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ALGORITHMS 91-92

M. SZYSZKOwICZ (Wroclaw)

TWO ONE-STEP METHODS WITH A GIVEN PARAMETER

L. Procedure declaration. Two procedures (sodel23, sode567) in ALGOL
60 for solving the system of ordinary differential equations

(L) y =f(x, ), y(xo) given,

are presented,
The procedures have the same parameters.
Data:

X

— value of x, in (1.1),

x1 — value of the argument for which the problem (1.1) is solved,
€ps — relative error (the given tolerance),

“ta — number which is used instead of zero obtained as solution,
::'m" — minimum allowed step-size,

— number of differential equations,
»1:n] — vector with initial data y(xo) in (1.1),

Sigma — for the procedure sodel23: sigma =% or %, for the procedure
sode567: sigma =5 or 7.
Results:
x‘ — value of xI. ,
y [’-"] — vector with the solution at point xI.

Additional parameters:

Steph  — Jabel outside of the body of the procedures (sodel23, sode567) to
which a jump is made if |h| < hmin (h is the step-size of
integration); increasing eps or decreasing hmin it is possible to

f continue the computations, _

— procedure with the heading: procedure f(x, n, y, d); value x, n;
_real x; integer n; array y, d; which computes the values of the
functions f(x, y) in (1.1) and assigns them to d[1:n].
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procedure sodel23(x,x1,eps,eta,hmin,n,y,steph,f,sigma);
value x1,eps,e§a,hmin,n,sigma;
real x,xl,eps,eta,hmin,signé;
integer n;
array ys
lEEEl s teph;
procedure f;
real h,hh,ww,wl,w2,w3;
integer i;
Boolean last;
array di,yl,y2,y3,y4[1:n];
eps:=.,5/eps;
hi=x1-x;
last:=true;
f(x,n,y,d1);
conth:
hh:=,5xh;
w3:i=hxsigma;
ww:=hhxsigma;

+ for i:=1 step 1 until n gg

begin
wli=y[i];
w2:=d1[i];

YIDi D i=wil+w3xw2;

yY2[ i) i=wl+wwxw?2

end i;
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f(X+w3,r.,y1,y3);
fgi i=1 step 1! E..'E.!..]. n do
YL i):=y[ i J+hxy3[i];
F(x+ww,n,y2,y3);
for i:=1 step 1 until n do
Y2Lidi=y[ i J+hhxy3[i1;
f(x+hh,n,y2,y3);
for f:=1 step 1 until ndo
YA Ji=y2[ i T+wwxy3[i1;
f(x+hh+w,n,yh,y3);
Wii=_0;
for i step 1 until n do
b_e_g__i_n

W2:=y2[ | Jthhxy3[iJ;

W3iw2-y1[i];
Wli=y3[i]=w2w3;
W3:=abs(w3);
Wli=abs(w1);

.

JT wiceta

*=if ww=0 then eta else sqrt(epsxww)x1.25;
hh:

=h/ww;

L w125

then

159
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if abs(hh)<hmin
then go to steph;

last:=false

X:i=x+h;

 for i:=1 step 1 until n do
yLili=y30il;

if last
then go to endp;
f(x,n,y,dl);

wli=x1~-x;

if (wl-hh)xsign(h)<0

then

begin
hh:i=wi;
Iast:=££gg
end (wl-hh)xh<0
end ww<1,25;
h:=hh;
go to conth;
endp:

end sodel23;
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Procedure sode567(x,x1,eps,eta,hmin,n,y,steph,f,sigma);
value x1,eps,eta,hmin,n,sigma;

Teal x,x1,eps,eta,hmin,sigma;

Integer n;

array y;

label steph;

Erocedure f;

Teal h,hh,ww,wl,w2,w3;

Integer i3

Boolean last;
array k,kl,kZ,kB,kh,yh,yl,y2,y3[1:n];
Procedure steprk5(h,x,kl,y,df);
Yalue h,x;

real h,x;

