =0

Hence the recurrence formulae for the elements y;; are of the form

V=V ==V =0, =1
€ Vi—-1.j . .
Yej = _% k=j+1,j+2,...,n—-1),
1 n—2
Yuj = ——[Z_ gi Vij+€nVn-1,i]-
. n i=j

After simple- calculations we obtain (13). From (10) we have

Bi.i—piﬁi+1,j+qiﬁnj=7ij i=12,..., "“2;_f=1,2,---,n),
ﬁn-—l,j_pn—l an.__yn—l,j (J= 19 29 ey 71),
Bui=vny (=12,...,n).

Thus we have obtained (12). The correctness of the formulae of the “second
ind” can be proved analogously.

Using Theorem 1 we can formulate the following algorithm for obtain-
ing the elements B, 5-

ALGoriTHM 1. 1. We calculate the numbers fis Dis €, i, q; from the

7~ Zastosowania Mat. 20.1
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relations ‘
fi=by, fi=b+ep_, (=23,..,n-1),

fn = bn+enpn—1" Z 914,
=1

eg=a ((=23,...,n-1),
€y = Qy+t Pp-29n-2;
p=—clfi (i=1,2,...,n=2),
Puo-1= —(Ca-1—€n14u2)fu-1;
g1=Cn, Gi=Pi-16Gi-1 (i=2,3,...,n=2);
G =aflfy, @&=-eq/i(i=273,..,n-2).
2. We calculate the elements f;; from the recurrence formulae
Bun=Ufas  Bun-1= —fuc1 fos  Bu-1,n = Pu-1/fs

Bu-1.n-1 = Pn-1Bun-1+Ufu-1,

{‘"aj+1ﬁi,j+1_gjﬁin (>j,j=1,2,...,n=2)

T
PiBiv1—diBu+olfe (<j,i=1,2,...,n=-12)
where J;; denotes Kronecker’s de]ta
The above algorithm requires 3 n?+212 n— 15 multiplications and n®+ 3n
+4 additions.
We present now a simpler version of Algorlthm 1 assuming that 4 is a
symmetric cyclic tridiagonal matrix.

ALcoritaM 2. 1. We calculate the quantities f;, p;, ¢, g, g from the
formulae

ﬁij =

fi=by, fi=b+tep-1(i=23,...,n-1),
fn"__bn;l"enpn—l—' Z Q195
=1

eg=¢., (=2,3,...,n-1),
e =Cpy T Pn-28n-2;
p=-—-clff (i=12,...,n-2),
Pn-1 = —elfu-15
G1=Cp  Gi=DPi-14i-1 ((=2,3,...,n=2);
‘11'—fcn/f1a G=glfi (1=2,3,...,n=2).
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2. We calculate the elements Bi; from the relations

ﬁnn = l/f;n ﬁn—l,n = Dn- l/fly
)Bn,n- 1= ﬁn— 1,n9 Bn-— -1 = 1/./;1— 1+ D1 )Bn— 1,n

B = {piﬂiﬂ,j”qn'ﬁnj‘l'fsij/ﬁ (i<j,i=12,...,n-2),
YA (i>j,j=1,2,...,n=2).
The above algorithm follows from Theorem 1 and from the condition 4

= A", where AT denotes the transpose of A. We prove only the correctness
of the relations for P.—1 and gq;. Applying (4) and (5') to (3) we have

Ch—2 n—1 "_3Cl
enzan+pn-29n—2=cn~—1_f (_1) CnI_[}-l_
n-2 =1
- n—2cI
=cn-1_("'1)n an_'
i=1J,

Hence

n—2
Ca—1 = en+(_1)n-1cn l—[ cl/fl
I=1

Using the above result together with (6") and (3) to (4) we obtain

n—2 n—2

eat (=1 e, [] Emcpun(= 177122 T 2
Paeq = — i=1 /1 11=2 i __ & -
fn—l -.f;l—l
By virtue of (5" the relation (6’) may be transformed to the form
i+1Cn v Cim Gt le g
G=(-1"1 o] L= (-2 2 =2 (=2,3,...,n-2).
1 IEIZ ! fi II—;Ilﬁ f;

Algorithm 2 requires n?+7n— 12 multiplications and n?/2+%n— 6 additions.

