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KRYSTYNA ZIETAK (Wroclaw)

ON THE OPTIMUM RATIONAL FUNCTION
CONNECTED WITH THE ADI-METHOD

1. Introduction. The following problem has been posed (see e.g.
Todd [1]) in connection with the alternating-direction implicit iterative
method (ADI-method). For given real k¥ (0 < k < 1) and natural m find
parameters r,,7,, ..., 7, such that

(1) = max ‘

1s minimum.

Todd [1] has given formulae which permit a determination of these
parameters. However, those formulae contain elliptic functions, and
their application is cumbersome in practice. We shall give in section 3 of
this paper a system of differential equations allowing the numerical
determination of the parameters #»,,7,,...,7, and of some auxiliary
parameters u,, #,, ..., %,_,. In section 2 some properties of these
parameters and of the function

m

[+
! r+7r;

=1

’

will be proved. The limits of the derivatives 7y, 75, ..., 7,, a0d U, Ugy ...y Upy_,
for k¥ — 1 will be dealt with in section 4. Since a direct numerical calcu-
lation of the parameters #,,7,,...,7, and u,, %y, ..., %, , from the
equations of section 3 would induce great errors caused by the form of
these equations (products of squares of nearly equal quantities), we
shall present in section 5 differential equations of the unknowns
k,R,...,R, and U,, U,, ..., U,,_, by means of which the paramet-
€rS 7y, Tyy eeey ¥y aDd U, Uy, ..., U, _, MaY easily be expressed. In the final
section 6 we shall determine the limits of R, R, ..., R,,and U;, U, ..., U,,_,
for & — 1.
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2. Properties of r,, u, and of the optimal function. The optimal
parameters 7,,7,, ..., 7,, May be treated as a function of L. It is also
convenient to treat the parameter %k as a function of L. Thus,

k=Fk(@L), r,=r,(L) @®=1,2,...,m).
Let

m

fws ) =[] Z:L:

i=1

be the optimal function satisfying the conditions of the problem menti-
oned in section 1. It is known that the function f(x; L) assumes in the
interval (k,1) alternatively the extremum values 4 L in m-+1 points

(2) uy =%k, u,=u,l) (p=1,2,...,m—1), wu,=1
(where uy << u, < ... << wu,):

(3) fluy; L) = (=1)""PL  (p =0,1,...,m)

(see e.g. Todd [1]).

THEOREM 1. The parameters r,(p=1,2,...,m), u, (p=1,2,...,m—1)
satisfy the following tidentities:

m
7.
(4) ZT’—2=0 (p=1,2,..,m—1).
: Up—T;
j=1
Proof. The points u,, u,, ..., %,_, are zeros of the partial deriv-

ative of f(x; L) with respect to x. Thus,
0
(5) %f(m;j,nx:up-_—o (p=1,2,...,m—1).
Calculate now this partial derivative

) [ 1 1 O 27
®) 1@ L) =f(w;L)g;(m_rj ) =f(w;L);1;;_r?-

Formula (4) follows from (5) and (6).

3. The system of differential equations with unknowns », and u,.
THEOREM 2. The functions r, =r,(L) (p =1,2,...,m), u, = uy(L)
(p =1,2,...,m—1), k = I(L) are the solutions of the following system
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of differential equations:

dr, 4,
(7) I~ 2L (» =1,2,...,m),
au C
(8) de = 22 (p =1,2,...,m—1),
9 dk _ 1
) dL  2LB’
where

C, = ou 7_1,,L l " (p =1,2,...,m—1),
» i
2 T
PO = k*—r;

m A *
1+ % !
T 7;: k?—r3

Proof. Let us differentiate (4) with respect to L:

dr; du dr;
e, (5= gt —n P g g7
D 7

j=1

From this the derivatives du,/dL may be determined as
du

« w+r:  dr
(10) p _ 1 7; (uy—1r3)? dL
dL 2u

— . (p =1,2,...,m—1).
P i

2
Now, differentiate identities (3) with respect to L:

du, 0

11
(11) dL oz

0 m—
fos D)) +opfeD| =1

(p =0,1,...,m).
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The first component of the left-hand side of (11) is equal to zero
for p =1,2,..., m. Hence