8rray ki,y,df;

begin

for i:=1 step 1 until n do

YhLiJ:=y[i Jewixk1[i];
f(x+.5xh,n,yh,k2);
Wii=, 0625xh;

for j:=1 step 1 until n do

YhDi Je=y[i Jwin(3.0xk1[ i H#k2[11);
Fx+.25xh, n, yh,k3);
Wli=, 25-16.0xsigma;

W2:=32.0xsigma;
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for i:=1 step 1.until ndo.
yhE i JsmyD i Jehx(wix(k 1§ k20§ J)+w2xk3[11);
f(x+.5%h,n,yh,kk);
wl:=12,0xsigma~.1375;
w2:=12,0xsigma=~.375;
W3 75-24 Oxsigma;

for i:=1 step 1 until n do

yhUi Ja=yLi Trhx(wixk1[i Jew2xk2[ i J+w3xk3[ i 1+ .5625xk4[ i 1);
f(x+.75%h,n,yh,df);
wl:=h/7.0;
w2:=4 0~192,.0xsigma;
w3:=7.0-192.0xsigma;
ww:=384 .0xsigma;

for i:=1 step 1 until n do

yh[i]:-y[i]+WIX(WZXk1[i]+w3xk2[i]+NWXk3[i}-12.0xk4[i3+8.Ode[i]);
f(x+h,n,yh,k2);
wl:=h/90.0;

for i:=} step 1 until n do

dfLT Jemyli wix(7.0x(k 101 1+k20§3)+32.0x (k301 HdfL T 1)+12.0xkb[1])
end steprk5; | |
himxl-x;
eps:=1.0/(epsx62.0);
last:=true;
f(x,n,y,k1);
conth:
hbz=, 5xh;
steprk5(h,x,kl,y,y1);
steprk5(hh,x,k1,y,y2);
f(x+hh,n,y2,k);
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Steprk5(hh, x+hh,k,y2,y3);
Wwi=_(;
lor i:=} step 1 until n do
begin
wlimy3[il;
Wli=w3-yi1{i];
W3:=y3[i):=w3+w1/31.0;
Wl:i=abs(wl);
"r_l3:-abs(w3);
Jf w3<eta
then w3:=eta;
wl t=wl/w3;
if wisww
then wwi=wi
gnd i;
"i=if ww=0 then eta else (epsxww)+.166666666666x1.25;
hh:a-h/w;

If ww>1,25

then

begin
If abs(hh)<hmin

E"&_"_gg o steph;

lasti=falge

2nd ww>1,25

begin

:X;-Mh;

Tor et step 1 until i do

Ylidimy3gi;
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if last
then go to endp;
f(x,n,y,k1);
wli=xl=x;
if (wl-hh})xsign(h)<0
then
begin
hh:=wl;
last:=true
end (wl-hh)xh<0
end ww<1.25;
h:=hh;
go to conth;
endp:

end sode567;

2. Method used. To solve the initial value problem
Y'=f(x,5, y(xo) given,

we consider the one-step method & which satisfies the following property:
When applied to the test equation

y,='1y’ y(x0)=y0a rAeC

with a constant step h the m-stage method @ yields a numerical solution {ya}
which satisfies a recurrence relation of the form

yn+l = W(z)yna
where z = hi and

zP m Zi
(2.1) W@ =1+z+ ... +=+ ¥ a7
p’ i=p+1 L

The coefficients a; (i = p+1, p+2, ..., m) are depending on the parameters

of the method &. Moreover, if the method @ has an error of order p, then
one has '

w(z)—e = 0(z*1).
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In this paper we propose the choice of the coefficients a; (i = p+1, p
+2,...,m) in (2.1) to be
(22) w*(z)— & = O(Zm+2),
where
w?(z/2)—w(2)
2r—1

w*(2) = w2 (z/2)+

and
.V:+1 = w¥* (2),l’n-

The new numerical solution {y#} (= y¢, 1 <k < n) is obtained by using
Richardson’s extrapolation applied to the solutions obtained with step 4 and
Step h/2.

