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1. Let us consider the initial-value problem

(1.1) Z_'C: = f(t, =),
(1.2) x(t,) = @,.

In this paper we describe two one-step fourth-order methods analogous
to the Runge-Kutta method.
We assume that it is possible to evaluate the function

of @
(1.3) g(t, ) = _a% +% :

Zurmiihl gave in paper [3] a method of numerical integration -of
Problem (1.1)-(1.2) using the function g¢(f, #). It is a particular case of
the first of the methods described in Section 2.

The approximative solution of problem (1.1)-(1.2) at the point
ty =t,+h will be expressed by

(1°4) @y = To+ he(ty, 2o, h), Z(t) = X+ O(hs)y

Where ¢ is a linear combination of values of the functions f and g at some
Selected points of the set {t, <?<#, —oo < & << oo}

2. The first method is of the form
(2.1) &y = T+ @gko+ ayky +bogo+ 0,91,
Where
go = 0.512¢(ty, To)y ko = hf(ty, o),
(2.2) g1 = 0.5h%g(ty -+ My xy+ Lygky + Piogo),
ky = hf(to+ M b, g+ Ryoko+ Ero90+ E1191).
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The second method is of the form

(2.3) Ty = Zo+ Goko+ a1 K1+ agks,

where

2.4) ko = hf(bo) @o)y Ky = hf(to+ M1k, 3o+ Rygko+ E1y01),
ky = hf(to+Moh, 2o+ Boo kg + Roy k1 + By g5)

with

g, = 0.5h% g (to+ My h, xg+ Lyok,),
gs = 0.5R2g(ty+Moh, o+ Lagko+ Loy ky).
Let us introduce the operator D, '

0 0
(2.5) D ——(%-I-foa—,

where f, = f(to, ®), and Dfy = Df |y, -
We expand the exact solution x(f) at the point ¢, into the Taylor
series in the neighborhood of the point {,. Thus we obtain

1 1
(2.6) @(t) = @(le) +hfo+ 5 W Dfo+ o7 W (D*fy + (f2)e Df,) +
— hz(D“fo + (fo)o D*fo + ( f2)o Dfy + 3Dfy (Df,),) +

+ % 1¥(D*fy + 6Dfo (D’ f)o -+ 4D fy (Dfy)o + (f2e D*fo +

+ (f:?:)onO + 3 (Df0)2 (fza:)o + (fa:)oD3f0 +
+7(f)o Dfo(Df2)o) + O ().

Now we expand also the right-hand parts of (2.1) and (2.3) into
power series. From (2.3) we have, evidently, the expansions for g, and k,,

@.7)
% 2 M1
0 =5 Dlt g (Du Dfy + (£ Duafd+ | Pl DA DL, + (12 DS +

1
+ i (Dfl Dfy+2(Dyyfr)oDinfo + (fx)ODilfO':l +
1
+ hs[z -Pm(Dfo (D1 Dfp)o +2(f2)o Dfo (D11 fr)e +
1
+ (fa:x)onO‘DllfO) + 1o (Dlefo + 3D}, fo (Dy,fo)o +

3Dy (DL f)s -+ (e Di’lfo)]+0 5),
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(2.77) klzhfo+h2D12fo+h3[ (B + En) (fo)o Dfs + szo]

Ell 2
1|2 (D DDA+ (Do Daf) + 5 (Bro+ o) DAy (Dt +

PIOEI 3
+ gy Do 41| 52 (o DA Do+ (2 D1+

E
+ 411 ((fz)ﬁ'D:l"l Dfy+2 (fz)o(anz)oDufo + (fi)opilfo) +

E,
4 _21_ (D11 Df g (Dyof2)o + (f2)o (Dyofz)e Dunfo) +

1

1
+j —(E10+E11)2(Df0)2(fx1:)0+

D4

1
4 Bt B DAt |+ 009),

where

0 0 0 0

(2°8) Du = MIE +L10f0’5‘:;, Dlz = MIW +R10fo%-

The explicit expansion of x, in (2.1) can immediately be found from
formulae (2.7).
Analogously, for g¢,, k,, g, and k, from (2.4) we have

h? h?
g1 = _2‘Dfo‘|‘ 7(D11Dfo+ (fx)oano) +

h4
+ — (DuDfo+2(DufadoeDufot (fo Dino) +

5

h
+ (D?IDfO_*—SD lfO 11f1)0+3D11f0(‘D%1fa:)0+(fx)0D?1f0)+

+0(h"),
(2.9")

kl nd hfo+h2D12fo+h3( 11 f:c Dfo+ szo)

E, 2
+h4[ 5 ((Fado DuuDfo+ (120 Dunfo + Dfo (Do f) )+ = Db 0] +

E, 2
+h[ ((f:c o D11 Dfg +2(f2)o (D11f2)e Drafo +
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+ (f:f:)O-DilfO + 21)111).700 (Drgfz)o +2 (fz)oDufo (Drefz)o +