¢ 3: Inversion of a symmetric cyclic tridiagonal matrix by using Evan’s
Actorization. Let 4 be a symmetric positive definite matrix of the form

_bl ¢y 0 -0 C,,—
(16) A= C1 bz Cy .. 0 0
¢ 0 0 ... ¢,—1 b,

iT hen,. as shown by ‘Evans and Benson (see [2]), there exists a unique
actorization of the form '

(17) A=DTTTD,
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where D =diag(d,, d;, ..., d,), and T is a unique upper triangular matrix
such that |

1 ¢ O 0 f
0 1! e 0 £
T=|.. ,
0 0 0 1 ey t+fio
0 0 0 0 1 |

and T7T denotes the transpose of T. The elements of the matrices D and T are
given by

dy = \/bn dj = [bj‘(cj—1/dj—1)2]l/2 (i=23,...,n-1),
Cj
djsy

J

e.

= ‘=1 2 can -
J dJ (J ’ ] ,n 2)9

2
c
d, = {b,,—c-i-%(l+ef+efe§+ ..+etel. . .ei.,)
1

Co1 e1ey...,_5c, 112
— —1)"
|:dn—1+( ) dl :l} ,
€

Cp |
dn—ltin, h =d1d"a fi= - j—lfi—l (J=2,3,...,n=-1).

Let B=(B)(i,j=1, 2, ..., n)denote the inverse of A. From (17) we obtain
the relations

€p_1 =

B=D"'T Y (T"y"'D"!, DBD=T Y(T") ..

Hence
(18) TDBD =(T™ Y =(0}) (,j=1,2,...,n),
(19) DBDTT =T 1=(6;) (,j=1,2...,n).

We can now state and prove the main result of this section.

THEOREM 2. Let A be a symmetric positive definite matrix of the form
(16). Then the entries B;; satisfy the recurrence formulae of the “first kind”

(20) ~
9;,j/djd,, (i=n;j=1, 2,..., n),
Bij = {

B;j_eidi+1djﬂj+1j—f:djd B ] -
9. L) nrn, r e, 1; f = ’ 9 sy
id i=12,...,n—-1;j=1,2 n)

and the formulae of the “second kind”
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21)
eiu/didn (]=nai=19 2’---, n)a
B; 0.—e.dir d B ... —fdd. B
J {u e1d1+1dtﬁw+l Ldednﬁm (j=l,2,...,n—1;i=1,2,...,n),
4. d;
Where
(22)
r -n—l n—1 . k-1
D la+ [IAD"[le (G=ni=1,2,...,n-1),
k=i k=i =i
Gij—_—< . ,j_l .
(=1~ [] (<isi=1,2...,n-1),
k=i
L0 (i>j;i=2,3,...,n
and G;J.:Gﬁ_

. Proof. From the equality TT~! =1 we obtain the following system of
linear equations satisfied by the i-th row of T:

Bi:' = 1,
O ir1+€0;41,41 =0,
On-1tebir10-1=0,
Gin+ei0i+1,n+fx:0ml = 0'
Hence

_ei0i+1,n—j;' (.]=n;l=1, 2,---9 n_l)v

0. = —€0i41,; (i<j;j=2,3,...,n=1),
ij 1 (i:j;i_—_l’z,_“,n)’
0 (i>j;i=23,...,n.

After easy calculations we get (22). By virtue of (18) we have
GBidited, By jdi+fidyBuydy =0 G=1,2...,n—1;j=1,2,..,n),
- dBud;=0, (=12 ..n.

Hence we obtain the formulae of the “first kind”. Formulae (21) and (22) can
© established in the same manner. The proof is complete.

Algorithm 3 follows directly from Theorem 2.

‘ALGoriTaM 3. 1. We calculate the numbers d;, ¢;, f; from the relations

di = /by, d;j=[b=(cj-u/d;-)?1V? (=2,3,...,n=1),
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C; .
= =1,2,...,n=2),
Ldns (J )

€j

2
c
d, = {b,,—-;i-%(1+ef+ei"e§+ ..tefed. el ,)

Co1 e1€;...,_,c, P12
—| = (=1
Ldn—l ( ) dl ]} ’

fi=—e 1 fiii (7=2,3,...,n—1).

_ Cn-1 = Cp
=g hTy

2. We calculate the elements f;; from the formulae

Bun = 1/d3,

5ij"eidi+1 djﬁin,j—fidjdnﬂnj
ﬁij = didj
Bji (i>j,i=2,3,...,n).

(l Sj, = 19 2, cevy n_1)9

The above algorithm requires 3n*+%’n— 17 multiplications, n?/2+%n
—4 additions and n square roots. The complexity of Algorithm 3 is greater
than the complexity of Algorithm 2.
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