ZASTOSOWANIA MATEMATYKI
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I. KOPOCINSKA (Wroclaw)

GI/M|1 QUEUEING SYSTEMS WITH SERVICE RATES DEPENDING
ON THE LENGTH OF QUEUE

1. The general case of GI/M /1 systems with feedback. Let us consider
a single-channel service system with independent interarrival times {X,}
having the common distribution

Gz) =P{X, <z}, O0<ax<oo (r=0,1,...),

and service rate u{n(t?)}, depending on the actual state n(¢) of the system,
i.e. on the number of units in the system at the moment ¢. The condi-
tional probability to complete a service in the interval of time [¢, 1+ 1),
given the number of units n(?) in the system at the beginning of that
interval, is equal to p{n(t)}v+o(7).

Such systems will be called here GI/M/1 service systems with feed-
back. To simplify further considerations we will assume that u(u) # u(v)
for u # v. Similar results may be obtained without the above restriction,
e.g. for systems with a threshold control in which the service rate changes
only as an effect of exceeding the control level for = (¢), though this would
lead to much more complicated formulae.

Let t,,» =0,1,...,(t = 0), be the sequence of the moments of
time at which consecutive units enter the system. One can easily see
that the sequence of random variables N, =n({,—0),r =0,1, ...,
forms an imbedded Markov chain. The state of the system at ¢, ,—0
is determined by the state at t,— 0 and the number of services 7, completed
during the time interval [t,,¢, ),

-
N?i-l = .Z\’,.—lrl—'}’]r.

Let us denote by
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the transition probability of passing in r steps from the state ¢ to the
state j and by

A ket =P{77r =1|N, = k+?’}

the conditional probability that exactly ¢ services will be completed
during the random time interval [%,,1¢,.,), if k4 ¢ units are present in the
system at the beginning of that interval. For ¢ > 0 and ¥ > 0 we have

) ivi = [ Pl = 1IN, = k+i, b, —1, = 2}dG (x)
0

= [ P{Vipit Vipima oo+ Yoy
0
<o< Yyt Yoo+ + Y} dG(2)

— fm[f biss i (N P{Y, > a—y}dy| d6 ()

- f e_“kz“‘/ brri, ke (Y) €6 dy] d@(z),
Y 0

where b, ; ;.,(y) is the probability density function of the sum
Zk+i,k+1 = Yk+i+ Yk+i—1+ R Yk+1

of ¢ independent random variables with the common exponential distri-
bution
P{Y, <y} =1—e "+ j=1,2,..,1i.
Let by.; x+1(s) be the Laplace transform of the density function
biyik41(y). Obviously,
Mrvs

2 b*: Lk S) =
(2) k+i,k+1(8) ' y

and, according to the assumption that u, # y; for k 31, the inverse
transform yields

i

— — K13V

biti i (y) _ch,ie k+i%,
i=1

‘where

Cki = (gﬂku) (ﬂ[ﬂm-l—#kw])—l-

l+7
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From (1), after simple calculation, we obtain
i
Cr i .
G = ) —— 0 — (@ (m)— G ()], >0, k>0,
= HrriT M

where
G*(s) = f e dG(z) (Re(s)> 0)

is the Laplace-Stieltjes transform of the function G(z). For 7 = 0 and
k > 0 there is

(3) o = [ P{n, = O|N, = kyt,,,—1, = a}dG (x)
0

[o0]

= [ P{Y, > 0}dG(2) = [ e " dG(2) = G (uy).

0

Thus we obtain

and

(3)  Piy = PO = [ Pln, =i+1|N, =i+1,t,,—1, = z}dG(z)
0

1

= f[l_ZP{n, =N, =i4+1,t, ,—t, = w}]dG(a;)
0 l

=0

=1-— Zal,i-'rl =01 (120).
=0
The transition probability matrix for one-step transitions from the
state ¢ to the state j is of the form

1

210 1 2 3

0 ap; @, 0
(6) [Pij]= 1 a,, 8,8, 0

The limiting probabilities of the states of the system,

(1) py=1m P (p;=>0, ¥p, =1),
7

r—00

Zastosowania Matematyki XI, 3. 3
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assuming their existence, have to fulfil the system of equations

x>

(8) Po = Zai,i-}-lpi’

=0

00

p; = Z @ jrinPi (J=1).

