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ALGORITHM 60
K. WRZESNIOWSKI and ELZBIETA WINKEL (Poznan)

DETERMINATION OF THE JORDAN CANONICAL FORM
OF A REAL MATRIX

oa 1: Procedure declaration. Procedure jordanforml finds the Jordan
Ronical form of g, given real matrix A whose eigenvalues are known.

Data,:

alz n — order of the matrix 4;
"M, 1:n] — array containing the elements of the real matrix A
(the matrix A4 is not destroyed in the process);
lamp e — number of distinet eigenvalues of the matrix 4;
da[1: ne] — array containing the distinct eigenvalues of A;
éps — input parameter of procedure matrizrank (giving the
criterion of the linear independence of the columns of
) the matrix 4 —A1I);
prod — function with heading real procedure inprod (i, a, b, 2, y);
value @, b; integer i, a,b; real z,y; which for ¢ =
a, a+1,...,b accumulates the sum of products » Xy
May; in double precision;
Wrank — function with heading integer procedure matrizrank
(n, a, eps); value n; integer n; real eps; array a&; which
calculates the rank of a real matrix.
Results:

e[1.
[1:0) _ array of type integer the elements from e[2] to e[n] of which
8ive n—1 superdiagonal elements of the Jordan canonical
a1, , form of the matrix A4 ; the element e¢[1] is set to be zero;
— array giving the diagonal elements of the Jordan canonical
form of the matrix A.

2. .
form OfMethO'l used. In general, the structure of the Jordan cononical
@ matrix 4 can be described as follows.
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procedure .jordanforml(n,a,ne,lambda,eps, inprod,matrixrank)
reSuifz(e,d);
value nj
integer n,ne;
real eps;
dinteger array e;
array a,lambda,d;
real procedure inprod;
integer procedure matrixrank;
begin
real lami;
integer i,j,k,l,m,r,r1,r2,91,92,y;
integer array s(1:nl;
array b,c[1:n,1:n],pl1:n];
_for 4:=1 gtep 1 until n do
begin
plil:=ali,i];
e(i]:=0
end i;
y:=0;
for i:=1 gtep 1 until ne do
begin

lamis:=lambdali];

then alj,k]l:=b[j,kls=c[j,k]s=pl[jl-lami
elge blj,kl:i=clj,kls=alj,kl;
ri:=matrixrank(n,c,eps);

ql:=q2t=n-r1;
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J1=03
for Ji1=j+1 while q2>0 do
begin

for k:=1 giep 1 until n do
for 1:=1 giep 1 untdl n do
c[1,k]s=inprod(m,1,n,all,m],blm,k]);
for k:=1 gtep 1 until n do
for 1:=1 gtep 1 until n do
blk,1]:=c[k,1];
r2:=matrixrank(n,c,eps);

q2:=r1-r2;

m:=y+j-1;

for 1l:=y+1 gtep 1 until m do

F
()
(a3
o]

el1+1]:=1;
df1):=lami
end 1;
yi=y+i;
dly):=lami
end k
end j
end i;
for i:=1 gtep 1 until n do
(1,i)s=p[i]

a
&nd jordanform?
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The Jordan canonical form of a matrix A is a quasidiagonal matrix

composed of canonicgl boxes J, corres ponding to distinet eigenvalues of 4,
of the form >

[ J i
) .. O
J@ = Jij )
0 .
N J?'m,'_
where
-l,, ) . -
Jy= T, .
0 .1
Ai

is an elementary Jordan block of order k;,

m;
D kg =Ty
j=1

and 1; is an eigenvalue of A of multiplicity %;. The number of distine®
eigenvalues is m, and

Zk,;=n

t=1
is the order of 4.

In the Jordan canonical form, built by means of procedure jordan”
Jorml, elementary Jordan blocks J; are arranged according to non-
decreasing orders of %;. )

The method used in procedure jordanforml is based on the following
theorem stated and proved in [4]:

THEOREM. Let A be a matriz of complex numbers of order n, and suppos’
that A is an eigenvalue of A. For each j =1,2,...,p let s; be the numbe”
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of elementary Jordan blocks of order j in the canonical box associated with A
of the Jordam camonical form of A. Then s; is given by

8 =1rig—2r+1_, J=1,2,...,p,
Where .

r; =rankB', j=0,1,...,p+1, B =A—]l.

The dimension of the largest elementary Jordan block is the smallest
legative integer p for which r, =1r,,;.

By convention, let B® = I for any square matrix B. Hence r, = rank B’
=rank] — g,

On the basis of the Theorem the following algorithm has been built
etermine the structure of the Jordan canonical form of the matrix A.
For each distinct eigenvalue 4, repeat the following steps:

Step 1. Compute B = 4 —41.

