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A METHOD FOR FINDING THE STEP SIZE OF INTEGRATION
OF A SYSTEM OF ORDINARY DIFFERENTIAL EQUATIONS:

In this paper we give a method for finding the step size of integration
of an initial value problem. This method can be used with a slight modi-
fication in other numerical problems (see [1]). Some numerical results
are presented which show the advantages of the method.

+1. Method of choice of the step size. The 1n1tlal value problem which
we wish to solve numerically is

(1.1) y =f(x,9), vy(@) =9, zela,b], y,feR"

Let (1.1) have a unique solution. For the numerical solution of this
problem we apply a one-step method of rank p (p > 1) and of the form

.77/2 = Yor
(1.2) (k=1,2,...,mn),
nffl —ﬂ1i+hiqj(w7’7§777§a“-ﬂﬁwhi) (t=0,1,...).

In the case of one equation (n = 1), one of the possible methods
for finding the step size h; was given by Krylov ([2], p. 103-107) and
Stoer ([3], p. 114-118). In this paper we apply this method to the general
case of a system of ordinary differential equations. Let #,(z,+h, h)
denote the approximation of the solution of problem (1.1) at the point
o+ h . obtained from (1.2) with step size h and let #,(z,+h, h/2) denote
the approximation of this solution by twofold application of (1.2) with
step size h/2.

For one-step methods of rank p we have (see [2])

Yi(@o+h) = m(@o+ by h)+ O (@) WP + O (@) BP** (b =1, 2, ..., 1),
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where x,, are the points from [y, ,-} %], ¥, (x) is the exact solution of
(1.1), and Ci(x) are any continuous functions independent of k. Since
we are interested only in the rank of the error, we can write

(1.3) Yr(@o+h) — g, (@ + by B) = Cp(ae) BPF
and
(1.4) Yi(@o+ h) — (2o + Py B [2) = 20, (w,) (B[2)PF!

for k =1,2,...,n, where Cy(z,) = Cp(,)-
The derivation of formula (1.4) is as follows:
From (1.3) with step size h/2 at the point x, we have

(1.5) Y (@o+1[2) — (B + 1 [2, h[2) = Cp (o) (B2,

Applying this formula twice at the points x,, #,-+%/2 with h/2 we
have

. h h\
Yr(@o+ ) = yk(mo)+—2‘¢(w07 Y1(%o) s Y2 (@o)y « vy ?/n(wo)ya')‘}'
R\Pt! p h h h

: R\ &
+ Ck(wo)(g +'§ ¢($o+'2-, ?/1(%“"5), 3/2(‘”0"‘5)’ . "7yn(w0+5)75) +

B\[ ] \2+!
| +afetg)z)
Since we omit elements with the exponent h greater than p+1, we
can write

Cr(wo+1/2) (B 2)P7! = C (o) (B[2)F.

Using this formula and replacing y,(x,+h/2), ..., ¥y.(®s+h/[2) by
suitable values from (1.5) and omitting elements with the exponent h
greater than p-+1 in the Taylor series @, we have

Yu(@o+ 1) = np(@o+ 1,y B[2)+20,(20) (R[2)PT (B =1,2,...,0).
From (1.3) and (1.4) we obtain
1

h 27 —
(1.6) 4, = (m0+h’ E) — Ny (@o+ Py B) = Oy (ao) P 27

k=1,2,...,n).

Let H denote the integration step which gives an approximation
of the solution with given error and let ¢ denote the error vector. We
want to obtain

(L.7) &> We(@wo+H) —np(@o-+H, H)| = |Cp(we) H*'| (K =1,2,...,n).
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Let H = h|w. By (1.7) we can write
& = |0y (o) HP*!| = [0y (o) (B ]w)?*],
and using (1.6) we have

| 4,12°

sk/m (k =1,2, ...,n).

Finally, for finding o which designates H we have

p+1 2p A
(1.8) 0 =a ]/ max |4

H
27 —1 1<k<n l&l

where the constant @ > 1 is introduced for the algorithm to work.
It is clear from (1.3) that the error of the obtained solution is O (H?**).
Applying Richardson’s extrapolation we obtain

: H H,H[2)— H.H
(19) 7t (@o+H) = n, (mo+H,_) L M@+, ;p)—lnk(mo—k  H)

2
(k=1,2,...,n),

where 7 (x,-+H) is a solution with error O(H?P*?).