271
Now we shall state a condition securing the existence of the limiting
probabilities (7).
Let

be the expected number of services completed during the time interval,
assuming there are ¢ units in the system at the moment ¢,.

THEOREM 1. The inequality

I
B
i
Vv
H

(

-

provides a sufficient condition for the existence of limiting probabilities (7)
m a GI|M|1 service system with feedback u{n(t)}.

The proof of the theorem follows from a theorem by Foster [1].
A similar result for M/G/1 systems with a feedback has been obtained
by Harris [3]. Let us notice first that the imbedded Markov chain {N,}
1s irreducible and aperiodic. This follows from the form of the matrix
of transition probabilities (6) and from the independence of ser-
vices. Now we have to show that the chain {¥,} is recurrent non-null.
To show this it is sufficient to find a non-negative solution of the
inequality
(9) NP <a—1  (i>0)

j=0

with the additional condition
(9") M Py ;@< oo.

Now, we put
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and check that for 7 > 0 there is

00 T+1 . 1-+1

J 3 t+1-—1
ZPi’j{Ej = Zai~i+1,i+1—o—_—1‘ = Z Ay i P
7=0 =1 B 1=0 S
i+1 it 1 &
T oa—1 L F,it1 _ Zlal,H-l
1=0 1=0
t+1 0; 1+1 0
— _I_ _ t+1 + . _ xi_]_
e—1 0o—1 o—1 o—1

We have applied here the obvious equality
i+1

\1
L

1=0

Qi1 = 1

for the elements of a stochastic matrix (6). Condition (9’) now takes the form

Q1
o—1

< o0

and is obviously fulfilled for ¢ > 1. This completes the proof of theorem 1.

2. GI| M |1 service systems with specified forms of feedback. We shall
now consider six special cases of GI/M/1 service systems which are displa-
yed in Fig. 1 in form of rectangles numbered 2.1-2.6. Inside any rectangle
there is given Kendall’s symbol summarizing the assumptions concer-
ning the system and the specification of the form of feedback effects
on the service rate.

2.1. GI/M|1 service system with feedback u{n(t)} = p-n(t). This
system is equivalent to the GI/M/oco service system with no feedback.
For ¢>0, k> 0 and k47 > 0 we have

(10) @i frs = foo(]”;m) (1—e ") e~ " 4@ ()
=Z’ f(k“)( ) — 1) e~ tRZ qq (z)
=(";¢”)2(—1>" () 6" i+ R
Let "

D(s) = Zp,-sf
i=0

be the generating function of the sequence {p,}.
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2170
1.1
GI/M/1
with feedback
v
3
GI/M/1
p{n()} ={1+[n@)—1l}u
02«1
V v _
!
2.2 2.1 2.1’
GI/M/1 GI/M/1 = GI/ M/ oo
u{n@®)} = p u{n(t)} = u-n(t) without feedback
¥ . ¥
2.5 2.3 2.4 )
M/M/1 M/M/1 D/M/1
with feedback ui{n()} = p-n(t) u{n@)} = u-n()
I
¥
2.6
M/M/1
pi{n@)} = u
Fig. 1

LeMMA 1. For the GI/M|1 service system with feedback u{n(t)}
= u-n(t) the generating function D(s) fulfils the equation

(11) D(s) = [ (P+Qs)®(P+Qs)dG (),

where P = 1—e " and Q = e~
Proof. The multiplication of appropriate equations of system (8)
by factors s’ and the summation over j = 0,1, ... yield

D(s) = 21’;‘37‘ = po[ao,130+ao,131]+
=0

+P1lay,28"+ @y 81+ 4y, 8214 ...+
+p] [aj,j+18°+ai'7-+181—|— .o .+ a0,14!_18j+1]—|— P
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Substituting a;, ;,; from (10) we obtain

D(s) = f{?o[(i)PlQoso—i—(é)P0Q131]+
+p(5) P20 + (1) P@rs + (o) P@s] + .. +
o (s e G L

+ 1)P°Q7'+lsf+l]+. . } dG ()

Il

[ {2 P+ Q51 +p, [P+ Qs+ ...+ p;,[P+QsY +...} dG(x)

(P+Qs) D (P +Qs)dG (z),

I

which completes the proof of lemma 1.

