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ON THE DISTANCE RANDOM VARIABLE

1. Introduction. Let f(x) denote the probability density function for
T = (Tyy Xyy..., Ty)e R” and let P; = (@1, Bjgy ooy Ti)y § =0,1,...,m,
be independent random points having this density. We define the distance
random variable by

21 1/2
<<

The distance random variable denotes thus the distance of the random
point P, to the nearest of the points P,, P,, ..., P,. Because of its sim-
Plicity and interesting properties, this random variable has numerous
applications in the experimental sciences (see [3], p. 63-132).

The notion of distance random variable has been introduced by
Hellwig in [3]. The paper [3] contains a theorem on the limit distribution
of Vn(]n,2 for f(2) uniform on a unit square with »n increasing to infinity.
The distribution of the distance random variable has also be analyzed
by‘Kopocil'lski in [4], where, among others, the limit distribution of

Vn C,.; for an arbitrary f(x) with » increasing to infinity has been given.
In the present paper in sections 2 and 3 we remind the fundamental facts
about the distance random variable and deal afterwards with the moments
of this random variable, the moments of the limit distribution and their
approximation using Monte Carlo methods. A comparison of the results
Obtained by the Monte Carlo methods with the exact ones indicates the
usefulness of the Monte Carlo method in this problem.

2. Distribution of C, ;.. Denote by I, ,(¢c) = P(C, ;< ¢) the distri-
bution function of C,, and by P(C, > ¢|P, = x) the conditional pro-
bablhty that C, , exceeds ¢ under the condition that the random point
P, equals ax.

~ THEOREM 1. If the random points Py, Py, ..., P, are independent and
if f(x) is the probability density of the random point P;yi = 0,1, ...,n,
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then

P(C,r>c¢ | Py =2) =(1L—R(x, o)
and (1)
(1) I, i(e) =1— [(1—R(x, o)"f(x)de,
where

R(x,0) = [ flx+u)du.

|luj<c
The proof of this theorem is omitted. It is similar to that of theorem 1
in [4].
. COROLLARY 1. If f(x) is the uniform distribution on the unit interval,
1, o<z<1,

2 x) =
2) J(@) 0, otherwise,
then
0, c< 0,
1 n+1 1 1
1— 1 (2(1—e)"*' +(n—1)(1 —2¢)""}), 0<c<§,
n
Fn,l(c) = 9 1
1——(1—¢)"*! -<eg1
n+1( ey, 2< ’
1’ c>1.

Proof. From (1) we have
1

r,(e =1—f( ff(a:+u)du)"dw

0 lul<e
1
= 1—f(l—min(a:-{—c,Ll)-l—Ina,x(O,w—c))"dw.
0
For 0 <e¢<1/2, we have

1—-c¢ 1

L, .(c) = 1—fc(1——c—w)"dw—f (1-2¢de— [ (z—c)*ds

=1—

n—1
_p\nt+1l 1—2 n+-1
S e = (=20

and for 1/2 < e¢<1, in an analogous way, we obtain
1—c 1
2
I, (0) = 1—0f (1—c—a)"do — f (= c)"dz = 1—7@?(1—0)"“,
which was to be proved.

() In the whole paper, if an integral sign is without integral limits, the inte-
gration should be performed on the whole space Rk.
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COROLLARY 2. If f(x) is the exponential distribution with parameter A,

@ e ¥, x>0,
xXr) =
) f(@) 0, r <0,
then
0, c<0,
1—e1ip(—1(n+1)c) (
1— exp( —Ane) +
@) Thile) = nt1 p(—dne)

1+exp(—A(n+1)c)\
exp(Ac) —exp( —Ac) )’ ¢=>0.

Proof. From (1) we have

I, (e) =1—zf(1—1 7 exp(—A(z+u))du) e~ do
0

max(0,z—c)

= 1—).f (1 +exp(—A(x+ ¢)) —exp(—Amax (0, w—c)))"e“-"’da:
=1—Aexp( —lnc)fexp(—l(n—l—l)w)dx—
0

—}.f (1 +exp(—A(x+ ¢)) —exp(—A(x — c)))ne‘“’dw.