We may accept this value as the exact value to the next step of
method (1.2).

The numerical realization of this method is shown in Fig. 1.

2. The procedure diffsystrunkui4. The procedure diffsystrunkut4 cal-
culates the approximate values ¥,(%), ¥.(®), ..., ¥,(®) of the solutions
of the system of differential equations

(2-1) yI; =fk(w7 Y1y Y2y eeey yn)’
(2.2) Yi(®o) = Yo

for ¥ =1,2,...,n (n>1) using the standard Runge-Kutta method of
fourth order.
Data:
20 — parameter in (2.2);
1 — value of # for which we want to obtain a solution of (2.1);
eps, eta — positive parameters ¢,  characterizing the precision of the
solutions;
kmin — the minimum admissible absolute value of the step size h;
n — number of equations;
y0[1:n] — values of y, in (2.2).
Results:
x0 — given value of x1;
y0[1:n] — approximate values of y,(2,) (kK =1,2,...,n).
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‘ Start ' ’

\

data

Ty, Yo, &y
h:=a, —x,

calculate
"7(% + h, h)
n(wo+h, h(2)

calculate w
from (1.8)

N

H:=hlo

Ty 1=yt
Yo:=1"(@+h)

ho

Fig. 1. Flow-diwgra;m of -the method
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‘procedure éiffé&stmmhﬂ (x0,x1,eps,eta,min,n,y0,notace,f);
- yalue x1,eps,eta,min,n;
- real xﬂ;xﬁepa,d‘ta,lnhin';
- integer n;
-arrey yO;
: 1abel notacc;
- procedure f;
-begin
- real h,hh,ww,w1,w2,w3,wi;
: integer 1;
: Boolean last;
: array k1,yh,y1,52,y3[1:n];
. procedure steprunkut(h,x,y,df);
.!9..].-32 h,x;
- real h,x;
- array y,df;
- begin
‘wltew4 3=, 5xh;s
- W2i=Xx3

. for 1:=1 gtep 1 until n do

- hegin
yhlil:=y[4i];
ae{1]:=.0
end 1;
: for w3s=w4,h,h,w4 do
- begin
£(w2,n,yh,k1);
. for i:=1 gtep 1 until n do
- begin

w2s=k1[1];
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ar(1]s=arl1]4w3>w2;
yhl1ls=y[1]+wi>w2
end 1;
wai=x+iw1;
wis=w3
end w3;
for 1:=1 gtep 1 watil n do
arl1]:=y[11+.333333333333~ar(1]
end steprunkut;
eps:=.033333333333/eps;
h:=x1-x0;
last:=true;
conths
hh:=,5xh;
steprunkut (h,x0,y0,y1);
steprunkut (hh,x0,y0,y2);
steprunkut (hh,x0+hh,y2,y3);
wwi=.0;
for 1:=1 gtep 1 wntil n do
begin
w3:=y3[1];
wis=w3-y1[1];
w3s=y3[1]:=w3+.066666666666>w1;
wii=aba(w1);
w3:=abs(w3);
if w3<eta
then w3:=eta;
wi:=w1/w3;
if wi>ww

then ww:=w1
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end 1;
wwi=if ww=0 then eta else (epsww)t.2x1,25;
hh: =h/ww;
if ww>1.25
then
begin
if abs(hh)<tmin
then go to notaco;
lasti=false
end ww>1.25
elge
begin
x03=x0+h;
for 11=1 gtep 1 ugtil n do
yol1]s=y3([4]; \
if last
then go to end;
wis=x1-x03
if (wi-hh)xh<0

then

begin

hhi=w1;

last:=true

end (wi-hh)xh<0
end ww<1.25;
hi=hh;
&2 %o oonth;

end:
end diffsystrunkuts

8 — Zastos. Mat. 17.4
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Other parameters:
notacc — label (outside of the body of the procedure diffsystrunkutd)
to which an exit is made if the computed step size k is smaller
than hmin.