COROLLARY 1. For the GI|M|1 service system with feedback u{n(t)}
= u-n(t) we have

(n) d *
(12) i SR iy A
n! 12 1—G (ku)

(n > 0).

This follows easily by direct differentiation of formula (11) which
yields

(13) @™ (s) = [ Q"[nd"~)(P+Qs)+ (P+Qs) B (P+ Q5)1dG (w),

where P = 1—¢ ™ and @ = e **.
Thus we have

[o¢]

oM (1) = [ @ [n@"D(1)+ M (1)]d6 (2)

0

= [n@" D (1)+ @™ (1)]1G* (np)
and

_ G* (np) TG (k)
(n) — (n—1) . = ! L
D" (1) = nd (1) 1— 6 (np) n! ’ I

1— G (ky)

which completes the proof of (12).
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Formula (12) was given by Takaes (see [5], p. 166). The values of
@™ (1)/n! are known as binomial moments of the distribution of

p; (1 =0,1,...):
(n) (- © .
an(!-l) =Z(Zv)pj'

i=n

The knowledge of binomial moments is sufficient for the determi-
nation of the probabilities

1 x© ipl+i) (1
(14) == M1 20 o),

e!

2.2. GI/M/[1 service system with feedback u{n(t)} = u. This case has
been dealt with by Prabhu [41]. For this system the solution is given by

p; =(1—¢d (51=0),

where ¢ is the root of the equation
F{u(l—s)} =s

satisfying the condition 0 < ¢ << 1.

2.3. M/M|1 service system with feedback u{n(t)} = pu-n(t). Applying
corollary 1, one can easily determine the limit distribution for the pro-
babilities of states in the M/M/1 system with a feedback of the form
u{n(t)} = pu-n(t). From (12) and from G*(s) = A/(A+s) we obtain

n * (L n n 2
O™ (1)=mn' —G(—'*M)— =n! A2+ k) =n!”—=0";
11 16" (kp) d 4 1—2/(A+ ku) L1 ku

where o = i/u.
Substituting this into (10) we have

1 . Qi—” 7
‘ 2! g!

Hence the limiting distribution p; in the M/M/1 service system
with a feedback of the form u{n(t)} = u-n(t) is a Poisson distribution
with the parameter o

o
(13) P; =—j—,6_9 (1=0).

This is identical with the ?¢-limiting distribution of the state = (f)

of the system M/M /oo (see Khintchine [6], p. 94), where n(?) is the num-
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ber of units in the systen considered as a stochastic process of the con-
tinuous time parameter {. The identity of the limit distributions of con-
tinuous time stochastic processes and of imbedded Markov chains for
single channel models has been studied by Foster {2].

2.4. D/M|1 service system with feedback u{n(t)} = p-n(t). Now we
shall find only the limiting probability p, which is the probability of
immediate service for an entering unit while the system is working under
stationary conditions. Now we assume the deterministic distribution
of interarrival times

0 for z-<1/2,
G(r) =
1  for x> 1/4,
whence
[ag

G*(kp) =€ 1" =e*~,

Substituting this in (12) we obtain

¢(n)(1) \ 6—x(l+2+...+’n)

= N. 3 o

' I—e (A —e ) ... A—e ™)
an(n+1)/2

=n! her e
n (1_0,)(1_(12)“.(1_“7;) ’ where a e

From (14) it follows that

B had (_ 1)11, an(n-}-l)lz
Po =1+ 2 (l—a)(1—a?) ... (1—a")

n=1

An equivalent formula may be found from (11) which for the con-
sidered system has the form

(16) D(s) =(1—a+tas)P(1—a+as).
The consecutive application of (16) yields

Do = P(0) =(1—a)P(1—a)
=(1l—a)(1—a?)D(1—a?

= ﬁ (1—a").

n=1

The direct proof of the equivalence of the two formulae for p, seems
to be rather difficult.
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2.59. M|/M|1 service system with feedback u{n(t)}. From (1) and the
exponential distribution of the interarrival times we obtain

(A7) @i = A f [fbk+i,k+l(y)P{Yk > m—y}dy] e
0 0

T

_ A Mty
At b A At

for ¢ >0, k> 0.