0 m—p _
(12) FA (w5 L) =(—1) »=12,..,m).

x=up
For p =0, equation (11) gives
a |
—1)"— —f(2; L
. a V- gpf@D|
) aL 0 f(o: I) '
or ’

=k

Let us calculate the partial derivative
(14) 0 f(e; L)

N x:

7} 7R N

_ 0 Iln[x-—rj
» oL 1 x4+ 7;

=~ 1 dr 1 dr
= 3 D) Y (- =gt =g
P — u,—r; AaL w,+7r; dL

=1,

7

> 2u dr; SR dr;
= —f(u,; L g BNt B YRR U AN .2
J(tp3 L) ui—r; dL (=", < wi—r; dL

i=1 j=1

From (6), (14), and (3), we may write (13) as follows:

(—1)™42( 1)kaZm' 14y
15 dk A K= dL
(15) dL 1”‘L§n'1 27;
(—=1) kP — 7
j=1
= dr;
1+ 2kL L
_ T j;lkz—rf- dL
= - .
7.
2L !
277
Now, substitute (14) into (12). We have then
- 1 dr; 1
16 > Sl R —1,2,...,m).
(16) < ul—r; dL 2u, L (p 12000 m)

=1

This is a system of m non-homogeneous linear equations with un-
knowns dr;/dL (j =1,2,...,m). They may be calculated from (16)
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by an application of Cramer’s formulae. Denote Cauchy’s determinant
by the symbol

1 1 1|

a;—b, a,—b, " a;—b, i

1 1 1|

CAN(Gyy Bay-vey Up3 byyboy ooy by) = | a,—b, a,—b, a,—b,
1 1 1 l

a,n——a a,—b, a,—b |

and Vandermonde’s determinant by the symbol
2 —1
ll ¢, 6 ... 7Y
| 9
; 1 ¢, C: c'n.—l |
t . e
Van(Cqy Cay -uvy C) = | P 2 }

It is known that

(17)  cau(@,, @sy ..., 0,5 by, by, ..., b,)

van(a;, @y, ..., a,)van(b,, by, ..., b,)

n .I—[l(aj_bi)
j=1 1=

—_ ( _ l)n(n—l)/2

Denote by W the determinant of the system (16),

1 1 1

w—r? ui—r? T 12 |

|

1 1 1

W=l w— wg—1 " uw—r, l’
1 1 1 |

ud,—r: ul,—ri  ul—rl, |

and by W, the determinant which is obtained from W by replacing its
P-th column by the column of the free terms of (16):

1 1 1 1 1 l
2__ 2 " e 2 o
Wp == —2__L_ -------------------------- ',
|
1 1 1 1 1
2 2 " 2 2 2 2 2 2
U — T um'_rp—l U Uip 'rp+1 Upp— T
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The determinant W is a determinant of Cauchy, and from (17) we
have

2
W — (1) van(ui, 2, ..., ud)van(ri, 73, ..., 72)

The determinant W, will be calculated by developing it with respect
to the p-th column and by using (17):

m
1 1
W,=—— ¥ (=1 x
P
2L — w
2 2 2.2 2 2 2
X cau (uj, --7ul—nuH—u--wum’rl’---yrp—177p+17-"7'rm)
1 1
— p+1 m—1)(m—2)/2
= —57 QO (mLPr(— 1) —
2L u;
1=1
2 2 2 2 2 2 2
van(ul,...,ul_l,ulﬂ,...,um)van(r,,...,r,,__l,r,,H,...,rm)
o m m
2 2
11 ”(“j—"i)
=1 1=1
j#l i#p

Since
_ van(ey, Gz .-y Cy)

