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THE HIGH-PRECISION SUMMATION OF SERIES
WHOSE TERMS ARE RATIONAL NUMBERS

0. Introduction. In [4] Sale gave a method of calculation of e to an
arbltrary

Prescribed precision. The method consists in digit by digit

€valyat: ies 3"
Mluation of a partial sum of sufficiently high degree of the seneskz 1/k!.
=0
SI:riZhe Present paper we deal with a more general problem of summing
8

call Whose terms are rationals. Our method, which in the sequel is
€4 methog @, works under certain mild assumptions.
Sume we are given the convergent series

S =

k=0

04 the Natural number p. Define the number n by the formula

>
by

k=141

™ (ay, b, non-zero integers)
k

n =min{i:
i

< 10-<P+1)}.

The decimal representation of the number

n

a
Sn = 'bﬁ”
k=0 K
W‘ .
ofltg fractional part limited to p initial digits, approximates the value

With error less than 2-10~@+), je,,
I8 —8,| < 2-10~+D,

the By. Mmethod @ one can calculate arbitrarily many initial digits. of

the ¢Cimal expansion of the number 8, and, therefore, one can find
Value of g 1o any prescribed accuracy.

tiong] ¢thod @ can also be applied to the calculation of products of ra-
" Tactors, ag described at the end of Section 1.
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1. Method Q. The partial sum S, can be easily rewritten in th°
following form, similar to that used in Horner’s scheme for polynomials‘

Sn-_-_li(1+l—1(1+...+ L= (1+ L 1))),

mo ml n—1 mn
where
by @ b by 1
_—77 = b (¢=1,2,...,n),
my 0 m; a;_19;
and

m; >0 (¢=0,1,...,n).

This form will be called the bracket form S, or, permutably, th?
bracket expression. It is convenient to assume for the time being that
the fractions I;/m, are irreducible. Notice that in practice this assumptio?
is often not fulfilled.

Let the operator -~ have the meaning identical to that in ALGOL 60
(see [2]), i.e., a=b is equal to the integer part of |a/b| multiplied bY
the sign of a/b.

We introduce the following notation:

(1) A= @#=0,1,...,mn),
(2) ¢, =1, ¢ =c_,sgnly (i=0,1,...,n),
(3) EB.,.=0 (j=1,2,..).

For : =0,1,...,n» and j =1,2,..., we define
(4) Bl = {47 (1067 + By} = myy
(5) ¢ = Al (1067 + B ;) —m B,

1 (6 =0),

6 A =
(®) ’ Ll’:} (¢ >0).

Now, we can write

A} A Al Al

(7) 8 = Wi (cg+ —m—‘l(c{;x-...+ m:_ll (c;_1+71”:cg{) ))

(j=0,1,...).
We prove the following
THEOREM 1. For j =0,1,... we have

J
(8) 8, = D107 Bt +1077 8],

k=1
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s fOProof It follows from the definitions of A% and ¢ that 8, = 8°,
mula (8) is true for j = 0.
We show that

) 8 =1
" 10
w
hich implies that (8) is true for any j =1, 2,
Let us transform (7) to the form

S 1 A’(

(B 481ty (j=0,1,...),

a5
100’+—(1Ocj +oiid—— Ay (100,{_1+—100’) ))
m, m,

my n—1 n
We see that, 87 can be evaluated using the formulae

il
Tn+1 =0, Tg’ — Af 1

(10ei+T4,,) (i =n,n—1,...,0), 8 = ﬁTg.

(3

Identity (9) can be now expressed in the equivalent form
T EJ'+1 + TJ+1
The last equation is a particular case of the more general equality

(10) it
Tj Ei+1 + 1011“1

Which Wwe prove to hold for 2 =0,1,...,n+1.