For + =0, and k¥ > 0 we have

A
A p

The system of equations for the limiting probabilities of states of
the system is of the form (8), where (4), (5), (17) and (18) determine the
corresponding transition probabilities. A detailed study of this system
will be given below for a special case.

2.6. M|/M|1 service system without feedback u{n(t)} = u. From (17)
and (18) we have

(18) a, = | P{Y; > 2}dG (@) = G* () =

A U i ,
@ i = =pq for1>0, k>0

where p = 1—q = A/(A+ p).
Furthermore,

Pi,:i = O ji1i41 —pq t=j+1 0<y<i+1, 12 0),
Pi,o = Q541 = q

Then the system of equations for the limiting probabilities p, is
of the form

[% 2

(19) Po= Y ¢'p;,

-~

De

p; = pg" p, (= 1).

1

i=j

Multiplying the corresponding equations of (19) by s’ and summing
them over ) = 1,2, ..., we obtain

(20)  B(s)—p, =§:P,-S" = Z*[ Z pap]

t=7—1

o0

Z [4_/ pg s 1] =p8§10iqi;(%)j =—g-11—8;{q®(.q)—sq5(s)}.

i
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For s = 1 this yields

(21) Po = qP(q)
and from (20), (21) we get

q
22 D(s) = .
(22) () 1—ps b0
Once again putting s =1 we obtain
q—p
(23) Po=—**q =1—o,

and from (22) and (23) we obtain an explicit formula for the generating
function

— 1 1 O s
o(s) =1L =(1—0) =(1—g) Y o's’.
q 1__1’_3 1—ps izo

q

This, finally, gives the limiting probabilities
Pj=(_1—9)9j’ J=0,1,...

3. GI/M/1 service systems with feedback of the form u{n(t)} =

{14 [n(t)—1]2}u. Now we assume that in the GI/M/1 service system
there is a feedback of the form

(24) uin(®) = {14+ [n()—11p, ze0,1].

For z = 0 this is a special case discussed in 2.2 (GI/M/1 system with-
out feedback) and for z =1 a GI/M/oo system (see 2.1). The service
rate (24) may be written in the form

pin(®)} = py+n(t)u,,

where u, = (1—2)p and u, = zpu.
Let us first calculate the density function by ;,.,(y) of the random
variable

Zyyives = Yt Yo+ oo+ Y,

where Y, ,,..., Y, ., are independent random variables with expone-
ntial distributions

P{Y, <yl =1—e "kiy,

(25) My = 1+ (kK4 J)ps.



From (8) we have

:ul‘f‘(.k‘}“j);uz B
VU it (k+j) pet-s”

*
bryikia(8) =

and calculating the inverse transform yields

i .

vy »
brin(y) = Ck,iz : T Ty A et E+imly
~ (=D—))'u

where

Cri = [ | loa+ (B 45) ).
i=1

Applying (1), we now easily obtain
(26)

T

(—1)!

Cp s = C .
ket T D)1= )!
J=

,u,'i_l {G* [+ kua]+ G* [+ (B 4-7) g1}

for ¢ > 0, k > 0 and, referring to (3),

(27) Ay, = G* ()

for y, given by (25).
Let us consider, as an example, the D/M/1 system with feedback
(24). For constant interarrival times we have

(28) G [y (K + §) o] = e T+ eiusliz

Making use of the obvious equality

T

Z (=t _ 1
i

i=1 )

and of (28), we obtain
[ T+ (k1) 2]
1

= e [l _ e-/tz/i.]ie—-(/tl =hpes) A

[

a =

ki

u'i!

for ¢ =0, £ >0 and
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Results of numerical calculations for 2 =1 and u = 1 are shown

in Figs. 2 and 3. Fig. 2 shows the dependence of p, on the value of the
parameter z. It is interesting to study the speed of convergence of the

o

T G2 03 04 05 06 ©7 08 03 10 o
Fig. 2
transient distributions to the limiting distribution. We shall study this,
assuming the initial condition
P{N, =0} =1, P{N,=j;=0, j>0,

and applying the recurrent formula
P{N,,, =j} = Z’P{N,. =Py, j>o0.

