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LIMITING PROPERTIES OF THE %-TH RECORD VALUES

1. Definitions. Let {X,}, m =1,2,..., be a sequence of indepen-
dent random variables with common cumulative distribution function
F (=), continuous with density f(z). Denote by
(1) Zm < ZM < ... < 2
the order statistics in the considered sequence. First, we consider the
sequence {Z™ .. Y m =k, k+1,..., of the k-th order statistics, where &
is a constant integer. Note that the sequence {Z™, .} is non-decreasing.
By elimination of repetitions in it, we get a strictly increasing subse-
quence which is called a sequence of k-th record values.

Strictly speaking, we define the indices {L,(n)}, » =1,2,.... of
record values in the sequence {Z{™,.,} by

Ly(1) =1, Ly(n+1) = min{j: Z@HHFD< 200, 0 =1,2,..,
and hence the sequence of the k-th record values by
2) Y =z o =1,2, ...

2. Distribution function of the %k-th record value. Consider the se-
quence of random vectors
(3) (ZEHTED, 20K, o 2B, e =1,2,..,
formed by the k last terms in sequence (1) with m = L,(n)+ % —1. The
first component of these vectors is the k-th record value.

LEMMA 1. Sequence (3) is a Markov chain. The probability density

Jn(21y ..., 2) of vector (3) satisfies the recurrent system of equations
1\F1y ey & 0 Othe?'Wise’

k 21
J(2;)
g _!; Tal¥s21y 00 0sZi1s %415 %) m‘)‘ dy,

By < By << ... < %,y
0 otherwise,

fn+l<zl7 vy ) =

where n =1,2, ...
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THEOREM 1. The probability density, f® (y) of the k-th record value is
of the form

Oy =

I
_(n—l)Y[ Elog(1—F ()" ' (1 —F(w)'f(y), n=1,2,...

Proof. By induction, the densities f,(21y...,%;), n» =1,2,...
satisfy the equations

k! n Z z 29) o 2 2 < 2 “...<z
(4) fn(zl,zz,...,zk)zi In(2)f(2)f (%) .- (o), 21 < 2 .

0 otherwise,
where
9.(2) =1,
f(y)
. In1(?) =k f-gn(?/) T——F@dq y m=1,2,..
It is easy to verify that
1
9u(2) =————[—Fklog(1—F ()", = =1,2,...

(n—1)!
Then, by (4), (2) and (3), we have

o

1 (2) ff f [—klog( )]” L1 (2)f(22) oo f(2y) A2y, . . . A2y

Z %9 2p—1

k
(n—1)! [

klog(1—F(2))]" 7 ((1 = F (2))*"f(2)

whence the proof of the theorem is complete.

COROLLARY 1. The probability density of the record value is of the form

My) = —log(1—F(y))|"""f(»)

(n—1)!
(see Karlin [2]).

COROLLARY 2. The cumulative distribution function of the k-th record
value is of the form
—klog(1—F(v))
FP(y) =

n—1

(m—1)!

e tdu, n=1,2,...
; A

3. Limiting distributions. While considering the limiting properties
of the k-th record values we use the ideas from the papers by Tata [4]
and Resnick [3], where the case k¥ = 1 is considered. Here the key role
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is played’ by the function
R (y) = —Fklog(1—F(y)).

THEOREM 2. In order that there ewist normalizing constants a, > 0, b,,
and a non-degenerate distribution function ®(x) such that

Iim Pr{Y® < a,y+b,} = B(y) in continuity points of ®(y)

N—>00

1t is necessary and sufficient that there exists a non-decreasing function g(y)
(possibly infinite valued) with more than one point of increase such that

lim(R(")(any—f—b,,)—n)/l/o_; =g(y) in continuity poinis of g(y).
7—»00
In addition, ®(y) = N(g(y)), where N (x) is the standard mnormal
distribution.
Proof. Since
n-1

v
Pr{RM(Y®) < ¢} = f he““du,
J !

we get
LimPr{R®(Y®) < Vay +n} = N(y).
nN—>»00

From this statement and from the equation
Pr{¥® < a,y+b,} = Pr{(B®(Y®)—n)Vn < (B®(a,y +b,) —n)Vn}

we obtain theorem 2.

Resnick [3] stated the form of the function g(y) in the case k¥ = 1.
Analogously, for the k-th record values, it can be proved that the func-
tion g(y) is of the form ’ ' '

g(y) = —log( —logG(y)),

where G(y) is the cumulative distribution function belonging to one of
the three types of limit distributions of extremal order statistics (see:
Gnedenko [1]).

THEOREM 3. The limit distribution of the k-th record values belongs:
to one of the three types of distributions

(5) D,(y) = N(y), —o0 <Y < 00,
_ {0, ¥y<o,

(6) Paly) = {Nuogy“) y>0, a>0,
_ N(log(—y)_a)7 ¥y<0, a>0,

(7) cbs(y)—{l, y>0.
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Finally, we determine the domains of attraction of types (5)-(7).
From the dual theorem (see [3], theorem 4.1) we obtain immediately
the following

THEOREM 4. The distribution function F(y) belongs to the domain
of attraction of the distribution N (—log(—logG(y))) if and only if
1 —exp(—VR®(y)) belongs to the domain of attraction of the limit distri-
bution function of extremal order statistics G(y).
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WLASNOSCI GRANICZNE STATYSTYK %k-REKORDOWYCH
STRESZCZENIE
W pracy podaje sie definicje, rozklad prawdopodobienstwa oraz wlasnodei

graniczne rozkladu prawdopodobienstwa k-tych statystyk rekordowych w ciggach
aniezaleznych zmiennych losowyeh o tym samym rozkladzie.