Remark. After a jump to notacc the variable 20 has the value of x
(z € [z0, z1)) for which a corrcct solution was obtaihed and the array
940 contains this soluticn.
f — identifier of the prccedure with the head
procedure f(z,n,y, d);
value z, n, y;
real z;
integer n;
array y, d;
which for given », #, and y[I:n] computes the values of
d[1:n] of the right-hand side of (2.1). '

3. Examples of the use of the procedure. We give three examples
of the use of the procedure diffsystrunkut4.

As the first example we take a problem which- was given by Stoer
([3], p. 117-118): \

g = —200xy?, y(—3) =1/901

with the exact solution y(x) =1/(1 +1.00w2)\. We obtained the following
results: B

Number of ev;x,lu- )
(n—y(0))/y(0) ations of the eps = eta
right-hand side

—17.246325-10—3 276 . 10-8
—5.561725-10—4 456 10-6
—5.636424-10—5 732 .. 107
—4.719455-10—6 1152 10~8
—5.210094-10—7 1848 109

The remaining two examples are the followmg
Example A.

l:t/{ =1/y;, 42(0) =

[y(a) = ¢
, with the solution I yl( ) ’
Y = =1y, ¥5(0) =1,

Ya(@) = €7°
Example B.

ly{ = Y2, Y1(0) =0, (x) = sinz,

, with the solution ‘yl
Yo = —Y1y Y2(0) =

Ys(x) = cosx.
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For these examples we obtained results which are given in Tables A
and B, respectively. For comparison Table A presents also results obtamed
with the library procedure RungeKuttat [4].

TABLE A
diffsystrunkuts RungeKuttad
@ Number of Number of
Errors for evaluations Errors for evaluations
\ eps=eta=10""7 of the right- eps=eta=10""? of the right-
hand side hand side
0.6 3.53-10—11 132 —~17.06-10—11 224
0.00-10° 2.39-10-11 ’
1.0 —4.28-10—1 132 ~1.07-10"10 224
1.58-10710 7.91-10—11
1.5 —1.29-10—10 132 —-17.79-10—11 224
2.44-10710 8.15-1011
2.0 —2.52.10~10 132 —1.57-10-10 224
3.49.10710 1.07-10-10
4.0 —5.79-10-10 492 —1.87-10-10 816
9.18-10-10 2.48-10—11
10.0 —4.61-10—° 1416 1.51-10—° 3136
5.86-10—° - —1.58-10—°
TABLE B
Number of Number of
z Errors for evaluations of Errors for evaluations of
eps=eta=10"3 | the right-hand | eps =ela=10"% | the right-hand
side side
0.6 1.33-10-6 12 3.27-10—8 48
4.04-10-6 A 4.75-10~8
1.0 5.37-10—¢ 12 1.43-10~7 36
1.03-10—% 1.99-10~7
1.5 1.00-10-5 12 '1.92-10~7 48
5.85-10—5 6.21-10~7
2.0 1.67-10-5 12 2.45-10~7 48
3.72:10—6 1.53-10~7
2.5 2.47-10-5 12 4.14-10~7 36
1.28-10-5 3.02-10—7
3.0 6.84:10—5 12 8.09-10-7 48
1.95-10—3 3.79-10-7
3.5 2.66-10—6 12 2.32-10~7 84
2.69-10-5 4.17-10-7

In all presented examples hmin was equal to 1076,

The procedure diffsysirunkut4 has been verified on the Odra 1204
computer (with 38-bit mantissa) in the Institute of Computer Science
of the University of Wroclaw.
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J. S. CHOMICZ, A. OLEJNICZAK i M. SZYSZKOWICZ (Wroclaw)

METODA ZNAJDOWANIA KROKU CALKOWANIA
UKEADU ROWNAN ROZNICZKOWYCH ZWYCZAJNYCH

STRESZOZENIE

W pracy podana jest metoda znajdowania kroku calkowania zagadnienia po-
czatkowego (1.1). Jest to uogélnienie na przypadek ukladu réwnan rézniczkowych
pierwszego rzedu metod podanych przez Krylowa ([2], str. 103-107) oraz Stoera
([3], str. 114-118). Po prostych modyfikacjach metode mozna stosowaé takze do
niektérych innych zagadnien [1].

W pracy zamieszczono procedure realizujacg przedstawiong metode oraz wyniki
testéw wykonanych na m.c. Odra 1204 w Instytucie Informatyki Uniwersytetu
Wroclawskiego.