Here the transition matrix P(Ll,), determined by (4), (5), (26) and (27),
has been truncated to the proper size. The probabilities P{N, = 0} are
o h

‘l -

ne
(S

z =01

i e ' . ! . 1 . i SR | »
17 i4 15
Number of 1terqhiors

-
~
o -
(e8]
S

Fig. 3

plotted in Fig. 3 for three values of z and »r =0,1,... For 2 =1 it is
enough to take » = 6 (which corresponds to the 6 iterations in the nume-
rical calculation) to get P{N, = 0} practically equal to the limiting pro-
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bability p, = 0.5. For 2 = 0.1 the convergence is much slower and the
number of necessary iterations to reach a reasonable approximation of p,
has to be rather large.
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I. KOPOCINSKA (Wroclaw)

SYSTEM GI/M/1 ZE SPRZEZENIEM INTENSYWNOSCI OBSLUG Z DLUGOSCIA
KOLEJKI

STRESZCZENIE

W pracy rozpatrzono systemy, w ktorych przedzialy oddzielajace kolejne mo-
menty zgloszen t., r = 0,1, ..., tworza cigg niezaleznych, nieujemnych zmiennych
losowych X, =1t,,.;—t 0o jednakowym rozkladzie G(xr) = P{X,< x}, r =0,1, ...,
natomiast intensywnos&é obslugi u{n(t)} jest zalezna od liczby jednostek = (t) znajdu-
jacych si¢ w systemie w chwili ¢.

Systemy tego typu nazywamy systemami GI/M/[1 ze sprzezeniem. W rozpa-
trywanych systemach ciagg zmiennych losowych N, = n({,—0), r =0,1, ..., jest
wlozonym lanicuchem Markowa. Stan systemu w chwili ¢{,,;— 0 jest zdeterminowany
przez stan systemu w chwili f,— 0 réwnosciag

Nypy = Npt+1—19,,

gdzie 7, jest liczbg zakonczonyeh obstug w przedziale [t,, t,.1). Lancuch Markowa {N,}
w ogoélnym systemic jest opisany przez macierz (6), ktora jest macierza prawdopo-
dobienstw przej$cia ze stanu 4 do stanu j. W twierdzeniu 1 dany jest warunek wystar-
czajacy istnienia granicznych prawdopodobienstw tego lancucha. Ponadto w pracy
przeanalizowano przyklady systeméw GI/M/1 ze szczegélnymi przypadkami sprze-
zen. Systemy te sa na rys. 1 oznaczone prostokatami o numerach odpowiadajacych
numeracji dzialow w tej pracy. W kazdym z prostokatéw znajduje sie¢ symbol Ken-
dalla, bedacy skroconymn zapisem zalozenn systemu, oraz informacja o intensywnosci
obslugi. Dla systemu oznaczonego numerem 3 otrzymano tylko wyniki numeryczne.
Przypadek 2.2 byl rozpatrywany przez Prabhu [4]. System 2.1 jest réwnowazny
systemowi 2.1°, tzn. systemowi GI/M /o bez sprzezenia; system ten byl rozwazany
przez Takicsa [5]. W tej pracy analogiczne rezultaty otrzymano przy uzyciu innych
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metod. Opis przypadkéw 2.3 i 2.4 mozna natychmiast otrzymacé¢ przez podstawienie
odpowiednich rozkiadéw do ogdlnych wzordéw otrzymanych dla systemu 2.1. System
2.5 mozna analizowaé bez uzycia wlozonych lancuchéw Markowa; przy uzyciu
wlozonych lancuchéw Markowa nie udalo sie w tym przypadku otrzymaé bardziej
efektywnych rezultatéw niz w najogélniejszym przypadku 1. Analize najprostszego
systemu 2.6 mozna znalezé w wielu publikacjach z teorii kolejek.

