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ON FUNCTIONS WHICH SUM TO ZERO ON SEMICYCLES

, Abstract. For a digraph D = (V, A) we consider functions F: 4 — R that sum to zero on
Gvery semicycle of D. We generalize the characteﬁzation of these functions' in terms of
fandamental cycle sets to arbitrary cycle bases by giving a new algebraic proof of the resuit.
Then, in terms of such functions, we present some characterizations of gradable digraphs and a
class of graphs for which the windy postman problem can be solved by a polynomial-time
algorithm.

1. Introduction. A digraph D consists of the vertex set V(D) and the arc
set A(D) = V(D) x V(D) of ordered pairs of vertices; we write n = |V (D)| and
m = |A(D)|. A semipath P joining a vertex v =uv, to a vertex u = e 1s an
alternate ‘sequence

(o, A1 U1y -vs Vg 15 Gis V)

of vertices and arcs in which:

(1) no vertex appears tw1ce except p0s31b1y the first and the last one,

(2) no arc appears twice and each arc g; is either (-1, v) (in this case,
the orientation of g; coincides with the ordering vy, vy, ..., v, of vertices
along the semipath) or (v;, v;..,) (in this case, the orientation of @ is opposite
to the ordering v,, vy, ..., v, of vertices along the semipath).

A semipath (vo, a, vl, vees O, Ug) 1S @ semlcycle if v, =v,. A semipath
(Semlcycle resp.) in which the orientation of each arc coincides with the
. °fdenng of its vertices is called a path (circuit, resp).

. With every digraph D we can associate the cycle space of D which is
the vector space over the two-element field GF(2) generated by the sub-
8raphs corresponding to the semicycles of D with addition defined as the
Symmetric difference. A cycle basis of D is defined as a basis for the cycle
‘Space of D which consists entirely of semicycles. If T is a spanning tree.of D,
then the set (T) of semicycles obtained by adding to T; one at a time, each -
arc not in T forms a cycle basis of D called a fundamental cycle set of D with
Tespect to T (see [11] for some characterizations of fundamental cycle sets).
Fundamental cycle sets appear in many practical and theoretical applications
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of graphs, especially in the analysis of electrical networks [1] (see also [2])-
In many other situations there appear other or arbitrary cycle bases (see, €.8-
[1], p. 83, [3], and [5], ex. 4.11). The dimension of the cycle space of D is
equal to the cyclomatic number y =m—n+k, where k is the number of
connected components of D.

With a digraph D there are associated two cycle matrices

B(D) = [bij] and B'(D)= [bz{j]

of order p xm (where p is the number of semicycles in D) over the real field
R and GF(2), respectively, where b;; = 1 if the arc g, is in the semicycle C;
and the orientation of ¢; coincides with the ordering of vertices in C;; b;; =
—1if g; is in C; and the orientation of a; is opposite to the ordering of
vertices in C;; b;; = bj; = 0 if g; is not in the semicycle C;; bj; =1 if g; is In
C;. It 1s known that the rank of the matrix B(D) is equal to the cyclomatic
number y of D ([1], p. 44). Since the vector space spanned by the rows of the
matrix B'(D) over GF(2) is isomorphic to the cycle space of D, the rank of
B'(D) is also equal to 7. ,

For a function F: A(D)— R and a semipath (semicycle, resp.) P whose
arcs are ay, ..., &, the sum of F along (around, resp.) P is defined to be

F[Pl=¢,F(a))+ ... +&F(a),

where ¢ = 1 if the orientation of the arc g; coincides with the ordering of
vertices along (around, resp.) the semipath (semicycle, resp.) P, and ¢ = —1
in the other case. In many applications of graphs there appear functions F
which sum to zero on every semicycle of a digraph. For instance, in electrical
networks a voltage function F of arcs sums to zero on every semicycle (se€
{11, [2], and [7]) and in the study of differential equations by difference
equations a so-called mesh function sums to zero on every periodic mesh [3]-
In Section 2, we characterize pairs (D, F) such that a function F: A(D)— R
sums to zero on every semicycle of a digraph D. We prove that F sums to
zero on every semicycle of D if and only if F sums to zero on every semicycle
of an arbitrary cycle basis of D. This is an important result since, in general,
the number of semicycles in a digraph may be exponential in n. Then we
present some applications of the results from Section 2. In Section 3, some
‘new characterizations of gradable digraphs introduced in [6] are presented,
and in Section 4 we prove some results of [4] related to the windy postman
problem.

We assume that all graphs considered in this paper are finite and
connected. For the terms not defined here the reader is referred to [1], [2];
or [Sh '

2"\ characterization of functions which sum to zero on every semicycle

~ TueoreM 1 (KircHHOFFS VoLTaGe Law [7]). For a digraph D and @
function F: A(D)— R the following conditions are equivalent: '


