VaN(Cpy Coyvnvy Gy Cipry oovy Cp) = ~m ,
(—1)‘"‘j1'] (ej—¢;)
=1

j#i
we have
1 - 1
W, = — _2 —1 p+i+(m—1)/(m-2)/2 —
=1 1
o van(ul, ..., uf,,)van(rf, ey ?2)
-1 N 2 2 p—1 A 2
(—1) I_Il(uj_ul)( 1) ”("’2 )I_—]l Q(uj—rf)
;:l #p 121 itp

and, therefore,

—3
—s
§,

I

dr, W, (=)™ 11

P

-,
]
—
-
Il
-

aL W 2L & w n(u —ud) [](2—7 n ”(u —7)
#l ;:11) ;ﬂl :-#Ti
(—ym =)y T =
= oL 7_m ? ’=11’,:¢p (p :172a°-'7'm’)'
”(T —rp) ! ”(u?-u?)

7=1 i=1
i#p i#l
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From this equations (7) follow. Substituting them into (10) and (15)
gives as result (8) and (9), which completes the proof.

The expressions A,(» =1,2,...,m), C,(»p =1,2,...,m—1), B
do not contain explicite the variable L. Due to this, we may treat now
TpyUp (p =1,2,...,m) and L as functions of k (the function symbols
will not be changed), and obtain easily the following

THEOREM 3. The parameters r, (p =1,2,...,m), w, (p =1,2,...

.e.y m—1) treated as functions of k satisfy the system of differential equat-
0ns

dr

(18) d’: =4,B (p=1,2,...,m),
du,

(19) T =C,B (®=1,2,...,m—1)

with imitial conditions
Tp(1)=l (p=1727"°7m)’

(20)
u,(1) =1 (p =1,2,...,m—1).

Proof. From (9) we have dL/dk = 2LB. Thus, from (7), we obtain

ar, dr, dL A,
_% 4L eorp_ 4B —1.2,....m).
ik — 4L dk 2L B (P =1,2,...,m)

Analogously, from (8) follows (19). Since 7,, u, are in the interval
<k,1>, we have
limr,(k) =1 (p =1,2,...,m),

k-1
limu,(k) =1 (p=1,2,...,m—1).

k—1

4. Asymptotic properties of the optimal function. Limits of the deri-
vations of r, and u,. Now, we shall find the limits

dr du
lim—2(p =1, 2,... and lim—2(p =1,2,...,m—1).
oy dl (p 32y eaeym) n Lk (p y Ly eney )
The numerators and denominators of 4, (p =1,2,...,m) tend

to zero as k — 1. It is thus impossible to calculate directly the values
of the right-hand sides of (18) and (19) for £ = 1. In order to investigate
the behaviour of the right-hand sides of (18) and (19) as k — 1, intro-
duce a variable ¢ such that

@
(21) t =- for k<z<1.
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Hence 0 <t < 1. After (21) the points 7, are replaced by

r,—k
(22) sz f—-k (p =1,2,...,m),
and the points u, by
w,—k
(23) Uy == @=1,2...,m—1).
Let
T (1—k)t+k— . t—E,
9(t; k) = Jla; L) (1— kt+k S=11 o
71 Jit kA t+ B+

With & — 1 the poles of ¢g(¢; k) tend to —oco, and the value of the
denominator

m R 2k
!;[ (t+ +1- k)
tends to +oco for 0 <t< 1. Thus, the behaviour of the function g(t; k)
in the interval <0,1) is, for k sufficiently near to 1, determined by the
numerator, i.e. by the polynomial

H(t_RJ')7

because the denominator may be treated as constant in the limit. Asymp-
totically, ¢(¢; k) behaves therefore in the interval <0,1) for k¥ — 1 like
a polynomial of degree m. As it attains the extremum values 4 L in
m+1 points of the interval <0,1), and since ¢(0; %) = (—1)"L and
g(1; k) = L, the function g¢(¢; k) behaves asymptotically like the m-th
Chebyshev polynomial T, (2t—1). Thus

