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INEQUALITIES FOR MULTISERVER QUEUES
AND A TANDEM QUEUE

1. Introduction. In this paper an exponential bound for the sta-
tionary waiting time distribution in a wide range of GI /G /s queues is pre-
sented. It iz based on the results of Brumelle [3] and exponential bounds
for single-server queues. Additionally, for a tandem queue GI/G/1— ...
... =>G@G/1, upper and lower bounds for the mean stationary waiting times
at the service stations are given. They follow from bounds of Suzuki
and Maruta [11] and an extremality property of the regular input in
Single-server queues.

2. Exponential bound for the waiting time distribution in GI/G/s.
Exponential bounds for the waiting time distribution funection (d. f.) in
single-server queues have been known since some years; they were estab-
lished by Kingman [4] (see also [2] and [7]). In this paper, a similar bound
for multiserver queues is proved, using the fundamental results of Bru-

: 2
melle [3] and the monotonicity properties of GI/G/1. Let < denote the
following semi-ordering relation for d. £.’s:

(2) [oe] 0o
F,< Py [ [1—F,(@)]do < [ [1—Fy(v)lde  for all real t.
¢ ¢

In the following, a d. f. F with mean m will be called a d. f. of

Yype B, if
@ 1
F<L1- -—1.
wf-3]

Every d. f. of type NBUE is of type E, (see [1]). Criteria for E,-
-distributions are given by Rolski [6].

THEOREM 1. Let A and B be the interarrival and service time d. f.’s
with means A~' and u~!, respectively, in a GI|G|s queue. If A and B are
both of type. B,, then for the stationary waiting time d. f. W the inequality

— A
(1) 1-W() =W(t)<exp[—(,u——;) t] (0<t< o)

s true.
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Proof. Let W*(¢) be the stationary waiting time d. . in the GI/G/1
queue with the interarrival time d. f. A and the service time d. f. B,

s—1

B*(t) = %B(t)—l— (0< < o).

Brumelle [3] proved the inequality
(2) W) < W) (0<t< o0).

We use the exponential bounds for single-server queues from [2] to
bound W* and, consequently, W. Let K* be the d. £. such that

0

E(t) = [ B*(t+2)dd(@) (—oc0<it< o).
max{0, —}
For W* the exponential bound (see [4])
(3) 1—W*(t) = W*(t) < exp[ — 6%¢]

is true, where 6* is the solution of the equation
(4) [ exp[6*z1dE* () = 1.

(Since A and B are of type E,, there exists a positive number 6 such that
[ exp[62z]dK*(2) < oo. Consequently, under the assumptions of The-

orem 1, equation (4) has a positive solution.)

If K is a further d. f. with

.(2)
E*< K,

then, for the solution 0 of the equation
(5) [ exp[0a]dK (z) =1,

the inequality 6 > 6* holds [2]. Using this result, we are able to obtain
bounds on the solution of (4). Since in case of equal means the relation
@) @) 3]
A, <A,, B<B,>K, <K,
holds (see [8]) and since A and B are of type E,, we have

*(2)
K*< K,

l[l_ A
s Adp

um
exp [At]+
T a p [4¢]

eXp[—ut]]Jrs—s— (t=0),

K(t) =

s—1

. exp[At] (£<0).
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The solution of equation (5), which can be written in the form

Au + A i 1
sA+p)p—0)  2+6  s(A+w(A+06)

i8 60 =u—Aifs. Using 6> 6* (3), and (2), we obtain (1). Of course, the
accuracy of (1) is not good; the reader should interpret it as the first ap-
proach to good exponential bounds. The author presumes, under the
assumption of Theorem 1, the bound

W (1) < exp[ —(su—A)t]
to be true.

3. Bounds for the mean waiting time in a stationary tandem queue.
In [9] it was shown that in a single-server queue idle at time ¢ = 0 with
interarrival times a;, a,, ... and service times f,, f, ... the mean waiting
time my;,,, of the n-th customer (the first arrives at ¢ = 0) is greater than
the mean waiting time of the n-th customer in the single-server queue
with interarrival times Fa,, Fa,, ... and service times f§,, f8,,... If the
interarrival and service times form metrically transitive sequences, using
the monotonicity properties of G/G/1 (see Loynes [b]), we obtain the
inequality

(6) my < My

for the stationary mean waiting time m,, in a G/G/1 queue with interar-
rival times a, and service times f§, and for the mean stationary waiting
time m, in DG [1 with constant interarrival times A~' = Ha, and service
times S, .

Inequality (6) can be used to obtain a lower bound for the mean
stationary waiting time m;, in G/G/1 and, especially, in G/G/1 queues,
where the service times are independent of the inferarrival times and
form a sequence of independent, identically distributed random variables.
In this way, in [10], for @I /G /1 queues the lower bound

Aok m g
2(1—p) 2

(7) my =

was obtained, which is also true for G/G/1 queues (A is the intensity of
the input, my is the mean service time, 0% denotes the variance of service
times, and ¢ = Amg).

The cited results are applicable to tandem queues GI/G— ... -GI /1
in which s service stations with one server are in series. For such queues,
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Suzuki and Maruta [11] obtained the upper bound for the stationary
mean waiting time at the k-th service station my , (k =1, 2, ..., 3),

024"" G.2B.1
2(m,4 _mB,l) ’

Myy,1 <

k-1 k=1
6344“733,1:4‘2 2, OB 2 (1—ei)my

8 My . < i=1 — 2=l ; = 2,3, ...
(8) Wk 2m((1— o) 1—o, (¢ 33y a)y

where m is the mean interarrival time of the system input, o}, is the
variance of the service time at the k-th station, ¢% denotes the variance
of the interarrival times of the system input, and ¢, = mg;/m,. This
bound in its original form is not often used in practice, since the
authors do not state how to obtain the exact values or lower bounds
for my ; (1< k).

Using (7), for my, ;, we obtain the lower bound

9) My = i Mbk (k=1,2 8)
TET emy(1-a) 2 AR
Combining (8) with (9), we obtain
k k—1
0%+ Z: 0% Z; (1—e)mp,
(10) My e < = + =
E 2my (1— o) 2(1—g) '

which does not have the above-mentioned shortcomings. As to the inac-
ouracy of (9) and (10), it can be pointed out that the order of inaccuracy
cf (9) is equal for all &, whereas it increases with increasing % for (10).

Added in proof. Using Theorem 3.3 in the paper bty D. Stoyan,
Further stochastic order relations among GI|GI[1 queues with a common
traffic intensity, in Math. Operationsforsch. Statist., Series Optimization,
8 (1977), it is possible to prove the exponential bound

A A
W () <.-Eexp[—(y—?) t] (0 <t < o0),

which is better than (1).
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NIEROWNOSCI DLA WIELOKANALOWYCH 1 WIELOFAZOWYCH SYSTEMOW
OBSLUGI MASOWE]

STRESZCZENIE

W pracy podano ograniczenie wykladnicze dla stacjonarnych funkeji rozkiadu
czasu oczekiwania w szerokiej klasie system6w obstugi masowej typu GI/GI/s. Ponadto
podane sg dolne i gérne ograniczenia frednich stacjonarnych czaséw czekania w wielo-
fazowych systemach obslugi masowej.



