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ON THE PARTITION OF THE GENOTYPIC FUNCTION*

1. Introduction. Although the study of consequences of the Mendelian
Law in a randomly mating population was started by Pearson [4] in
1903, it was Fisher [2] who in 1918 laid the theoretical foundations of
the subject. Inspired by this paper, Kempthorne deduced an important
formula, published in his book [3]. This formula represents the partition
of the genotypic function into orthogonal components. Subsequently,
Kempthorne himself and several other authors used this formula to
deduce further results which are important in the interpretation of ex-
perimental data concerned with population genetics.

The present paper is concerned with Kempthorne’s formula. His
original deduction is based on an ingenious symbolic partition of the
genotype itself. However, the derivation and use of the formula are
a little complex so, in view of this formula’s importance in modern
research, an effort to obtain it through an alternative procedure seems
Justified. The method used in the present paper is based on the consider-
ation of the genotypic function itself, and of its conditional expectations
in relation to various fields. Thus, the result obtained does not coincide
with Kempthorne’s formula, but is equivalent to it. It is my impression
that this method throws a new light on Kempthorne’s theorem and also
that it simplifies the application.

2. The problem. Consider a randomly mating population of individ-
uals and an inheritable characteristic 7' to be described as the geno-
typic function. We assume that the characteristic 7 is affected by genes
in »n different loci, each carried in a different chromosome, so that there
is no linkage. We denote by #n, the number of different genes capable of
occupying the a-th locus, @ = 1,2, ..., n. The s-th gene appropriate to
the a-th locus will be denoted by A% and its relative frequency in the

g
population by p?, with } pg =1.
§=1
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In this setup, the genotypic array is

(1) ]_7 (Z Aspef.

Incidentally, if the gene symbols A{ are treated as dummy arguments
customarily used in studies of probability generating functions, then (1)
represents the probability generating function of the various genotypes.
In fact, the formal expansion of (1) represents a sum of terms in products
of the type

(2) | ] 4545,
a=1

where i, and j, are arbitrary numbers selected from 1,2,...,n, sym-
bolizing a particular genotype. The coefficient of (2) in the expansion of (1)
represents the probability of encountering the given genotype in the
population.

For any a =1,2,...,n the symbol

(3) O = {AY, A%, ..., AL}

will denote the set of all genes appropriate to the a-th locus. In addi-
tion to the symbol 2% just defined it will be convenient to consider two
other symbols 2% and Q° denoting the same set as (3), but representing
the n, different possibilities of inheritance in the a-th locus from father
and mother, respectively. Thus, the set of all genotypes in the popula-
tion considered is the product set

(4) Q=0"xXQ' X P XQ*x...x Q" xQ".

The subject of study, the genotypic function, appears as a realvalued
function f defined on Q. After what was said about the expansion of (1)
it must be clear that the unconditional expectation f° of f can be obtained
by expanding (1) formally, replacing each product (2) by the correspond-
ing value of f, that is, by

n

(5) (] 44.45,)

a=1

and by summing the results.
n

The total number of elements of the set 2 is [] n;. However, from

a=1
the point of view of inheritance not all of these elements are distinct.
Thus, for example, if any two distinct elements o’ and o’ of ©Q differ
only by the order of the same two different genes in the a-th locus, say

the genes Ay A7 in o’ and A7 A% in '/, with ¢ # k, then the values of the
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r’

genotypic function at o’ and o'’ will be the same and the two genotypes
must be considered identical. It is easy to see that the different elements

of Q correspond to [] na(n,+1)/2" different genotypes.

a=1

Kempthorne’s formula can be written in the following form [3]:

”ALaAa ” a a + Zvizaga L 9 Q _|_ Zgav;_za n Qa'ga'+

a’ +a

(l(t I (L”a”
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a,a’ a,a’,a"’
where
na
- B
(1) " = N pids,
s=1
a a
(8) vla - Ala u ’
a
(9) o, = Af,—e

and « =1,2,...,n This is a symbolic representation of a particular
genotype.
In any particular term on the right side of (6) the possible values

for a, a’, a’”’, and so forth, are different. Each term on the right side has
Ng'’

. . @ @ i @
to be expanded by writing, for example, 0" as 2 ps As and ;. as

'"'a'
AL — 3 ps A5

§=1

In order to obtain the value of the genotypic function after perform-

ing the necessary multiplications in (6), the genotypic values have to
be inserted in place of the genotypic symbols. The successive terms are:
the population genotypic mean, the additive effects of genes A7 , the
additive effects of genes Aj , the dominance deviations associated with
genes A?a and A;-’a, and so on. The terms in this sum are orthogonal. My
aim is to give a representation of the genotypic function directly, with-
out the use of formula (6).