) 1 2p—1)=

(24) lljilllRp =§—(1—cos ——2-m——) (p=1,2,...,m),
. 1 pw

(25) limU, = —{1—cos— (p=1,2,...,m—1).
k—1 2 m

Introduce now the auxiliary notation

. . dR , d
limR, = R,,, 1lmU,="U0,,, lm—" =R Uy

1p?
k—1 k—1 k—1 dk k—1 dk

’
= Ulp.
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THEOREM 4. The following formulae are satisfied:

. dr,
(26) lin}E:l_Rm w=1,2,..,m),
. duy,
(27) II:m p =1-U, (P=1,2,...,m—1).
—1

Proof. Formula (26) may be obtained after an application of de
IHospital’s rule to

r,—k
R

= lim %
P k—1 1—k

which follow from (22). Analogously, (27) follows from (23).

(p =1,2,...,m),

5. The system of differential equations for the functions R, and U,,.
Now we shall find, on the basis of (18), (19) and (22), (23), the differential
equations which will allow a determination of E, (p =1,2,...,m) and
U, (p=1,2,...,m—1).

THEOREM 5. The functions R, (p =1,2,...,m)and U,(p=1,2,...,
m— 1) of the variable k form the solutions of the system of differential equations

dR D F+1—R

(28) dkp = -2 —1 v (p=1,2,...,m)),
av E F+1—U

(29) dkp = k—1 . (p =1,2,...,m—1)

with the initial conditions

R,(1) =%(1—cos Ef—’Zml)”) P =1,2,...,m),
(30) ) o
U,(1) =§(1——cos—m—) (p=1,2,...,m—1),
where

-Dp =Ap/(1_k) (»p =1,2,...,m),
Ep = p/(l_k) (»=1,2,...,m—1),
F = (k—1)B.

Proof. From (22) we have

d
(1—%) (% —1) f,—k)  (1—k) (% —1)+Rp(1—k)

dR,

dt (1—k)? B (1—k)? ¢
or

dR, A,B+R,—1 D, F+1—R,

e 1% 1 (p=1,2,...,m).
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In an analogous manner

iU, C¢,B+U,—1 E,F+1—7T,
— = — 1 2 v —1 .
dk 1—k k—l (p ) b ,m )

The initial conditions were obtained already earlier (formulae (24)
and (25)).
Now, we shall express 4,,C,, B by the functions E;, U;(j =1,2,...,m)
and by the variable k, as follows:

11— 8 T+ K~ (1= B B - 1]

4, = (-1 = X
- ln;é [(1— &) R;+ k)*—((1— k) B, + k)?]
m ﬁ [(A—%) U+ k)2—((k—1) R;+ k)Y

ﬁ(U,-—R,,)((l—k)(U,-+Rp)+2k)

= (—1)"@—k) 25 x
1 (R—Ry)(1—B) B+ Ry)+24
7=Lj#p
m [I (U—E)(A—k)(U, + R,)+2K)

1 j=1,j#p
X T Tm ’
Z (1—k)U;+k [1 (U;—U)((1—k)(U,+ U;)+2k)

j=l,j¢l

;’”.[((1 k) Up,+ kP 4+ ((1— &) B;+ k)

c — 1 A =8 U+ — (@ =R R+ 7
P21-RT,+E) & I—WE+k
= (1= k) Up+ kP — (1 — k) B; -+ K)°]?
Z"'w (L—&) U+ M+ (1K) R+ R}
_ 1—k “ (U,—R)M(1—k)(U,+ R))+ 2k '
2(1—P Tyt k) {"w (1—k)R+k ’
A (U, — R (1= 1) (U, + B) + 2kf*
& (1—K)R;+k m (1—k)Rj+k
p_ . AF-(A=BE+E 1 ,Z: R ((1— k) R;+ 2

m A, B k—1 m D.
1+ % \ ! 1—x Y ] -
NP ey D ey en
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For &k = 1 the right-hand sides of (28) and (29) are expressions of
the type 0/0 because

d
lim (D,F+1—R,) = lim(—4,B+1—R,) = lim (— "p +1—Rp).

k—1 k—1 k—1 ak

Thus, from Theorem 4 we obtain

(31) lim(D,F+1—R,) =0 (p =1,2,...,m),
k—1
Analogously,
(32) lim(E,F4+1-U,) =0 (p=1,2,...,m—1).
k—1

That is why it is impossible to determine the derivatives E,(p =1, 2,
-e.,m) and U, (p =1,2,...,m—1) for k =1 directly from (28) and
(29). We shall calculate the limits of R;,, Uy,.