Now

: 1
lofexp(—z(fn—l—l)m)dx =731 (1—exp(—l(n+1)c))

and
).f (L+e (e —e™)re > dn
4

1
~ (n+1)(exp(Ac) —exp(—4ic))
This completes the proof of formula (4).

(1 —exp(—24(n+ 1)6)).

3. Limit distribution of C, ;. Since the random variable C,, for
N — oo i3 stochastically convergent to zero, one takes the random variable

k
ﬂC’mk to investigate the limit properties of C, ;. The limit distribution
18 defined as follows:

I,(e) = lim P(’;/?zo,,,,, <¢) =1limTl, (¢ V).

n—00 n—-o
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THEOREM 2. If the probability density f(x) s bounded, f(x) < M < oo,
then

(5) Ty(e) = 1— [ exp(—Vy(o)f(x)) f()de,

where V,(c) = =n**c*|I'(k/2 +1) is the volume of a k-dimensional sphere
with radius c.

Proof. From theorem 1, for f(x) < M < oo, we can write the following
sequence of equalities:

n

lim P(llc/;zOn,k< ¢ =1— f(l— f f(a;—{—u)du) f(ae)dx
e k

lwl<clVn

= 1—lim f 1=V (0/177{) f(@) +o(n))'f () dae

= 1— [ exp(—Vi(o)f @) (@) dx.
We have used here the fact that

k_ 1
Vile/Vn) = -~ Vi(c).

This completes the proof of theorem 2.
COROLLARY 3. If f(x) is the uniform distribution on [0, 1%, then

o gk
Iy(e) = 1—exp(—V,(c)) = ]_—exp(— F_(m)—)’ c>0

COROLLARY 4. If f(x,, z,) is the mormal distribution,

J— 1 1 2 2
(6) flxy, @5) —“2_7;9Xp(_—2“ (wl+x2))7
then
2 1
(7) T, (c) =1——[1—exp(—~cz)], c>0.
c? 2
In fact,
I (c)

1 e 1 . 1
=1-— Et‘ffeXP[_?;eXP(—E(xi+$§))]0XP(—‘2—(w§+w§))dw1dm2

02 u2 u2
= —fexp[—?exp(——o—)]exp(—-T) udu
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CorROLLARY 5. If f(x) is the exponential density (3), then
1
(8) I'y(c) =1—T(1—e—2‘0), ¢c>0.

Formula (8) is easily obtained by substituting (3) into (5).

4. Moments in exact and limit distributions.
COROLLARY 6. If f(x) is the unmiform distribution (2), then

n+3 nd+11n24+19n+1
E(C, ) = D%*(C,.,) = .
(Cn.) 2(n+1)(n+2)’ (1) 4(n+1)%*(n+2)2(n+3)
Hence
1 0 1
E(C,,1) ~on and D*(C,,) ~ ant’

Similarly, one can show that if f(x,, #,) is the uniform density on
[0, 1% then

9 4—m
E(Cn 2) N_]/— and D (Cn,z) ~ dnn
n

COROLLARY 7. If f(x) is the exponential density (3), then

n+1
1
9) E _
) E(Cy.) }.n(2n+1) 'n—{—l) 2 2k—1
! (10 An+1) 04—
~m@ntl) | 2am+1) |08 24(n+ 1) )’

where C = 0.5772115 ... is the Euler constant.
In fact, from (4) we get

E(C,, = f (exp(—lnc)—exp(-l(2fn+1)c)—|—
’ n+1 ;
1—exp(—24(n+1)0 )dc
exp(Ac) —exp(—4c)
Now
f 1—exp(—24(n+1) c) 7 Sj
n+1 exp (Ac) — exp( —Aic) h n+1 2j—1
(see [2], p. 959), and from this formula (9) follows. Using the formula
n+1
C 1
~1 2 1)+ —
2 og(2Vn+1)+ 5 + oo 48(n+ 1)

(see [2], p. 17 ), we obtain the asymptotic expression of corollary 7
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THEOREM 3. If in the limit distribution (5) the function f(x)is the normal
density (6), then u, = V2, and the moments of order r > 1 do not exist.
Proof. From (7) we have

00

Uy = rf ¢ Y1 —Ty(c))de = 2r f c’_3[1—exp (—-%02)]110.