3. Conditional expectation given a set of loci. For the sake of simplicity
we shall be dealing not with the arbitrary genotypic function f itself,
but with the deviation f* of f from its expectation f°. Thus for every
genotype

(10) f=r+r
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The advantage gained by the use of the centered genotypic function f*,
is that its unconditional expectation is zero.

As already mentioned, the genotypic function is defined over a prod-
uct set 2 of 2n components of which n are denoted by Q% and the other
nby 2% witha =1, 2, ..., n. Now fix an arbitrary integer m, 1 < m < 2n,
and select out of the 2n component sets 2% and 2“ an arbitrary com-
bination of m sets, say the sets

(11) Qu, Q1 ... O

where each w; denotes an integer between unity and » either preceded
or followed by a dot. If »; equals either k- or -k then the set Q% is com-
posed of ny genes A¥ with s = 1,2, ..., n. Let Su; be any of these values
of s. Then the symbol A;’; will denote a gene appropriate to the k-th
locus specified by the pm"ticular subscript s, .

Denote by
(12) .Q(Ag‘;l, A’s“iz, ceny A;‘;';L)
the set of all genotypes that include the genes specified in parentheses
in the symbol (12). Thus, for example, 2(A;) will denote the set of all
the genotypes which include the gene A in the “paternal” sublocus
of the first of the loci considered. Similarly, Q(A4;, A;) will denote the
set of all genotypes which include the genes A; and 4;' in the “paternal”
and “maternal” subloci of the first locus, etec.

Notice that if the subscripts u,, #,, ..., %,, are kept constant, but
the value of at least one of the subscripts s, Su,; ...y $u, i8 changed,
then the resulting set of genotypes of the form (12) will be disjoint from
the original set (12). For example, if sy, 18 replaced by s,',,l # Su,, then
each of the genotypes in Q(A’;‘,hl, ceey A;‘ym) will differ from every
genotype of the set (12) by at least one gene, namely by the gene in the
locus corresponding to the superseript «,. On the other hand, two sets
of the form (12) corresponding to two different systems of subscripts
Uyy Ugy ..., U,, Need not be disjoint.

Denote by Gy ... v, the set of all sets (12) of genotypes cor-
responding to a fixed system of superscripts w,, #,, ..., #,. These are
sets (12) distinguished by different systems of subscripts s, , Sugy v vy Sup,-
The union of all elements of Guyug, ...y 18 the set £ of all genotypes.
The term conditional expectation of the centered genotypic function
given the set of loci w,, u,, ..., u, or the conditional expectation with
respect t0 Gy u,, ...,y will be used to designate the function

m

(13) ful,uz,...,um = E[f* ] G'uvl,uz,-..,um]
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defined on 2 as follows: on each set (12) the function (13) is constant
and equal to the conditional expectation

(14) BT Ay 5 A5y eeey A7 1

Notice that, if m = 2n, then each set of the form (12) is composed of
just one element, namely of the genotype specified by the symbols in
parentheses in (12). Also in this case the number of elements of
Gy, 14,2, n,n 18 the number of all the elements of {2 corresponding to

[] na(n,+1)/2" different genotypes. Thus, if m = 2n, then
a=1

(15) f* = E[f* | GL,-I,...,n-,-n]-

The functions fy .., have the following properties.

.....

(i) They are defined over £ for any number m < 2n of subscripts «;
each of which may have a value k- or ‘k, with t =1,2,...,%n. No two
of these subscripts can have the same value, so that wu; # u; if @ # j.

(ii) Because of the familiar property of conditional expectations,

(16) E[ful,...,u,n_l,um i Gul,...,um_l] = ful,uz,...,um__ly
and therefore for the unconditional expectation we have
(17) E[ful,'uz,...,um] = EU*] = 0.

(iii) For any two disjoint systems of positive integers (u,, %y, ..., u,)
and (w,, w,, ..., ws), none exceeding 2n, we have

(18) E[ful,uz,...,ur | Gwl,wz,...,ws] = E[ful,uz,...,ur] = 0.