6. The limit values R,,, Uy,.

THEOREM 6. The limit values of U,,, B, satisfy

| “ 1
33 E —— =90 =1,2,... —1).
(33) £ Urp_Rh' J (» g4y y M )

Proof. R, (p =1,2,..., m) form the zeros, and U,, (p =1,2,...
..., m—1) form the extremum points of the m-th Chebyshev polynomial
T,.(2t—1). We have proved this while considering (24) and (25). Thus,

6 m
7 | [ =B
i=1

The thesis of Theorem 6 follows immediately from the above.

THEOREM 7. The quantities R, (p =1,2,...,m) and Uy, (p = 1,2,
..y m—1) form the solutions of the following system of non-homogeneous
linear equations:

-0 (p=1,2,...,m—1).

= Ulp

U, —R;. m
34 W v _ =1,2,...,m—1
(34) ;(Ulp_le)z > (» y2y...,m—1),
¢ R, m
(35) b =—— (p=1,2,...,m—1
2 QB (Up—FBy 2 T h&eom=i)
“ R; m
(36) g M
ZRH(l_RH) 2

Zastosowania Matematyki XI, 3. 8
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Proof. The left-hand sides of (4) may be transformed into
2 (1—k)R;+ &
(A—k) U, + k) — (1 — k) B;+ k)

(1—k)R;+% B
< (U,—R)) (1—k)(U,+R)+2k)

Hence

(37) (p=1,2,...,m—1).

Let us differentiate (37) with respect to k:

D (U, —R)((1—k)(Up+ B))+28) (1 — W) Bj+1— Ry) —

—((1—k)R;+k)[(U,— R;)(1—k)(U,+ R;)+2k)+ (U, — R;) X
X((L—k)(U,+ R)+2— U,— R)|}[(U,— R;)* X
X((1—k)(U,+ R;)+2kf'] = 0.
For k¥ — 1 the limit is

m

2(U1p—R17)(1_R17)_(2(U;p_R;7)+(U1p_R1])(2— ip~ 17))
(38) Z (Ulp—le)2
=0 (p=1,2,...,m—1).

i=1

Among others, we have used here the fact that
iim(l——k)R;, =0 (p=1,2,...,m),
—1

lim(1—k)U, =0 (p=1,2,...,m—1).

k—1

(39)
This is a consequence of (31) and (32). Simplifying (38), we obtain

Z’" —2(Up,— Ri)+ (U, — Ry)?
(Upp— Ryy)?

i=1 1p

and from this (34) follows.
To obtain (35) and (36) a transformation of (3) is necessary:

. B Uy, —¥; (1—F) U+k (1—k)R;,—k
f(up,L)—n w7, _” (1—k)U,+k+(1— k)R+k

i=1

)m” (1— k)( U +R T ok’
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and, in particular,

m

L=t 2) = 0= [ | R ELT
Thus
ﬁ Up_RJ
L =%, +B)+ 20
— (—1)™P 1=k (p=0,1,..,m—1).

d a—mR+1+k

We calculate now the logarithmic derivative of this equality:

5: Uy—FB, x> (A—k)(U,+R)+2—U,—R
£T,~ R, (1—k) (U, + &)+ 2k

_ _Z R; _ﬁ‘ A—kR+1-K,
S 1—R; & (I-BR+1+k

Using (39), we obtain in the limit for k — 1

U;p-—R;,- _ Z 2— Um—Rl,.
i=1 Usp— By =1 2
m p m
RI, 1— R
—_ =0,1 m—1
1 Rl; Z 5 (p y 1y ’ )
je=1 7=1
Hence