+Df0 lzfm ) 1 11 Dfo fa:z + D12 o] +0(h6)7
h2 hs .
2 = 5 Dfu+ - DuDfy + (Fe Dol 41| 5 T Dhl( 2o+ (DS +
+ L (DR, + 2 (Do Dafo (DS | + 0089,
(2.97)
b = Mo+ WDt 410 (B Do 2 (Lo Dho+ 5 D) +

1
Y [5 Roy(Byy (f0Dfy + (fa)o Dhafo) +

‘E22 0}
+ 2 ((f:t)O'D2l'Df0+(fz)0'D2lf0)+‘R21‘Dl2f0(’D22f$)0+

E R, E
2 DIDafdo 5 Do + 18| 7 (2 DDA+

‘R21
+(f;)0D11f0+(fw)0Df0(D12fz)0) (fx 'D12 0_’_

Eyy Ly,
2

1
2(F o (Do Dt + (DS + B Dhfo Do+

_l_

Dy fo((feho! Dfm0+(fa:o)+ & Paa((72)o D2y Dfs +

E

1 22
+ E Eu (fx)ono (Dzzfa:)o) +— (D2_1Df0 (D22f:c)0 +

(e (Dafodo(Dafil) + — (1~3211>mfo - Dfo) (Fuoo+

+ 5 (Dhfoh (B Dot 22 D) + 7 Dl | + 0.

D,, and D,, are defined as in formula (2.8) and
(2.10)

0 0 0 0
D21 = Mzﬁ + (L20+L21)fo %7 D 22 Mz +(R20+R21)fo

From expansions (2.9) we can obtain — as a linear combination —
the expansion for z, in (2.3).
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The constant parameters in formulae (2.1)-(2.2) and also in (2.3)-(2.4)
can be evaluated similarly as in the Runge-Kutta process (see Ralston [2],
Section 5.6.3), that is (for a fourth-order method) the coefficients at &,
r =1, 2, 3,4, in the Taylor series of (2.1) and (2.3) must agree with the
respective coefficients of the Taylor series for the exact solution (2.6).
If we assume that, for the first method,

(211) Ly y=M,, Py=M;, R,=M,, E+E,=M,

and, for the second method,

(2.12) Ry=L,,=M,, E,=M, Ly+L, =M,
M,L,, =05M;, Ry+Ry =M,, RyM,+05E,, =0.5M2,

then from (2.11) and (2.12) we have

(2.13) D,, =D, , =MD, Dy, =Dy, =M,D.

We obtain the remaining coefficients in (2.1)-(2.2) from the fol-
lowing system of equations:

ay+a; =1,

(Y

I

1
Mla’1+'§b0+b1 =

1
0.5M3a;+0.5M;b; =,

(2.14)
1
0.5E,; M a,+0.25M3b, = 50
2 2 1
0-5M1a1+0.75M1 b]. = g.
Solving this system, we have
oM —2M,+1 2M,—-1
“=T w0 BT e
(2.15)
by = 5 ’ by = ————, By =—,
6.M; 6.3 3
and from (2.11) we obtain
2M;

(2-16) Elo ==

7 — Zastosow. Matem. 14.3
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The coefficients in formulae (2.3)-(2.4) are evaluated from the following
system of equations

G+ a+a, =1,
1
Mya,+ Mya, = 9’
0.5M%*a,+0.5M2a =~1—
(2.17) 1% 2 G2 6’
1
0-5Mia1+0.5R21 M%“i‘Ezz Mzag = E’
_ 1
0.25M3a,+0.5M3a, = 3
As the result from (2.17) and (2.12) we have
018 _ 3—4M,
(2.18) 7 2(2—3M,)
and '
(2.19)
o SMLM,—3 (M, + M) +2
o 6M,M, ’
3M,—2 . 2—-3M,
a, = =
TS M(M,— M)’ T My (M,— My)’
M 2M,— M
L,, =05 Fj’ Ly = 0.5M2——1M:—2,
B — M,(M,— M,+8M,M,—18M*M,+6M, M2+ 6 M2 —4M?)
A 2M,(2M,— M,)(2—3M,) ' ’
B — Mq.(M,— M,)[4(M,+ M,)—6M,M,—1]
- 2M,(2M,— M,)(2—3M,) ’
B M,(M,— M,—3M*M,+4M;—2M,M,)
22 .