Step 2. Compute r, = rank B and the first decrease of rank ¢
=n_ 7.

on

to g

o step 3. For each j =1,2,... repeat the following three steps
"Minating ag soon as the condition r; = r;,, (i.e. g;,, = 0) is satisfied.

Step 3.1. Compute 7;,, = rankB’*' and the decrease of rank
i+l =7, —
i~ 41.

Step 3.2. Compute the j-th element of the characteristic s; = ¢; —¢;.,, .
Step 3.3. Build 8; elementary Jordan blocks of order j.

3.

t0 fing APPlicability and certification. Procedure jordanforml is designed

ow n a Si.mple way the Jordan canonical form of a real matrix A with
Ilonl} real eigenvalues. The correctness of the calculation of the Jordan
o0 1cal form depends on the accuracy with which the eigenvalues of 4
o Omputed. The eigenvalues of the testing matrices were calculated by
18 of the get of procedures balance, dirhes, and hqr inserted in [5].
iy the course of testing calculations, the library procedure inprod
ainin ed in [3] has been used. Furthermore, procedure matrizrank con-
Prog: a,g Procedure svd, inserted in [1] and [5], has been used. In the testing
hag be;n’ as the input parameter eps the estimation eps = 27/*+3|4|
in 1 used, where ¢ denotes the number of binary digits of the mantissa
§ the calculation of eigenvalues.
the cef(’l:e. using procedure jordanforml, matrices were scaled to satisfy
O0dition 0.1n < ||4[z < 10n.
c()mm;?eedure jordanform1 has extensively been tested on the Odra 1305
€T. The results obtained were correct.
S an ill.ustra,tion, the result obtained for an example taken from [2],

Ca,
ar
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Data: .
» =10,
111 -2 1 -1 2 =2 4 _—3]
-1 2 3 —4 2 —2 4 —4 8 —6
-1 0 5 -3 3 -3 6 —6 12 -9
-1 0 3 —4 4 —4 8 -8 16 -—12
a=|-1 03 —6 5 —4 10 —10 20 -—15],
-1 0 3 —6 2 —2 12 -—-12 24 -—18
-1 0 3 —6 2 —5 15 —13 28 -—21
-1 0 3 -6 2 -5 12 —11 32 —24
-1 0 3 —6 2 -5 12 —14 37 —26
-1 0 3 —6 2 —b 12 -—14 36 —25

ne =3, lambda = [1.0 2.0 3.0], eps = 5.05,,—8.

Results:
e=[0 0 1 01 1 0 1 0 1],
d=[1 2 2 2 2 2 3 3 3 3].

Time of computation was equal to 11 seconds.
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WRZESNIO WSKI i ELZBIETA WINKEL (Posnas)

0
BLI(IZENIE POSTACI KANONICZNE]J JORDANA MACIERZY RZECZYWISTEJ

STRESZCZENIE

Procedura, jordanform1 znajduje postaé kanoniczng Jordana danej macierzy

Iz s,
CeZy Wistej o znanym rzeczywistym spektrum.
Dane:
alz. n — stopiei macierzy 4;
‘%, 1:m] — tablica zawierajaca elementy macierzy rzeczywistej A (macierz 4

nie zostaje zniszczona w trakeie obliczen);
lampg ne — liczba réznych wartodci wlasnych macierzy 4;
#[1:ne] — tablica zawierajaca rézne wartoSci wlasne macierzy 4;
éps — parametr wejscia procedury matrizrank (podaje kryterium liniowej
. niezaleznodei kolumn macierzy A4 —AI);
"mprod — funkecja o nagléwku real procedure inprod(i, a, b, @, y); value a, b;
integer %, a, b; real x,y; ktéra dla ¢ = a, a+1,..., b kumuluje
sume iloczynéw & X y w podwoéjnej precyzji;

Matrizrank funkeja o nagléwku integer procedure malrizrank(n, a, eps);
value n; integer n; real eps; array a; ktéra oblicza rzad macierzy
rzeczywistej.

Wyniki.

ef1.
[Z:my tablica typu integer, ktérej elementy od e[2] do e[n] zawieraja n— 1
Ponaddiagonalnych elementéw postaci kanonicznej Jordana macierzy A;
aiz., element ¢[1] = 0;
"1 = tablica . zawierajaca elementy diagonalne postaci kanonicznej Jordana
macierzy A.

dz&niu fPl‘ocedurze jordanforml zastosowano ‘metode opisana w § 2, oparta na twier-
Sormulowanym i udowodnionym w [4].
trakeie wykonywania obliczen korzystano z procedury bibliotecznej inprod,
820z0p w [3J, oraz z procedury matrizrank, zawierajacej procedure svd zamie-
Saw (1] i [5).
Ttron :joe((;(;ura, jordanform1 byla sprawdzana na wielu przykladach na maszynie
Ta 1305. Otrzymane wyniki byly poprawne.

Pisane;



