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ALGORITHMS 70.71
E. NEUMAN (Wroclaw)

DETERMINATION OF A QUADRATIC SPLINE FUNCTION
WITH GIVEN VALUES OF THE INTEGRALS IN SUBINTERVALS

0. Introduction. Descriptions of two procedures integr2sOsncf and
integr2s10sIncf which determine the quadratic spline functions with given
values of the integrals in subintervals and satisfying some boundary
conditions are given.

1. Procedure declaration. Let » be a natural number (n» > 1). For
given knots z; (j =0, 1, ..., n), where z; < w;,, for all j =0,1,...,n—1,
and given real numbers f; (j =1,2,...,n) we determine a quadratic
Spline function s such that

(i) ¢ & C' [, @,];
(ii) in each subinterval [«;, #;,,]1(j = 0,1, ..., n—1), 8is an algebraic
Polynomial of degree at most 2;

%j
(iii) zf s(@)de =f; (j =1,2,...,n).
j—1
Additjzionally, the function s determined by conditions (i)-(iii) satisfies
one of the following boundary conditions:
(iv) s(zy) = 89, s(z,) = s, in the case of procedure integr2sOsncf,
(iv’) 8'(xy) = 8g, 8 (w,) = 8, in the case of procedure integr2s10sIncf,
Where s,, s,, $,, 8, are given real numbers.
Data:
n — number of knots of the spline function s minus onc;
®[0:n] — array of knots of the spline function s;
fl1:n] — array of integrals of the spline functions (see conditions (iii));
80, sn — values of the spline function s at knots z, and =,, respec-
tively (in the case of procedure integr2sOsncf only);
810, sIn — values of the first derivative of the spline function s at knots x,
and z,, respectively (in the case of procedure integr2s10sIncf

only).
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procedure integr2sOsncf(n,x,f,s0,sn,a,b,c,h);
Ialug n;
dnteger n;
Leal sO,sn;
array x,f,a,b,c,h;
Rezin
dateger j,j1,n1;
Ze8l fi,£i1,8,81,Xj,xJ1;
arxay q,ul1:n-11;
xj:=x[0];
for j:=1 gten 1 unidl n 4o
begin
xj1:s=x[j];
hljle=xj1-xj;
xje=xJj1
snd 35
nils=n-1;
xj:éh[1];
tj:=£[1];
for Jj:=1 gien 1 uptdl nl1 4o
bezin
J1ls=j+1;
xj1:=h[31];
£j1:=£[311;
s:=b[j)e=x31/ (xj+xj1);
s1:=c[jl:=1.0-8;
al3li=3.0x(£xa/xj+£J1%81/x31);
xje=xj1;

fie=fjn

end Js
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ss=al1]:=a[1]-80xb[1];
a[n1]:=a[n1]-snxc[n1];
£js=q[1)s=-e5xc[1];
xjs=ul1]:s=¢5xg;
£op J:=2 giep 1 unidl n1 4o
Regin
x31s=b[J];
Bt=xj1%fJj+20;
fji=qljle=-c[j1/s;
xjs=uljl:=(aljl-xj1x]j)/s
eud Js
c[0]:=80;
c[nl:=sn;
cln1]:=xj;
for j:=n-2 gtep -1 upiil 1 do
xjz=c[jle=q[jIxj+ulil;
xjs=803
Lop j:=0 giep 1 ugtll ni1 do
begin
J1e=3+1;
i31:=c[j1];
£3:=nl31];
si=alj]:=3e0x(xj+xj1=20 0x£[j11/£5 )/ (£3=£5);
b[Jl:=((x31-x3)/£3-£5>8);
xje=xj1
end J
epd integr2sOsnct
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procedure integr2s10sincf(n,x,f,s10,81n,a,b,c,h);
¥alye n,s10,81n;
dnteger n;
zeal s10,81n;
array x,f,a,b,c,h;
hezdn
duteger J,it,ni;
Xeal f£i,f£i1,xj,xj1,8;
array q,ult:n-1];
xj:=x(0];
dor J:=1 gien 7 untdl n do
Regdn
xj1:=x[j];
h(j):=xj1-xJ;
xje=xj1
end 3
nit=an=-1;
xje=h[1];
£is=f(1];
Zor 3:=1 ghep 1 uatil n1 do
bezin
J1e=3+1;
x31:=h[31];
£j1s=£031];
si1=a[j):=xj/ (xJ+xJ1);
cl[jl:=1.0-8;
bJJsm600x(£51/xJ1-25/x3)/ (x3+x31)5
xJi=x]1;
fis=fJ1
sad Js
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s:=b[1]:=b[1]-al1]x810;
b[n1]:=b[n1]-c[n1]lxsin;
£ji=q[1]:=-e5%c[1];
s:=ul1]s=e5x8;
for J:=2 gien 1 uuidl nl do
Rezin
xjs=aljl;
xj13=20 04xJ>LJ3
£ji=qlJli=-0lj]/xi1;
st=ulJjls=(b[j]-xjxs)/xJ1
snd Js
£j:=b[0]:=810;
b[n]l:=81n;
b[n1l:=s;
for J:=n-2 giep -1 unidl 1 4o
B:=b[J]s=q[JIne+uljl;
for J:=0 gien 1 uaidl n1 do
Regdn
Jle=j+1;
£31:=b[31];
xjs=h(J1];
aljls=(£31-£5)/(2.0x§);
c[3smf[J1]/x=e 166666666T>x (20 0%LI+£31);
=ty
sud J
ond integr2s10sinct