This property results from the assumptions of no linkage between the n
loci and of random mating. In fact, whatever system of genes in loci
Wy, Ws, ..., ws We choose to fix, the relative frequencies of the various
genes in loci u,, u,, ..., u, will not be affected. Hence, the conditional
expectation on the left side of (18) must be equal to the unconditional
expectation.

4. The partition of the genotypic function. The functions defined
by (13) will be used to determine another class of functions, which, as
we shall see, are orthogonal and add up to f*.

DEFINITION. For m between limits, 1 < m < 2n, let

(19) Fu1,112 ..... Uy, ful,uz,...,um y § usl Ugysererts, ?

t
(sl ’321 oS,

where the multiple summation extends over all systems of subsecripts
(81,825 ...,8) such that 1 <s;, <8, < ... <8 < m.
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In particular for m =1,2,3 we have

(20) Fu = fu
(21) ul”’ fulu, “1 _F'uz’
] . 1 1
(22) F'uluzu3 - fulu2u3 —F L _Fuz _Fu3 _Fuluz —F njug “Fuzua .

The functions F, ., .., have the following properties.

(i) They are defined over £ for any number m < 2n of subscripts
Uqy Uy, ...,y Uy each of which may have a value k-or -k withk =1,2,..., n.
No two of these subscripts can have the same value.

(ii) For any three disjoint systems of subscripts (uy, Uy, ..., Up),
(Vyy Vgy ovny Vp)y (Wy, Wy, ..., ws) None exceeding 2n, we have

(23) E[Ful,u2,...,ul,,1.‘l,'vz,...,'v,. | Gul,u2,...,up,wl,wz,...,ws]
= E[Ful,u2,...,up,vl,vz,...,v,. l Gul,uz ..... up] .
1f p = 0, then
(2‘1) E[Fvl,vz ..... v,.\Gwl,wz ..... ws] = E[Fvl,vz,...,v,.] = 0.
(i) If 1 < s < m < 2n, then
(25) BUF iy g Gugiigig] = 0

This property will be proved by induction. For m = 2 it follows from
(16), (18) and (19), that
(26) B[Py 0,60,) = Bl fupuy—Fu,—F |G

= B{fu,u|Gu, ] —E [fu)|Gu) ] — B[ fi,|Gu, ]

= fu,—fi,—0 = 0.

In order to prove (25) for m, provided that it holds for m —1, write (19)
in the following form

lrd ] _
(2 { ) F UpUgyeenstyy ful,uz ..... U _ful,uz ..... Upp—1 k.

Notice that R in this formula is the sum of functions which have at most
m —1 subscripts one of which is u,,. Bearing this in mind and using (23)
and (25) for m—1, we obtain E[R |G, 4,,..xJ = 0. The conditional
expectation of F wpttgnstty, BIVED Gy 4, o Can NOW be computed as

(28) E[Ful,uz ..... umlGul Mg, ] = K[ ful um—ful, My — 1—R|Guluz us]
= K| fuluz um|Gu1u2 ..... us] E[ful Ug e Uy — 1| Up,.. us]

According to (16)

(29) E[fuluz umIGul,u2 ..... us] = E[ful,u2 ..... um_llGul,uz,...,us] :ful,uz,...,us

Hence if 1 <s <m—1

(30) E[-Ful Ugseees uml Uy, Uy, “s] = 0.
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(iv) For two nonidentical systems of subscripts (u,, %, ..., %,,) and
(1) Way ..y Wy)

(31) E [F’ul,uz,...,umIle,wz,...,w,] = 0.

This important property follows from (24). To prove it, let us first
consider the case where the two systems of subscripts are disjoint. Then

(32) B Py g Frogcg iy

(7
- [1 'lll,1l2,...,u)nFu’1,wz,...,wr]
(YU s s Uy W, W5, W)

- E {'F“l’“z’"'"“m E [le,wz,...,w,.]} .

(U1,U9,..,1y) (0],Wq,...,Wp)

Notice that

N —— 1 N
[ wy Wy, wpl T E[F wl,wz,...,w,.]G(wl,wz,...,w,.)c]’
(W], W, ... Uy)

where (w,, w,, ..., w,)° is the system of all subscripts that are not in
(w,, Wy, ..., w,). The property (24) implies that the conditional expecta-
tion given Gy w,,..w, (33) is identically equal to zero. Hence (31) follows.
If the two systems of subscripts are not disjoint, then there is some s
such that, say, u, = w,, 4y, = Wy, ..., us = ws, s < . Hence,

E [F "’:nFWI,...,u‘,.] = E[F F

(T ULperestlgy L Uy Ug, ws+1,...,w,.]