Here we present two one-step methods &, and @, with m > p. The
Mmethod @, has p=1, m =2, the method @, has p =5, m = 6. The method
P, is given by the following formulae

Yata = .Vn'+ahfv‘|‘r
Yne1 = y'a+hf;l+aa

Where q is the parameter ([2]).' '
For the method &, the polynomial (2.1) has the form

D,.

w(z) = 1+z+az2.

In this paper the method @, is realized with two values of the parameter a, a
=%and g = §. For a = 4 the method @, has the interval of absolute stability
(=70, 0) and there holds

w*(2)—€& = 0(2%).

For a =} the method @, has the interval of absolute stability (— 3.0, 0) but
there holds (2.2), ie.

w*(1)— ¢ = 0 (2.

Thﬁ,-me_thod.qbl in: this paper is realized in the procedure sodel23: with the
Parameter sigma (a = sigma). ; . ' '
The method @, was given by Lawson [1] and has the following form

1
I 4
1
3
%k
il i~166 L-160 320
4T +120 $8+120 3-240 5
1 _%_.I%Z_a {—192¢ 388 _ 12 8
\.‘\ . .
7 2 7
% 0 33 55 33 35
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For the method &, the polynomial (2.2) has the form

5 zi 26

W(Z) = i§0 l—!+360'g".
Lawson [1] has used this method with ¢ =g, with this value of the
parameter ¢ the method @, has the interval of absolute stability (—5.62, 0).

For ¢ =35 ([2]) there holds (2.2), i..
w*(z)—é& = 0(z%)

and the interval of absolute stability is (—4.25, 0). The method &, is realized
in the procedure sode567 with the parameter sigma (¢ = sigma).

3. Certification. The procedures sodel23 arid sode567 were tested on the
following problems.

Problem A

!

yi= 10sgnsin(20x)y,, y,(0)=0,

7

¥: = —10sgnsin(20x)y;,  y,(0) = 1
with the exact solution
y1(x) =[sin10x],  y,(x) = |cos 10x].
Problem B B |
=1y, »0=1,

7

Ya=—1/y;, y,(0) =1
with the exact solution
Cnx =€ py(x)=e"*.
Problem C
| y =4y, y0)=1
with the exact solution |
y(x) = **.

Below the relative errors (y,— y(x,))/y(x,) and the numbers of function

evaluations f ([ /]) are given. The results presented here were obtained by the

procedures sodel 23, sode567 with automatic step size control and ‘with sigma
as the parameter in the procedures.

For problem A

sodel23

sigma = sigma = }
X es=10-4 [f] ep=,0-4 [f]

10 —6.66,0—4 3346 —7.64,,—4 3978
~146,,—4 ~4.13,,—4




Algorithms 91-92

sode567
sigma = & sigma =35
X eps = o—4 Lf] eps = 10—4 L/l
1.0 570,,—5 8756 —286,,—5 9020
2.6410—5 ""2.2110—5
For problem B
sodel 23
sigma =% . sigma = %
X eps = 16 [f] eps = 10—6 Lf]
5 261,,—7 939 —212,,-7 644
‘ "‘2.6].10"‘—7 “2.1110"‘7
10.0 495,,—6 17763 397,0—6 12143
4.951'0"'6 —3.9610— 6
sode567
sigma = +5 sigma = 35
X eps = 1o—3 [f] eps = 10—3 [f]
100 —-3.33,,-3 216 -1.39,,—2 198
4-0610—3 1.8310'—'2
sigma = 2; sigma = 0
x eps = 10— 3 Lf] eps = 1o—3 Lr]
10.0 9.32,0—3 234 1.85;0—2 252
—1.22,0-2 —228,0—2
For problem C
sode567
sigma = sigma = 4
X eps=10—9 [f] eps=10-9 [f]
—6 1.10,,—9 628 —298,,—10 509
-1 1.38,,—10 118+ -197,,—11 101
1 '—1.9210'—10 ' 118 '—4-2810_11 101
6 "“1.2010'—9 ; 610 = "'2.4010—10 525
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