Results:
al0:n—17,b[0:p],c[0:q] — arrays of coefficients of the spline func-
tion s, where

__Jn—1 in the case of procedure integr2sOsncf,
=1 in the case of procedure integr2sl0slIncf,



686 E. Neuman

_n in the case of procedure integr2sOsncf,
9=\n—1 in the case of procedure integr2s10sIncf;

h[1:n] — array of mesh sizes (h; = o;—w;_;; j =1,2,...,n).

In each subinterval [;, #;,,]1(j = 0,1, ..., » —1) the spline function s
is of the form

s(x) = a;1®+b;t+c;, where ¢ = r—u;.

2. Methods used. We begin with the description of the method used
for determining the spline function s described by conditions (i)-(iv).
Let s; = s(%;) (j = 0,1, ..., n). From (2.8) in [1] it follows that the num-
bers s; must satisfy the system of linear equations

Af; T, .
(1) ljsj-1+23j+ﬂjsf+1=3(’3£+M) 0=1,2,...,mn-1)
hy hji1

(8o and s, are given), where h; = 2;—x;_, (j =1,2,...,n—1), and

hl'+l .
(2) Aj=m7 w=1-%4 (=1,2,...,,n—1).
For z; < # < x;,, the spline function s(z) takes the form
x—; T —
(3) $(8) = ——L 8,1+~ 8+ dy 1 (0 —2) (0, — @),
h; hj11

where the numbers d;,, are equal to
3 .
a1 = —— (2 fﬁl_

h2 —sj_8;+l) (j=0,1’...,n_1)
j+1

hj 11
(see equation (2.7) in [1]). Hence and from (3) it follows that, for
T < T K< iy,

s(x) = a;124-b;t+-¢;,

where
8. —8;
. _ 9j+1 j _ —
4 =~y b= Fdiahy, G =5, t=3-g
i+l

(G =0,1,...,n—1).

Now we present the method used for determining the spline function s
for which conditions (i)-(iii) and (iv’) hold. Let m; = 8'(%;) (j = 0, 1, ..., n).
From equation (2.5) in [1] it follows that the numbers m; must satisfy
the system of linear equations

6 (f )

4 My +2 Ams,, = i =1,2,...,n—1
(4) j—112my 4= Aymy hj+hj+1 hj+1 hj) (J 14y N )
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(here m, and m, are given), where u; and 1; are the same as in (2). For
%; < @ < @;,, the spline function s takes the form

_ (@41 —x)* (m_wj)2

(5) s(x)= m
@ i My

mig+e  (j=0,1,...,n-1),

where the numbers ¢;,,, are equal to

_ fj+1 + hj+1

€j+1 (mj—m;y;)  (J=0,1,...,n—1).
hiyy 6

Hence and from (5) it follows that, for ; < 2 < %;,,,

8(50) = a,-t2+b,-t+0,-,

where
m;, ,—m; f h
_ M j _ _ Jin1 j+1 _
aj_T, b =m;, ¢ —T—T(2mj+mj+l), l=o—uwu;
j+1 j+1

(G=0,1,...,n—1).

The systems of linear equations (1) and (4) may be solved by the LU
decomposition (matrices of the above systems are diagonally dominant).

3. Certification. Let the quantities F_,., F, and E, be defined as

follows:

%

[ s@dz—f;l, B, = max |s(a;+)—s(g-)l,

1<js<n—1

B .x = max
1<j<n

E, = max |s8'(x;+)—8" (z;—)|.
I<i<n—1

In the following examples the values E, .., E, and F, are given for
various values of n.