+2( ! ! )R' " a—U,) (p=0,1 1)
J— - . = — _— = ceey M— .
e 1—R, Uy— Ry 1j 2 1p y Ly ooy

Theorem 6 asserts that for p = 1,2, ..., m—1 the first sum of the
left-hand side of (40) is equal to zero and that

(Ulp - 1)R;7

(41)
i1 (1 - Rly‘) ( Ulp_ le)

m
== '2—(1— Ulp)'

In this way we have obtained (35). For p = 0 holds U, =0, U, = 0,
thus (36) follows from (41).
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THEOREM 8. The solutions of the system (34), (35), (36) are exrpressed
by the following formulae:

’ 1 . (22)_'1)7't
(42) R,, = gRlp(l—Rm) =—8—s1n2 C— (p=1,2,...,m),

’ 1 1 . pTC
(#3) Uy =5Up(1—Tp,) = gsin?==  (p =1,2,...,m—1).

Proof. Let us sum equations (36) and (35) side by side:

R;; =0.
2, By(1—R)(U,—Ey)

i=1

We have thus

m R,-
(44) Y =0 (p=1,2,...,m—1).
g; B;(1—Ry;)(U,,— RBy) SR
Let be
R;;
(45) 0; = —M
! Rly‘(l'—le)

The system (36), (44) has the form

m
0
—__ -0 (p=1,2,...,m—1).
g UIP_RH ) Y ’

A comparison of this and of (33) shows that the system will be satistied

provided
(46) Qy‘z% U=12,...,m).
This is a unique solution. Really, the system has the determinant
1 1 1
1 1 1
W — Ull 'Rll Ull R12 Ull le
1 1 1
Ul m—1 Rll Ul m—1"_ Rlz Ul,m—l—le
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Addition of all other columns to the first one and use of Theorem 6
results in

W = mecau(U,, U, ..., Ul,m—l;Rm’Rl.'H ceey By) # 0.

From (45) and (46) we obtain immediately (42), and equation (42)
may be used to transform (34) as follows:

. Rly(l Rl;’)
(47) U”’Z(U —R;? 2 +2 4 (U,—Ry)

®=1,2,...,m—1).

The right-hand sides of (47) may be transformed by the use of The-
orem 6, as follows:

Z Uypy— By) “+ B,;(1— RIJ) 2 U%p 2U,,Ry;+ Ry
2 ( U]p 19)0 2 ( Ulp— Rly‘)2

2 (2 Ulp 1)(U1p 17‘)+ Ulp (1_ Ulp)
Ulp - Rl;i)2

1 1
-~ U,1-U,) .
9 1p 1p 7=21 (Ulp— le)2

Thus, from (47) formulae (43) immediately follow.
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KRYSTYNA ZIETAK (Wroclaw)
0 OPTYMALNE]J FUNKCJI WYMIERNE]J ZWIAZANE]J Z METODA ADI

STRESZCZENIE

W pracy zajmujemy sie nastepujacym zadaniem, sformulowanym m. in. w [1]:

Dla danych liczb k¥ (0 < k< 1) i naturalnego m znaleié takie parametry rze-
czywiste 7y, 7, ..., T'm, aby liczba (1) byla najmniejsza.