#. KOMOLMHBCKA (Bponnas)
CUCTEMA GI/M/1 C OBPATHOM CBS3bI0 MHTEHCHUBHOCTU OBCJIY)XUBAHUS
C JUVIMHOM OYEPEIU

PE3IOME

B oToit paGoTe paccMOTpEHH CHCTEMH, B KOTOPHIX TpeGOBAaHHA NMOCTYHAIT B MO-

MeHTH I} <l3<... <l <..., ciayJvyaiiHee BeIM4uHH X, = t,,;—1!, He3aBHCUMBI
B COBOKYNHOCTH M 00JajaloT OJHUM M TeM ke 3aKOHOM pacupepgenenusa G(zr) = P{X,
<az},r=0,1,..., a MHTEHCUBHOCTb oOcuy:uBaHuda u{n(f)} 3aBUCUT OT COCTOAHUA

cucreMH 7 (f), ompefielIeHHOTO KOJNYECTBOM 33aABOK HAXONALIUXCA B CHCTEME B MO-
MEHT BpeMeHH 1.

CucreMHl 5TOr0 TUIIA HA3HIBAIOTCA cucmemami ¢ o6pammuoti ceéaabvio. B paccmoTpu-
BaeMHX CHCTEMaX IIOCJIe{0BATeIbHOCTh CAyYaitHuIX Beauuud N, = n(t,—0),r =0, 1,...,
AIBIAETCA BIOKEeHHON Henblo MapkoBa. CocTosHMe CHCTEMH B MOMeHT .., — 0 ompe-
eJIEHO COCTOAHUEM CHCTeMHBI B MOMeHT {,—O,

Nejr=Net+1l—n,

rje 7, — YHCJIO OKOHYEHHHX 00CIyKuBaHuil B mpome:kyTke [t,,t,.,). Ilenp MapkoBa
{N,} B obmeii cucreMe omucaHa marpuuei (6), koTopasg ABIAeTCA MaTpuuel BepoAT-
HOCTell Iepexofa CHCTEMH M3 COCTOAHUA i B COCTOfAHME j. B Teopeme 1 maHo mocra-
TOYHOE YCIIOBMe CYIIeCTBOBAHMA IpeNeJbHLIX BepOoATHOCTeN aToit memnm. Hpome Toro
B palfore uccaegyworca mpuMmepH cucreM GI/M/1 ¢ yacTHEMHM ciay4yasMmu o6GpaTHOM
CBfA3M. JTU CUCTEeMbl HAXOMATCA Ha pHC. 1, rme oHu 0603HAUYEHH NPAMOYTOJIbHHKAMH
¢ HOMepaMH, KOTOpHEe COOTBETCTBYIOT HOMepaM paafesioB 3Toit paborn. B kammom
M3 3THX IpAMOYTOJbHMKOB HaxommuTcA cum6on Henpanma, ABIAIUACA KpaTKOU
8aNNCHI0 NPEANONOKeHUH cUCTeMEl, a TaKie U MHPopManueidi 0 HHTEHCHUBHOCTH 00-
cayxuBaHusa. s cucreMH 0603HAYEHHON HOMepoM 3 MOJYyYeHH TOJBKO YMCIIEHHEHE
pesyabratn. Coyuait 2.2 6myn paccmorpeH IIpabxy [4]. Cucrema 2.1 3KBUBaJIeHTHA
cucreme GI/M[oo Ges obGparHoOit ¢BA3M, T.e. cucteme 2.1’. Dra cucrema GbIa paccmor-
pena Taxauém [5]; B HacTosmelt pafoTe MOMYyUYEeHH aHAJOTNYECKHE PE3YIbTATH APYTrUM
MetonoM. Omicanue ciayyaeB 2.3 n 2.4 MOKHO HENOCPEACTBEHHO MOJYYUTH C MOMOLIbIO
MOJICTAHOBKI COOTBETCTBYIOIIMX pacnpegedeHuii B o0mux ¢Qopmyaax, NOIYYeHHEX
ana cucremu 2.1. Cucremy 2.5 MOKHO QHANM3UPOBATH YNOTpPeGIAA BIOKEHHHE LEIH
MapkoBa; npu uCIOIb30BAHMYU BJIOMEHHHIX Lieneit MapkoBa He yZaJIOCh B 9TOM ciydae
nony4ynts Oosee 3PPeKTHBHHX pe3yibTaToB, YeM B o0mem ciayyae 1. AHanmus mpocreii-
meii cucremMbl 2.6 MOKHO HaWTH BO MHOrmxX paboTax IO TEOPHH MACCOBOr0 OGCIYMHHU-
BaHUA.