-;u)nF’ll/l,..-,'us$ w3+ 1,...,101.]

= l : [Ful,..
(Uyeenstlp, Wt 15000, W)
o E |
(Upseensttg) (Mg LpyeensUypps Wyt 1y00sWy)

— E { E [»Ful,...,'um] E [lﬂ"l»-'-ﬂ‘s. ws+1,---v“’r]} .

(Upseenstg)  (Ugi1,eertyy) (Wgf15e05Wp)

LB ot Pttty 0ty 1)

Using the same argument as before we see that the terms in brackets are
identically equal to zero, and therefore the functions F, . are ortho-
gonal.

(v) The sum of all functions, F, ,, .., Where 1 <m <2n
gives the function f*,

17“’27-",“)

n 7" n
(35) F* =D Fat Y Fut Y Foat .. +Frp2nn-
a=1 a=1 a=1
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In order to prove (35) put m = 2nr in (19),

2n—1

(36) F — Z MNF

ULsUQs e sUay, = ful,ug.---,ugn ) uslau'sq,...,us
t=1 (31,32,...,81) “
wherel <s, <8, <...<<$8 < 2n.
As we have already mentioned, see (15), fy .. .up, = f1 1, =f"
Thus

2n
~ %
(37) F* = Furtgyiton §l }j R
t= 521

5)
where 1 <s;, <8, <<... <8 < 2n, or

(38) f = f0+ Z ﬁja- + 2 Iﬂ-a“}‘ Z Fa~,-a+ cee +F1-,-1,2-,~2,...,n.,-n-
a=1 a=1 a=1

This is Kempthorne’s formula, representing the partition of the geno-
typic function. The values of the functions ¥, , F,, with a« =1,2,..., 2
are the additive effects of genes, for example the additive effect of the
gene Ag is equal to F, (Ag) = F,(AS). The other functions give the
deviations associated with different groups of genes.
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W. KLONECKI (Pornan)

0 ROZKLADZIE FUNKCJI GENOTYPOWE]

STRESZCZENIE

Oryginalne wyprowadzenie znanej formuly Kempthorne’a o rozkladzie funkecji
genotypowej na ortogonalne skladniki opiera sie na pewnym formalizmie. W tym
wyprowadzeniu podstawowe jest pojecie tzw. szeregu genotypowego. Autor przedsta-
wia alternatywne wyprowadzenie tej formuly, opierajace si¢ na pojeciu funkeji ge-
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notypowej i warunkowych oczekiwanych wartos$ciach. Niech QYL Ot (i=1,2,..., n)
beda identycznymi zbiorami gendéw allelicznych odziedziczonych odpowiednio po
ojeu i matce. Przestrzen wszystkich genotypéw ma wtedy postaé

0 =0"xQIx0>xQ2x ... xQx Q™.

Na przestrzeni tej okresla si¢ miare produktowsy. Funkcja genotypowa f w takim
ujeciu jest funkcja okreSlona na przestrzeni 2. Oznaczmy przez Ef jej warto$é ocze-
kiwang, a przez f* = f— Ef. Niech Q%, Q"2, ..., Q%m — gdzie 1 < u; < m, a ponadto
kazde u; zaopatrzone jest kropka albo z prawej, albo z lewej strony — bedzie ukla-
dem m réznych sposréd rozwazanych 2n zbioré6w gendéw allelicznych. Przez A

ug
oznaczymy gen nalezgecy do 0%, wyznaczony za pomocyg wskaznika Su;, & przez
.Q(Ats‘él, vy A;‘g:n) zbiér tych genotypow, ktore zawieraja geny podane w nawiasie.

