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A PROCEDURE REALIZING A FOURTH ORDER ONE-STEP METHOD
FOR SOLVING A SYSTEM OF ORDINARY DIFFERENTIAL EQUATIONS

1. Procedure declaration. Procedure diffsystrkb4 solves the initial
value problem of the form

dy

1) d_.’: =fk(w,y1(m),y2(w), "°7yn(m))’
(2) Y (@) = Yo (K =1,2,...,m)

at the points x,, s, ...
© Datas:
x — the value of x, in (2);
x1 — the value of the argument for which we solve the problem;
eps — the relative error, the given tolerance;
eta — the number which is used instead of 0 if the obtained solution
is 0 or near to 0; this number is used for evaluation of the
relative error;
hmin — the least admissible absolute value of the step length;
n — the number of differential equations in (1)-(2);
y[1:n] — the values of the right-hand sides of (2).

Results:
x — the value of xI;
y[1:n] — the values of the approximate solution y, (1) (k =1, 2, ..., n).

Additional parameters:
steph — label outside of the body of procedure diffsysirkb4 to which
a jump is made if the absolute value of the step length is smaller
than hmin. After the jump, # is equal to the value of # (Z < x1)
for which the approximate solution has a relative error equal
to the given eps and y[I:n] contains the values of this ap-
proximate solution.
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f — identifier of the procedure which computes the values of the
right-hand sides of (1), puts them in d[1: #], and has the follow-
ing heading: procedure f(x, n, y, d); value x, n; real x; integer n;
array y, d;

2. Method used. We use a fourth order method (given by Bobkov
[2], p. 32-38) of the form

h h )
773:+1/4 = 77§z+zfoia 773;+1/3 = 775»‘{" 5( vi+2f121+1/4)7

h h
’7;+1/2 = 77151+§(f2+3f73z+1/3)7 773;4-1 = 772‘}‘ E(f2—3f2+1/3+4f$+1,2),

h
"7;+1 = "715a+ ‘6— (ff»+4f74i+1/2 +fn+1)’

where 7%, , is the approximate value of the solution of (1)-(2) at the
point z,+ ah with obtained local error O (k¥), and f¥,, = f(z,+ ah, 7%_.,).
Twofold application of this method with step 4 /2 allows us to obtain
the values with step » without evaluation of the function f.
In this algorithm, 9 evaluations of f in one step are made, whereas
in a standard fourth order method (see [3]) 12 evaluations of f are required.
The method of control of the step of integration described in [1] -
is used.

3. Certification. Procedure diffsystrkb4 has been verified on the Odra
1204 computer for many examples of the initial value problem. Some of
them are presented here.

Examnples.
(A) 91 =1/ys, 9:(0) =1, yo = —1/y;, ¥(0) =1 with the exact

solution y,(x) = €%, y,(x) = e77.

(B) ¥, = 10co0s10z, ¥,(0) = 0 with the exact solution y,(2) = sin10z.

(0) y; = 10 sgn(sin202)y,, 4,(0) =0, y, = —10 sgn(sin 202)y,, and
9,(0) = 1 with the exact solution y,(x) = [|sin10z|, y,(x) = |cos10z|.

The results given in the sequel were obtained for eps = efa and
hmin = ,,—15. As initial values, the exact solutions at the points 0.5,
1.0, and 1.5 were used.

The relative errors and the numbers of evaluations of the function f
(denoted by [f]) are given below.
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procedure diffsystrkb4(x,x1,eps,eta,hmin,n,y,steph,f);
value x1,eps,eta,hmin,n;
real x,x1,eps,eta,hmin;
integer n;
arxray y;
label steph;
procedure f;
begin
real h,hh,w,wl,w2,w3;
integer i;
Boolean last;
array 4,41,d2,d3,y2,y3[1:n];
procedure steprkbd(x,d,y,yp);
Yalue x;
real X;
array d,y,yp;

begin
w2z =hhx, 253

w1:=2,0;
for i:=1 gtep 1 until n o
yplils=y[il+wexdli];
for wi=hhx.111111111111,hh>. 125 do
begi
f(x+w2,n,yp,42);
for i:=1 gtep 1 until n do
ypl[il:=y[il+w<(a[iJ+w1xd2[i]);
w2:=hh=.333333333333;

w1:=3.0
end w;