£ HOIH the proof of (10) we use induction on 4. For i = n-+1 this equation

holgg W8 from the definitions of F/,, and T7,,. Assuming that (10)
for a certain i (0 <i<m+1) and using the equations

Tz—l = - (10¢;_, +T7),

=1

Ai+!
Tfi'} =1 (100“' +T’+1)
i—1
Al_,(10¢f_, +Eg+l) ) Tt ol
m;_ =t m;_a

{the

thag ast one follows from the definition of ¢*]), one can easily check

Tj“
E+1 et S 1
=1 1-1"

T} 10 A{"’l

1
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Indeed, we have
Ai_,(10¢]_, + BT — BT +TY)

Tg—1 =
m;_y
J+1 j +1 §+1 +1
— Bitly Ci—1 + AL, T} — Bty Ci—1 + T}
-l i+1 . i1
i—1 m;_, 1047+ m;_y 10m;_,
. ot 1 m; ) , , Tit!
S /S R ( i1 T’.“—lOc’-“) = Bty
- +1 -1 1—1 -1 +1

LeMMA 1. For j =0,1,... we have

e

" [] A

8| < M, where M = 2 k=9

i=o [] my
k=0
Proof. From (7) it follows immediately that
n [] 4
81 = YA,
=0 []my
k=0
which together with (5) implies

1 i {

S M4 | «|[M4] = [qa
k=0 j k=0 k=0
IS':;I < 7 Og < 5 i1 < E i1 =M.
k=0 k=0 k=0

Method @ consists in the evaluation of E} for j =1, 2, ... by using
formulae (1)-(6). By virtue of Theorem 1 and Lemma 1 the convergenc?
of the method is guaranteed. Indeed, we have

J
[Sn—Zm-kE{:l =10~ 8| <107 M (j=1,2,..).

k=0
If the inequalities
(11) 0L<Ei<10 (j=1,2,...)

hold, then in every step we obtain the next exact digit of the decimal
expansion of §,. In Section 2 we give some theorems which allow U’
to transform the bracket expression (7) in such a manner that methon
applied to the transformed form yields numbers E; satisfying inequall”
ties (11).
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'Valuzsw(l)?an?ne cannot guarantee (11) to hold, one has to store all the
Bi be the o and to use.procedures correcting these values in order that
Tn &, g'-th exact digit of the expansion of &,.
Methog Clion 4 we give the declarations of ALGOL 60 procedures for
92 am((l1 for a modification of this method which we describe in
and 3.

Cert Selow we give some examples of the application of method @ to
4l serjeg,

Exa‘mple 1. Let us consider the series

'Seetions

> 1 1
. —2log=.
;0 FE+1) B

8 we have

8
8, < 1
2 2*(k+1)

k=0

For 4 _

NS WTLIE SO SUNIE SO SIS S SURE
4 12 ' 32 ' 80 ' 192 ' 448 ' 1024 = 2304

- 447047
= 20020
322560

In the bracket form we obtain

= 1.385934399801...

1/ 1( 3/[ 2 5 3
By = (1+Z(H?(H?(HE(HE(H?(H

F3w (o5 1))

¢ &ctm].l of method @ can be illustrated by means of Table 1.

deg;j thl.s example the number Ej is, for j = 2, 3, 4, 5, 6, the j-th exact

that 41 d.lgit of S,. Moreover, it follows from Theorem 4 (Section 2)

B i the Inequalities 0 < Ej < 10 hold also for j > 6, which means that

Shoy, 4 €J-th exact digit of the expansion of §,. Examples 2 and 3 (below)
t this is not true in general.

fully iiample 1 shows that method @ is simple enough to be used success-
Paper-and-pencil calculations. Having this in mind, it is worth