Example 3.1. Let
wj=%' (j=0,1,...,m),

@ X
i =aj—a;_,, aj=E’-(2—-3wj) (j=1,2,...,m), 80=0, sn=.1.

The results of using procedures iniegr2sOsncf and integr2sl0sIncf
are given in Tables 3.1 and 3.1', respectively.

TABLE 3.1 TABLE 3.1’
p| Boex | B | B n| Bmax | B E,
10 | .705,—11 | .0 513,—9 10| .909,,—~12 | .728,o—11 | .364,0—11
100 | 742,012 | .0 874,,—8  100| .568,,—13 | 728, —11 | .114,9—12

500 | .151;,—12 | .182,,—11 [.415,4—7  500| .711,4—14 | .364,4—11 | .0

10 — Zastosowania Matematyki 16.4
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Example 3.2. Let

LT .
mj=sm%9 W=0,1,...,m),

fi =exp(x;)—exp(w;—y) (j=1,2,...,m), 810=0, sIn=.1.

The results of using procedures integr2sOsncf and integr2slOsiIncf
are given in Tables 3.2 and 3.2', respectively.

TABLE 3.2 TABLE 3.2
n | Enax | E, l E, n l Emax E, E,
1 ]
10 | .546,,—9 146,—10 | .119,0—7 10 | .109,,—10 | .582,,—10 0
100 | .573,,—10 | .0 .860,9—17 100 | .136,—11 | .116,—9 .0
500 | .108,,—10 | .291,,—10 | .627,,—6 500 | .341,,—12 | .116,,—9 0

All calculations were done on the Odra 1204 computer. The execution
time of procedure integr2sfsncf is approximately equal to 34n + 1010 msec
and that of integr2s10sincf to 33n + 1008 msec.
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ALGORYTMY 70-71
E. NEUMAN (Wroclaw)

WYZNACZANIE FUNKCJI SKLEJANEJ STOPNIA DRUGIEGO
Z ZADANYMI WARTOSCIAMI CALEK W PODPRZEDZIALACH

STRESZCZENIE

Niech n bedzie liczba naturalng (n > 1). Dla danych wezléw #; (j =0, 1, ..., n),
gdzie x; < »;,; dla wszystkich j = 0,1,...,n—1, oraz danych liczb rzeczywistych
Ji G =1,2,...,n) wyznacza si¢ wspélezynniki takiej funkeji sklejanej s stopnia
drugiego, ze
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(i) 8 € O [xy, 25];
(ii) w kazdym podprzedziale [z;, #j41] (j = 0,1,...,n—1) 8 jest wielomianem
algebraicznym stopnia co najwyzej 2;
x
(i) jjs(a;)dm =fG=1,2,...,m).
Zj—1
Funkecja s opisana przez (i)-(iii) spelnia dodatkowo jeden z nastepujacych warun-
kéw brzegowych:
(iv) s(xy) = 8¢, 8(xy) = 8y, W przypadku procedury iniegr2sOsncf,
(iv’) & (%g) = 8y, 8’ (#n) = 8, W przypadku procedury integr2s10sIncf,
gdzie s;, sy, 5,5, 8, sa danymi liczbami rzeczywistymi.

Dane:
n — liczba wezléw funkeji s minus jeden;
x[0 : n] — tablica wezlow funkeji s;
f[1:n] — tablica wartodci calek funkcji s w poszezegélnych podprzedzialach (patrz
warunki (iii));
80, sn — wartodei funkeji s odpowiednio w wezlach z, i z, (w przypadku procedury
integr2s0sncf);
810, 8In — wartoSci pierwszej pochodnej funkcji s odpowiednio w wezlach #, i =,
(w przypadku procedury integr2sl0sIncf).
Wiyniki:

a0 :n—1], b[0:p], c[0:q] — tablice wspdlezynnikéw funkeji s, gdzie

_ fn—1 w przypadku procedury iniegr2s0sncf,
P =1n w przypadku procedury integr2s10sincf,

_ ]fn w przypadku procedury integr2s0sncf,
1= I»n—1 w przypadku procedury integr2sl0sIncf;

h[1:n] — tablica odleglodci miedzy sgsiednimi wezlami
(hj =@5—x5_1; § =1,2,...,n).

W kazdym podprzedziale [%;,%j41] (j =0,1,...,n—1) funkeja s ma postaé

-

s(x) = a,jtz-!- bjt+cj, gdzie t = T—x;.