(2M,— M,)(2—3M,)

3. The free parameter M, in formulae (2.1)-(2.2) and (2.3)-(2.4)
can be chosen so that the absolute value of the coefficient a; at A° in the
power series for the difference xz, —x(f,) will have a minimal overesti-
mation. The coefficient a; can be described by

(3.1) a4 = > d;(My)e; = (d(M,), e).

i=1



(3.2)

and,

(3.3)
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For the first method,

D 1 7
d,(M,) =ZM§EHa1+_2-Mib1_T2F’

1 1
do(M,) =ZmE a _‘”1’26’
do(M,) = 1 MiE, a —I— Msb !
3 ( 1)——4 1% 10— 7507
a,(M,) = 1M2E a, — 1
" 1)-1 1418~ 500
d(My) = = BB pay+ o Miby— =,
sV 4 30

1 1 1
de(M,) —'gM:’a’l_i_ ZM?ZH 20’

1 1 1
d,(M,) ZZM:al‘l' 'é‘Mibl 20’

1 1 1
dg(M,) = o4 M‘:“l‘*"ﬁ gbl 120’

for the second method,

53
ay (M) —M*a1+( Rl + o Byt L RmMzM)

1 1
do(M,) = (E R21M3+ ZEzzﬂﬁ)“z— m,

1 1
dy(M,) = 1 M4“1+( Ry M+ — EzzMz)az 120
1 4 1 3 1
d4(M1) = ZMlal—l— E‘(RMMI—I—E%M:)“Z_ ﬁ’
1. 1 1
ds(My) = - Mia,+ (MM, Ry, + Epy M) ay— ——,
2 2 30
1 1 1
d6(M1) = —8— .M‘:al—l— E_Mgdz—— Z(_)-’
1 1 1
d7(M1) = ZM§G1+ ZM‘;GZ— 53’

1

1
ds(M,) = M4a1+ M; a,— I50"

24

455
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The components of the vector e are equal to
(3.4) 6, = (f2)o Dfo(Dfz)oy €2 = (f2)oDfos € = (f2)oDfoy €5 = (f2)oD*fo,
s = D’fo(Dfp)ey € = (Df)o(faz)es € = Dfo(D*fo)oy €5 = D'fo.
From (3.1) and in virtue of the Schwarz inequality, we get
(3.5) las| < |d(M,)| lef.

las] will have a minimal overestimation in the class of functions
f(t, ®)e C* for d having the minimal norm. Therefore, we must find the
minimum of the function

8
(3.6) o(My) = D& (M)

in the interval (0, 1).
For method (2.1)-(2.2), we get

(3.7) M, = 6.4037505,,—1
and
(3.8) id(M,)| = 9.11728888,,—3.

For the second method (2.3)-(2.4), we have

(3.9) M, = 3.0446,,—1
and
(3.10) |d(M,)| = 7.01518036,,— 3.

Formulae (2.1)-(2.2) for M, = 0.5 give, as a particular case, the
method of Zurmiihl (see [3])

(3.11) xy = @o+ko+ 90+ 891,
where
go = 0.5k%g(t,, 2,), ko = hf(ty, @),

g1 = 0.5h2g 8y + 0.5k, m, + 0.5k, + 0.25¢,).

(3.12)

In this case

(3.13) |d(M,)| = 2.57600514,,—2.
Substituting M, from (3.7) into (2.15)-(2.16), we obtain

(3.14) @, = @y+ 0.465451992%, + 0.534548008k, -
+0.137160497¢, + 0.178217088y,
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where
ko = kf(to, @),  go = 0.58%g(te, %),
g, = 0.5h%¢g (1, + 0.64037505h, x,+ 0.64037505k, -
(3.15) 4+ 0.410080205¢,),
ky, = hf(ty+ 0.64037505h, 2, + 0.64037505k, +
+0.136693402g, + 0.273386803¢,) .
Substituting M, from (3.9) into (2.18)-(2.19), we have
(3.16) x, = x,+0.0831141507k, -+ 0.488549359k, 4 0.42833649k,,
‘where
ko = hf(ty, 2,), g1 = 0.5h>¢(t,+ 0.30446h, xy+ 0.30446k,),
ky, = hf(t,-+ 0.30446h, xy+ 0.30446k,+ 0.0926958916¢, ),
a1y 192 0.5h%g (£, -+ 0.820047487h, @, +1.10437805%, —
' — 0.28433056%,),
ky = hf(t,+ 0.820047487h, 2, + 0.956853942k, —
—0.136806456k, 4 0.0898303778¢,).
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Let us assume that the functions f and ¢ satisfy the Lipschitz con-
dition with respect to . We can easily prove that the one-step methods
described in this paper are convergent since they are consistent in the
sense defined by Henrici (see [1], Section 2.2.1), namely, they satisfy

(3.18) p(t, z, 0) = f(t, z),
where, for the first method,

1
@(to, Zoy h) = W (aoko+a k,+bogy+ b191)
and, for the second one,
1
@(tyy Toy h) = T (aoko+ay by + ask,),

which is the sufficient and necessary condition of convergence.