a.na,] . .
YZing this example. After performing the first step we obtain

1 1 1 3 2
S — __ - il - e
! 1(o+ : (3+ = (1+ = (o+ _ (2+12 (8+

el )
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TABLE 1
i 6o 1 2 3 4 5 6 7 8
m; 1 4 3 8 5 12 7 16 9
¢ 1 1 1 1 1 1 1 1 1
4% 1 1 1 3 2 5 3 7 4
B 13 3 5 6 6 6 6 6 4
c} 0 3 1 0 2 8 6 2 4
A} 1 1 1 1 3 2 5 3 7
E3 8 8 4 3 2¢ 21 49 9 31
? 0o 2 1 o 3 6 2 9 1
A2 1 1 1 1 1 3 2 5 3
E3 5 5 3 1 9 18 14 29 3
c3 0o 3 2 1 3 6 0 1 3
A3 1 1 1 1 1 1 3 2 5
B 9 9 7 2 7 5 1 3 16
c} o 1 1 1 0 1 2 4 6
A3 1 1 1 1 1 1 1 3 2
ES 3 3 3 1 0 1 4 8 13
¢ 0o 1 2 2 1 2 0 1 3
43 1 1 1 1 1 1 1 1 3
ES 4 4 7 2 2 1 0 1 10
5 0 1 1 6 1 8 1 4 0
A8 1 1 1 1 1 1 1 1 1

One can demand that fractions A}/m, be irreducible, and to “con-
tract” the bracket expression in order that all ¢} be different from zero:

YRRV SRR

et se )

Such a procedure enables us to shorten the calculations in the nexb
steps of method Q.

Assume that we apply method @ to the expression (1)

. A A A°_, 4,
8 = =S+ — (S +...+ ¢+ ...
m m

'mo 1 n—1 n

The algorithm of “contraction” of the bracket cxpressions can b€
formulated as follows: Let us put

={ef: ¢f £0}, m;=N;—1 (j=0,1,...),

where 17 denotes the number of elements of the set N. It follows from
the definition of ¢} that n, = n.

(!) During “contraction” of a bracket expression the values of m; are changed-
This is why we have to write m/ instead of m; in the expression S7.
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C
obsider the bracket expressions 8,88, 8, 8, 8%,..., where S°

0
» and for j=1,2,... the bracket expression

A,
(f+ +’—(o£,._1_1+

nj 1—1

8o A (A
n = %+
mo m

1

A
n]_l
+ ’mjhl 07’;]'-—1) . ))

n,_l

m ar
esult of applying method @ to S/~!, and the expression

- Zf . A] AJ Zj
e (o A (et o (v ) )
l 7n 7nnj

nj— -1

18 obt,
Alneq from 87 by simplifying the fragments of the form

+cj+ l+1 Ak 1 AI{: i i 7
w1 (O-I— .+ - (0+ i (e +... (] #0, ¢ #0)
the fOrm
(12) A A AL
i 141+ 14 i
R R i (el +...,

an,
1 the fragment

j .’f
v o1 A, A7 [, Ag_,_l 45,
mi= 1(3—14‘7‘1:1‘(0;‘{— oy, 0+...+ oy 0...]})-..

3+1 ]—1

fo the form

A_ . A
e b m‘z i(cg_1+ 1 c},) ))

§

1 mAftel‘ Such a simplification it suffices to numerate the obtained
i
0 H&tors Aj denominators mf, and coefficients ¢/ by the numbers

’ h’ n; to obtam the expression S7.
§ De fe Mmethod @ for the “contracted” bracket form S (j =0,1,...)
*ormed according to the following formulae:

(1 _
=4 =1 (¢=0,1,...,m),

(27
L, =1, & =c =c_;sgnl; (¢=0,1,...,m,).
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For j =1,2,... we have
(3) B, =0,
'(4’) Ei = {/T{-'"l(l()éf'l +Eg+1)}—:-mg‘1 (7' =0,1,..., ‘n'j—x);
() o = A0 +EL) —miTE (6 =0,1,...,n,.,),

' Ag:}' (’l:=1,2,...,’nj_1).

Repeat the calculations of Example 1 demanding that Af/mf be
irreducible and using the contraction algorithm (Table 2).

