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ON THE ADMISSIBILITY OF TESTS
FOR EXTENDED HYPOTHESES OF FIT

1. Introduction. We are concerned with a multinomial distribution
Wwith, say, k classes and with the hypothesis that the point p = (p,, .., Dx),
where p; is the probability of the i-th class, ranges over some set U,.

The hypothesis of fit for a fixed distribution, say F, is usually for-
mulated as

Hy:p =gq,

where ¢ = (q,,...,¢,) and g, ..., ¢, are generated by F. But in a large
sample this hypothesis is nearly always rejected, since no natural popula-
tion has ever the exact distribution F. In fact, we would want to reject H,
only when the departure of the real distribution from F were great. Con-
Sequently, Hodges and Lehmann [3] have proposed to test instead of H,
the hypothesis

H*:d(p,q) <,

Wwhere d(p, ) is a measure of distance.

© are concerned with the problem of testing H:p e U, against
K:p ¢ U,, where U, is a neighbourhood of ¢ having the property: p € U,
Implies Pi>e>0fori =1,...,k ‘

For the simplest case of testing H,, Birnbaum [1] has proved that
every test with eonvex acceptance region is admissible. We extend this
result to the case of testing H against K.

The usage of customary tests of fit for testing H depends on the
Possibility of control of the level of significance. An example of such an
extended hypothesis is given in Section 4.

2. Notation. Let X = (X,, ..., X;) stand for a multinomially distri-
buted random vector (with parameters # and p = (p,, ..., D)), where X;
take non-negative integral values and -

n = Zk:Xi.

i=1
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Let & denote the set of values of X. For every v € & we have

k
PX, =,..., X, =) = ln(m)”p?i,
=1

where

() =n! (ﬁwi!)'l.

i=1
Throughout this paper we assume that p,> 0 for ¢ =1,..., %k and
use the notation W, for such a multinomial distribution.
Finally, let us note that a subset of Z is called convex if it is a common
part of & and of a convex set in R*. We say that = is an extremal point
of the subset 4 of & if x is an extremal point of the convex hull of A4.

3. Admissibility of tests with convex acceptance regions.

THEOREM. Let ¢ be a test of H:p e U, against the unresiricted alierna-
tive K:p ¢ U,, where each p, > ¢ > 0 for every p € U,. If the acceptance
region of ¢ is convex and randomization is done at most at the exiremal points
of this region, then ¢ is admissible.

Proof. Let us suppose to the contrary that ¢ satisfics the assumptions
of the theorem and that there exists a test y better than ¢. So we have

(1) N(p@)—g@)W,(x) <0 for pe T,
xeX

(2) D (v(@)—p(@)W,(@) >0 for p¢ U,
ze¥

and at least one of these inequalities is sharp for some p.
Now we can write W, (z) in the form

—1 k-1
W,(z) = ly() ‘1+ ij exp {Oi})—"exp{z 0@'-”7@-}’

where
6, =i fori=1,.., k1.
Pi
Consequently, (2) implies
k-1
(3) D) (p(@)—p(@)exp| Y 6o} >0 for p¢ T,
ze¥ t=1

Moreover, from (1) and (2) it follows that there exists a point #° e &
such that ¢(z° > y(x°).
Now, let us denote by 4 the acceptance region of . Then

A={ge®: px) <1}
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and by the conditions imposed on ¢ we see that 2° ¢ A or «° is an extremal
point of 4. In both cases there exists a vector & # 0, having not all com-
ponents equal, such that

(a,z—2°) <0 for xeA,x #a°,

where (-, -> denotes the standard inner product on R*. Moreover, in view

of the cqualities
I
Tx, = 2:02 =n
1 i=1

the vector a* = (a,—a,,..., a,,‘_,——'a,,, 0) has the property
(a*, x—a% = {a,x—a°).
Since the vector 8 = (6,, ..., 0,_,) ranges over R*"!, we can put

0; = Na; fori =1,..., k—1, where N is a natural number.

Now we show that there exists a subsequence of {(Na3, ..., Nay_,)}
such that the solutions

p(N) = (pl(N)’ --',?k(-N))
of Na; — Inp,—Inp, (¢ =1,...,k—1) belong to the alternative K.

Let now 6} =Ing,—Ing, (4 =1,...,%k—1). The condition imposed
on U, guarantees that

D~

il
-

k—1

k—1 .
0 Pilx
; ( ) 2 Pr:

=1

fqr Some ¢ and every p e U,. Thus, for every sequence of numbers, say
{d;}, tending to infinity and such that C < d, < d, < ..., the solutions of
k—1

D (0:;— 6 = d

i=1
lead* to p’s which belong to K. So for a sufficiently large N the vectors
(Naj, ooy Nag_ ) belong to K and
Na*yz—a'> <0 for ze A\{x,}.

Multiplying now both sides of (3) by exp { — N <a*, 2°)} we obtain
(4)

o NP (0) =g (o) exp (N <a*, 023} +1,(09) [p(0) —9100) > 0.

. Since for # € A we have ¢(z) = 1 and, consequently, y(z) —¢(x) <0,
Inequality (4) implies

()
D) la(@)(9(2) — p(2)) exp N (a*, & —at3} +1, (a°) (@) — p(a%) > O.

red\{z9}
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Thus letting N — -+ oo in (5) we obtain
p(2°) —@(2°) >0,

which contradicts ¢(«°) > y(2°) and the proof is completed.

4. Applications. The acceptance regions based on the yx*-statistics

- (@; — '”{qz')z
ng;

=1

22%111(:;.)

are convex and, therefore, are admissible for testing the hypothesis of
fit Hy:p = q and the extended hypothesis H:p € U,,.

However, the usage of those tests for testing H depends on the pos-
sibility of control of the level of significance. We show that this can be
done for

and on the likelihood ratio

U, ={p:p;—&l <e}, where ¢<min(g,...,q).

Since W, (x) is a continuous function of p for every fixed #, we infer
that for every ¢, > 0 (a > ¢,) there exists an ¢ > 0 such that

{ ZWp(x)— ZWG($)‘< e, for all Ae2” and peU,.
zed

zed

For such ¢ and ¢ we have

ZWp(w) < 2 W x)+e for peU,.

xred xeA

Consequently, every test of level a — ¢, for testing H, is that of level
a for H.

Remark. As we mentioned in Section 1, Hodges and Lehmann [3]
considered the following extended hypothesis of fit:

H*:d(p,q)<c*.

They proposed to test H* with nice asymptotic properties. Their
result was generalized by Bjernstad [2].
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After investigating those test statistics one can see, however, that
they are not convex functions of  for the distances d of the form

k
d(p,q) = D silpi— ),
=1

where the weights s; can be functions of p and ¢. So the examination of
admissibility of those tests by our theorem is rather difficult.
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TERESA LEDWINA (Wroclaw)

O DOPUSZCZALNOSCI TESTOW
DLA ROZSZERZONEJ HIPOTEZY ZGODNOSCI

STRESZCZENIE

W pracy rozwaza sie problem testowania rozszerzonej hipotezy zgodnosci.
Udowodniono, ze testy o wypuklych obszarach przyjeé sa dopuszczalne.