w2:=hhx,. 53
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wli==3.0;
w3:=4,0;
for w:=w2,hhx,166666666666 gdo
begin
f(x+w2,n,yp,43);
for i:=1 gtep 1 watil n do
begin
w2:=d3[i]; )
yplil:=y[1J+we(al1]+wa2[1]+wixw2);
d2fi):=w2
end i;
w2:=hh;
w1:=4.0;
w3:=1.0
end w
end steprkbd;
eps:=.033333333333/eps;
hi=x1-x;
last:=true;
f(x,n,y,4);
conth:
hh:=hx.5;
steprkb4(x,d,y,y2);
for 1:=1 gtep 1 until n do
d1[1]:=d3[1);
steprkb4 (x+hh,d1,y2,y3);
w:=.0;
w3s=hx,166666666666;
for i:=1 gtep 1 matil n do
bezin
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w2:=y3[i];
wls=w2-y[1J]-w3=(al[1]+4.0xa1[11+d3[1]);
w2:=y3[1]:=w2+.066666666666xw1;
w2:=abs(w2);
wiz=abs(wi);
if we<eta
then w2:=eta;
w2:=w1/w2;
if wo>w
then w:=w2
end 1;
w:=if w=.0 then eta elge 1.25x(wxeps)t.2;
hh:=h/w;
if w1.25
then

begin
if abs(h)<hmin

then go to steph;
last:=falge
end w»1.25
glge
begin
x:=x+h;
for 1:=1 gtep 1 uatil n do
ylidi=yalid;
if last
Ihen go to endp;
f(x,n,y,d);
ws=x1-x;

if (w-hh)xh<0
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then
begin
hhs:=w;
last:=true
end (w-hh )xh<Q
end w<i1.25;
h:=hh;
89 Xo conth;
endp:
end diffsystrkbg
Results obtained for problem (A)

T eps = 10— 3 [f1 eps = 1,— 6 [f] eps = 10— 9 [f1
0.5 6.3,0— 6 9 1.2,,—6 26 6.3,,—9 62
—3-310—6 —7.710—7 —5.610—9
1.0 6.3,0—6 9 1.2,,—6 26 6.3,0—9 62
—3.3,0—6 — 7701 —5.5,,—9
1.5 6.3,,—6 9 1.2,,—6 26 6.4,,—9 62

N '—3.310'—6 —7.710—7 —5.710—9

10.0 —'1.710—2 79 —1-710‘—5 223 6.310—8 817
2.810 - 2 2.810—‘ 5 —5.010 hand 8
Results obtained for problemn (B)

z eps = 10— 3 [f] eps = 10— 6 [f] eps = 10— 9 [f]
0.5 —9.0,0—5 35 8.1,,—10 123 —4.5,,—11 410
1.0 2.5,0—4 35 4.0,,—10 157 1.3,,—10 446
1.5 —9.7,0—5 43 —1.0,,—8 120 2.4,,—10 392

10.0 1.0,0—1 140 1.3,,—7 2,379 —2.6,0—9 7,027

Results obtained for problem (C)

@ ops = 10— 3 [f1

0.5 —2.2,0—5 1,735
2.0;0— 4

1.0 9.4,0— 5 1,328
—4.5,,—5

1.5 6.8;0— 5 1,638
—5.T0—5

10.0 —1.4,—4 28,585
~1.0;p—4¢
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ALGORYTM 87
M., SZYSZKOWICZ (Wroclaw)

PROCEDURA REALIZUJACA METODE JEDNOKROKOWA CZWARTEGO RZEDU
ROZ WIAZY WANIA UKEADU ROWNAN ROZNICZKOWYCH ZWYCZAJNYCH

STRESZCZENIE

Procedura diffsystrkb4 rozwiazuje zagadnienie poczatkowe postaci
yl:: = fk(w’ Y1(2)5 Y2 (®)5 ooy yn(w)),
yk(x0)=y0k (k= 1,2,...,m)

w danych punktach xz,, 2;, ...

Dane:
x — warto$é z,;
xl — wartodé, dla ktérej checemy rozwigzaé zagadnienie;

eps — zadany blad wzgledny rozwigzania;
ela — wielko§é sluzaca do obliczania bledu wzglednego; uzywa sie jej, gdy otrzy-
mana warto§é rozwigzania jest réwna lub bliska zeru;
hmin — najmniejsza dopuszczalna warto§é kroku calkowania;

n — liczba réwnan;
y[1:n] — wartodei poczatkowe.
Wiyniki:
@ — warto$é x1;
y[1:n] — otrzymane rozwigzanie w punkcie z1.

Inne parametry:
steph — etykieta instrukeji (poza treécig procedury diffsysirkb4), do ktérej nastepuje
skok, gdy obliczony krok % jest co do modulu mniejszy od hmén. Po wy-
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konaniu skoku, zmienna z ma warto$é tej zmiennej z (z < x1), dla ktérej
otrzymane przyblizone rozwigzanie jest dostatecznie dokladne, a tablica y
zawiera to rozwigzanie. ‘

f — nazwa procedury, ktéra oblicza warto§é prawych stron zagadnienia (1)-(2)
i umieszcza je:w tablicy d[I:n]. Procedura ma nastepujacy nagléwek:
procedure f(x, n,y, d); value x, n; real z; integer n; array ¥, d;
Uzyta metoda numeryczna pozwala prowadzié obliczenia z kontrola kroku

calkowania z 9 odwolaniami do funkeji f w jednym kroku. W standardowej metodzie

czwartego rzedu wymaganych jest 12 odwolan do funkeji f.