Dowodzi sie, ze parametry 7y, 73, ..., ' 1 pomocnicze wielkoSei u;y, Uy, ..., Uy _3
(zob. (2)), ktore spelniaja zwiazki (3), sa rozwigzaniami ukladu réwnan rézniczko-
wych (18) i (19) z warunkami poczatkowymi (20) dla ¥ = 1. Aby méc wyznaczyé
granice pochodnych tych wielkosci przy k¥ — 1, wprowadzono nows zmienna nie-
zalezng t zwigzans ze zmiennag x wzorem (21). Po tym przeksztalceniu wielkos$ciom

T1sTay eeesTim 1 Uy, Ug, ..., Uy Odpowiadaja pomocnicze wielkosci R;, Ry, ..., By
i U,,U,,..., Uyp_, okreSlone wzorami (22) i (23). Granice pochodnych wielkoseci
T1s 79y oevs Ty Uls Ugy «vvy Uy PTZy k — 1 83 okreslone wzorami (26) i (27) (twier-

dzenie 4). Ze wzgledu na postaé¢ prawych stron réwnan (18) i (19) (iloczyny réznic
kwadratéow wielkosci bardzo bliskich siebie), numeryezne rozwigzanie tego ukladu
réwnan obarczone byloby duzymi bledami. Dlatego podano uklad réwnan réznicz-
kowych (28) i (29) z warunkami poczatkowymi (30), ktérego rozwiazaniem sa wiel-
koSei R,, Ry, ..., Ry, Uy, Uy, ..., Up_,. Granice pochodnych tych wielkodci sa
okreflone w twierdzeniu 8 wzorami (42) i (43).

KPBICTBIHA 3EHTAK (Bpounas)
OB ONTUMAJIBHOI PALIMOHAJIBHOM ®YHKLIUH

CBSI3AHHOI C METOAOM AJA
PE3IOME

B pafote paccmoTpeHa cnenylonias 3ajgaya, copMynupoBaHHad Hanpumep B [1]:
Ona pansoro k(0< k< 1) m HATypanbHOr0 4YMCIAa m HAWTU BelleCTBEHHEHIE

HapaMeTpPhl 7, Ty, ..., Ty TaKHe, YTOOGH duciao (1) GBIIO MUHNMANBHBIM.
JloKazaHo, YTO HAPAMETPHL T, 7Ty, ..., sy M BOCIIOMOTATEJbHHE BEJIMYMHHL U,
Ugy ovvy Upy_y (CM. (2)), KOTOpPHE YHOBIETBOPAIOT YCIOBUAM (3), BHIIOJIHAIT CUCTEMY

auddepennnanbHex ypaBHeHult (18) u (19) ¢ HavaabHBIMU ycaoBuAmu (20) npu k = 1.
Ins ompepeneHns DnpefeloB NpPOM3BOAHHX 3JTUX BednuuH npu &k — 1, BBopurcA
HOBAaA He3aBUCHUMAafA HmepeMeHHasA !, cBAaszaHHA ¢ ¥ gopmyioit (21). ITocae sToro mpeo-

6pasdoBaHNA BENMUMHAM 71, To, ceyeres Ty U Uy, Uy, o ..y U] COOTBETCTBYOT BOCIIOMOTA-
TelbHHE BenuuuHn R, R,, ..., By u Uy, Uy, ..., Up_,, onpepgenedsse Gopmyramu
(22) n (23). Ilpemenbl NPOMBBOMHBIX BEIMYMH 7, Ty, ..oy Topy Uyy Ugy +vvy U1 TPH

k — 1 ompepensaiorca dopmynamu (26) m (27) (Teopéma 4). YuurnBasA BUI NpaBHX
yacrelt ypasueHuit (18) u (19) (mpow3BemeHHMA pPas3HOCTel KBAJpPaTOB O4YeHb OJIM3KUX
BEeINYUH), MOMHO NpeANoJararTh, YTo TOYHOCTH YMCIECHHOrO pellleHHA 3TOoi cucreMmsl
ypasHeHnit oyper madxoit. ITosTomy npuBegeHa cucrema pauddepeHualbHHX ypas-
Henuit (28) 1 (29) ¢ HavanbHEMM yciuoBuamu (30), pemleHUEeM KOTOPOH SABIATCA
BenuyuHs I, By, ..., By, U;, Uy, ..., Up,_;. llpeaens mpousBogHBIX 3TUX BeJIUIH
onpenensorca dopmynamu (42) u (43) u3 reopeMH 8.