Oznaczmy dalej przez Gu,u,,..u, 2bior tych wszystkich zbioréw dla ustalonego
ukladu wskaznikow (u;, Ug, ..o\, Um)s 2 fuy g, ttyy, = E[f*| G“pﬂz,---,um] niech bedzie
wartoécia oczekiwang f* pod warunkiem Gu,u,,..u,, - Jezeli okreflimy teraz induk-
cyjnie klase funkeji wzorem

m—1

gdzie sumowanie rozciaggniete jest na wszystkie uklady wskaznikow (s, ..., §) takich,
76 1 <8 <...< s <m, to wspomniany wzér Kempthorne’a mozna napisaé¢ w po-
staci

n n
f = Ef—l— Z Fq + Z Fa+... +F1-,-1,2-,-2,...,n-,-n-
a=1 a=1

W pracy dowodzi sie, ze skladniki wystepujace po prawej stronie wzoru sa orto-
gonalne.

B. KIBOHEHKMH (ITo3naunn)

O PACTIPEAEJEHUN 'EHOTHUITHON ®YHKIINU

PE3IOME

OpuruHaabHHIE BHBOJ H3BecTHoit gopmyan HemnropHa o pasiomeHHU TeHo-
THIHONI YHKIUM HA OPTOTOHAJILHEE CJlaraeMhleé OCHOBAH Ha HeKOTOpOM dopMmasmusme.
B aToM BHIBOJe OCHOBHHIM SMBJIAAETCA NOHATHE TAK HA3HIBAEMOro TeHOTHIIHOrO pAAa.
ABrop naér papyroif BHIBOJ 9TOif (GOpPMYNB, OCHOBAHHHII HA NMOHATHN TeHOTHUIHOIR
PyHKIMM U HA YCIOBHHX cpefAHMX 3HaueHusax. Ilycrs QY Q4 i =1,2,...,n) cyTs
UJIEHTHYHBIC MHOKECTBA AaJlJejIM4yeCKMX TreHOB, YHACJIEJOBAHHHX COOTBETCTBEHHO OT
orua u marepu. IIpocTpaHcTBO BceX reHOTHINOB HMeeT TOTAa BHUJ

Q=0"x01xQTxQ%x ... X" x Q™"

B aTom mpocTpaHCTBe ompejelifeTcA Mepa Kak Mepa Ha JeKapTOBOM NpOM3BeJeHMH.
IIpn TaroM mnoaxofe reHoTunHasas QYHKUUA [ sABadercA QYHKUUeH, ompeneléHHOIk
B mpocrpancrBe 2. OGosHauumM eé cpepgHee 3HaueHue vepes Ef u mycrs f* = f—Ef.
ITycrs %1, Q%2, ..., Q%m, rge 1 < 4; < m, M, KpOMe TOTO, %; UMeeT TOYKY C NpaBoit
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an6o ¢ JeBoit CTOPOHBI, ABJAETCA CHCTeMOll m pA3IUYHBIX U3 27 PACCMATPUBAEMEIX
MHOMECTB aJlJeIMYHEIX reHoB. epes A¥i o0o3HauuM reH, NMpUHALIeMAUMil r Q%
U,y

t
oTpeieIEHHBLA MHIEKCOM Sy, & Uepes Q(A;‘; sy eees A;‘;n ) — MHOMECTBO TeX MeHOTHIOB,
1 “m

KOTOpHIE COACPKAT WIEHHI, YKasaHHEEe B CkoOkax. OGo3uauum uepes Gy u,,...u,, MHO-

JKECTBO BCEX DTMX MHOKECTB IpHM (PUKCHPOBAHHON cHCTeMe MHIEKCOB (%), Uz, ..., Uy;)
— [ f* %
U OYCTh fuyug,...tty, = E1*1Gup,ug,...;u,,]-6yner cpeanum sHaveHuem f* npu ycmoBuu

Gy ug,... 0y, - ECTH ONpeennTs Temeph MO MHAYKHUUM KiIace QyHKIHMM dopmytoit
m—1
Ful,u2,...,um =fu1,u2,...,um— 2 Z F“slv--r“st’
=1 (81,...,5¢)
rge CyMMMpoBaHUC pacnpacTpaHAeTcA HA BCe CUCTEMBl UHAEKCOB (S1, ..., §) TAKHUX,

yto 1 < 8 < ... < ¢ < m, TO ynomanyraa ¢opmyna HKemnropna Mosker OvITH 3a-
NMUCcaHa B BUE

n n
J=Ef+ ) Fa+ D Fa+...4+F1,12,2..n,n
a=1 a=1

B paGore mokasniBaeTcs, YTO cjaraeMeie, BHCTyHaloniue B npaBoii cropoHe gopMydH,
BCEe OPTOrOHAJBIIHL.