0 0

For r > 1, the moments are not finite, and, for r = 1, we obtain

F 1 - 1 —
/N =2f?12—[1—exp( —502)] de =2fexp(—§cz)dc=)/2n,
0 0

which was to be proved.

THEOREM 4. If in the limit distribution (5) the function f(x) is ex-
ponential (3), then no moment u,, r > 0, 18 finite.

Proof. From (8) we have

0o

1
My = rf ¢! m (1 —6_2lc)d0.
0

This integral does not converge for r > 0.

5. Approximation of E(C, ;) by the Monte Carlo method. The evalua--
tion of the moments of C, ; is usually cumbersome. In complicated cases
the Monte Carlo method can be useful. On the base of (n 4 1)-element
samples drawn from a given distribution it is possible to estimate the
distribution function of C, ;, and its moments with sufficient accuracy.

The results of the performed experiments are the following. On the
computer Odra 1204, using random number generators described in [1]
and [5], realizations of independent samples from the uniform distribution
on the interval [0, 1] and from the exponential distribution with 1 =1
have been calculated and the distance C, , determined. The obtained
mean distances can be found in tables 1 and 2. However, drawing the
numerous samples is costly. The experimentation performed in [3] and
[4] shows that the distribution of the distance random variable can
be estimated from the distances of one sample. One may assume that
the estimation of expected values on the base of one sample is also suf-
ficiently accurate. The results of our experimentation, shown in tables 1
and 2, confirm this fact. For control purposes, in all considered cases
the distribution of I', ;(c) has also been estimated. In no case, for typical

significance levels, the hypothesis of equality of the exact and empirical
distributions was rejected.
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TABLE 1. Uniform distribution

. Mean values No. of
exact independent samples| one sample samples

5 .09524 .09417 .09254 500
10 .04924 .04842 .04931 500
20 .02489 .02479 i .02853 500
50 .00999 .01006 .01007 500

100 .00500 .00469 .00524 500
200 .00250 [ .00261 .00227 500
500 .00100 i .00094 ) .00100 500
1000 .00050 .00047 .00051 500
TABLE 2. Exponential distribution (4 = 1)
. Mean values No. of
exact independent samples one sample ! samples
!

5 33122 | 32489 132720 | 1000
10 .20302 .19806 . 22502 \ 1000
20 .12046 11702 .13940 ‘ 1000
50 .05800 .05694 .05188 | 1000

100 .03262 .03311 .03636 f 1000

200 .01809 .02044 .01963 ! 500

500 .00817 .00764 .00839 ! 500

1000 .00443 .00436 E .00430 | 500
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0 ZMIENNE]J LOSOWE] DYSTANSOWE)

STRESZCZENIE

W poczatkowej czedci pracy podano najwazniejsze wyniki dotyczace rozkladu
prawdopodobienstwa zmiennej losowej dystansowej, zdefiniowanej jako odleglosé
punktu losowego z préoby prostej do najblizszego punktu tej préby. Nastepnie wyzna-
czono rozklady zmiennej losowej dystansowej w przypadku jednostajnego i wykladni-
czego rozkladu w probie oraz jej momenty. Pokazano réwniez, Ze w rozkladach gra-
nicznych zmiennej losowej dystansowej mogg nie istnie¢ momenty. W pracy rozwaza
si¢ rowniez mozliwoéé aproksymacji momentéw zmiennej losowej dystansowej metoda
Monte Carlo. Poréwnanie wynikéw uzyskanych ta metoda i wynikéw analitycznych
wskazuje na przydatno$¢ metody Monte Carlo w omawianym zagadnieniu.