4. Let us assume that

Li+1

ai+jf
< _Mj_l ’

4. -
(4.1) <M, |z

i+j< 4.
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Then we can estimate a; in the manner similar to that proposed by
Ralston. (see [2], Section 5.6.3). For method (2.1)-(2.2) we have the
minimal estimation for M, = 6.4209415-10"!, namely,

las| < 1.00111836-107'L* M,
whereas for M, defined by (3.7) we obtain
las| < 1.00749365:-107'L* M.

For the second method (2.3)-(2.4) the ‘“optimal’® M, is equal to
3.42423592-10~! and for this value we have

las| < 5.52066848-10"2L* M,
whereas for the value defined by (3.9) we have
lag| < 0.602897564.L° M .

The criterion to choose M, without assuming (4.1), proposed in
Section 3, is, evidently, useful in practice.

5. These methods give in many cases somewhat better results than
the popular Runge-Kutta process defined by

(5-1) $1 == m0+%(k0+2k1+2k2+k3),
where
ko = hf(toy ®o), ki = hf(to+ 0.5k, xo+ 0.5k),
k2 = hf(to + 0o5h’ $0+ 0.5]01), k3 = hf(to + h’ w0+k2)-

If we assume that inequalities (4.1) hold, then we have here (!) —
in the same manner as above — the estimation |ag| < 0.1014L* M.

The above-proposed methods were tested on the Odra 1204 computer
with 37-bit floating-point mantissa. The results were compared with
respective results of method (5.1)-(5.2). Some results are shown in the
tables enclosed below.

‘L o' =xz+t+1,2(0) = —1, h = 0.1. Exact solution: (t) = exp(t) —
—2—1.

(5.2)

tr #;, from (3.14)-(3.15) error xy from (3.16)-(3.17) error

0.1 —0.994829092 I —0.99,,—8 —0.994829043 0.39;—17
0.5 —0.851278803 —0.73,,—7 —0.851278440 0.29,,—6
0.8 —0.574459230 —0.16,, —6 —0.574458447 0.6210 —6
1.0 —0.281718413 —0.24,,—6 —0.281717217 0.95,,—6

(!) The estimation for the ¢optimal” variant of the Runge-Kutta method,
given by Ralston, is equal to 5.4627-10—2L4 M and is wrong; it should be of the form
0.1038261L4 M. This remark is due to T. Pokora.
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i : xzz from (5.1)-(5.2) error

0.1 —0.994829167 —0.85,9—17

0.5 —0.851279361 —0.63,,—6

0.8 —0.574460437 —0.14,,—5

1.0 —0.281720256 —-0.21,,—5

1\ 1 .
IT. 2’ = —axcotan 13 z(1) =1, b = 0.1. Exact solution
0 = sin5]
x(t) = — sin|—]J.
sin (1) t

(72 g from (3.14)-(3.15) error xg from (3.16)-(8.17) error
1.1 0.937578322 —0.61,,—6 0.937578983 0.56,,—17
1.5 0.734866728 —0.92,,—6 0.734867696 0.48,,—17
1.7 0.659432220 —0.85,,—6 0.659433100 0.3410—7
2.0 0.569746230 —0.73,,—6 0.5669746984 0.21,,—7

i 2y, from (5.1)-(5.2) error

1.1 0.937579254 0.33,,—6

1.5 0.734868152 0.50,, —6

1.7 0.659433537 0.47,,—6

2.0 0.569747379 0.42,,—6

The time of calculation is, generally, longer for methods (3.14)-(3.15)
and (3.16)-(3.17) than for (5.1)-(5.2), since the time of calculating the
value of the function g is greater than that for the function f. For example,
for problem II, the calculation time for methods (3.14)-(3.15) is twice
longer than that for (5.1)-(5.2). For methods (3.16)-(3.17) this time is
even greater. Sometimes, however, the function g is simpler than f. It
is so, e.g., for

*(4 4+ 31) x
= + ,
1-+1¢ 1+41¢

’

where g(t, #) = 12t2. For this equation the calculation time for methods
(3.14)-(3.15) is the same as for methods (5.1)-(5.2).
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GRAZYNA HOBOT (Lublin)

KILKA WZOROW RZEDU CZWARTEGO PEWNEJ METODY ZURMUHLA

STRESZCZENIE

W pracy podane sg dwie jednokrokowe metody rozwiazywania zadania poczat-
kowego dla zwyczajnego réwnania réiniczkowego pierwszego rzedu, przy zalozeniu
mozliwodci obliczania pierwszej pochodnej prawej strony réownania. Podane wzory
83 czwartego rzedu; wyprowadzone zostaly podobnie jak wzory w metodzie Rungego-
-Kutty. Zilustrowano je przykladami obliczen numeryeznych. Uzyskane wyniki byly
poréwnywane z wynikami klasycznej] metody Rungego-Kutty czwartego rzedu.