Since n, =n; =n, =n, =4 and A* =1 for ¢ =0,1,2,3,4, the
values of A and m! for j = 5, 6, 7 are equal to A} and m?, respectivelf:

TABLE 2

&
Yt

(ny = 6)

wwwgw [ JCR R )
1)
O HICt WSO =
fd el
W SN O~
OO
[
WS I
T B R © B O

Pd et D QU b DD b et e QO DN R W 00 O OO0 W W
N’)h

(n, = 6)

'S

(ng = 5)

QU = QO QO = P i ©

'S

e | S
N O WO NOOO O W

(ng = 4)

'S
oy b= DD = = OO e QTN DO R Q0 O

N
N N
N

[y
'S
o

(ng =4)

w
(==

202 (ng = 4)

)
LY

€O GO I g e QO b B e e e 0D QO W R 0O U R e DD 00 QO e D QO e ke e O

DO O bmd o DO OO bt GO P et et o] DD GO P = DD GO QO k= ke g et QO P bl GO QO i b e e

NONOAINDOINDWE @O MNPRF QO ] oM~

[3%)
©

100 (ny = 4)
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Example 2. Let us consider the alternating series

B
2( F gD ~ 83

For 4 — 7 we have

7
k+1
8 = 2 ( _1)"k+12*
= 3" (k+1)
23_4+8 16+32 64+128 - 256
3 18 81 324 1215 4374 = 15309 52488
~ 116888 50901648267
229635 ’

ang :
d in the bracket form we obtain
2 -1 —4 -1 —8
8, =— _
: 3(1+ (1+ . (1+ . (1+ (+

)|

To this expression we apply method @ with contraction. As in the
Tevious example the acting of the method is shown in a table (Table 3).
the | In thig example the values of E; and E} differ from the second and

Ho third gdigits of the decimal expansion of §, because Ei = —1 < 0.
"Wever, observe that

107'B 410282 110 B2 +10~*E} = .5+.01 —.001 +.0000 = .5000;

h e
US We obtain exact values of four initial digits of the expansion of 8,.
Example 3. Let us take

3 3 3 1
S =371 75 Tz =1
" 10 the bracket form,

=333 o)

The results of application of method @ are shown in Table 4.

" Zastos. Mat, 19, 1
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TABLE 3
‘ 0 1 2 3 4 5 6 7
) ) S | 1 -1 1 -1 1 -1 (ng =T
A% 2 1 4 1 8 5 4 7
m$ 3 3 9 2 156 9 7 12
E} 5 -2 3 -3 3 —4 2 -5
o} = ¢} 1 1 1 -1 3 -4 6 —=10 (n="7
Ak = 4 1 2 1 2 1 8 5 1
ml 3 3 9 1 16 9 7 3
E2 1 -7 -1 -20 0 -18 19 -33
% 0o -1 -1 0 12 -6 2 -1 (ny =05)
A2 1 1 2 1 2 1 8 5
A2 1 2 2 1 8 5
e -1 -1 12 -6 2 -1
m2 9 9 15 9 7 3
B} -1 1 15 6 4 -16
el 0 1 3 -2 4 -2 (ny = 4)
A3 1 1 2 2 1 8
A3 1 2 2 1 8
c? 1 3 -2 4 -2
m3 81 15 9 7 3
B 0 3 -4 -1 -53
ot =t 13 7 -6 -6 -1
A} = A} 1 1 2 2 1
m 81 15 9 7 3

As in Example 2, the value of Ej is different from the j-th digit of
the decimal expansion of 8; (j = 1, 2, 3, 4) because E; = 10. Howeverls

3
D) 107E] =1.0000.
j=0

The contraction algorithm, though very useful in pa‘per-amd.-pencil
calculations, is not applicable in automatic computation because the
evaluation of mi } mi;} ... m{™" (cf. (12)) may lead to fixed-point overflow-

By method @ one can also evaluate decimal expansions of finité

products of rational factors. To this end one has to transform the product

P, =[] a,/b, to the form

k=0 .
ao al a’n—l an
P = — —104+...+- — 1] ...1).
"= B, (°+ bl( tet g (°+ b, ) ))

Now, method @ is obviously applicable. It suffices to set
A;=a;, my=0b; (i=0,1,..,n),
|0 (‘i"=0,1,...,’n—1),

0} =

1 (2 =mn).
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TABLE 4
‘ 0 1 2 3
o’ 1 1 1 1
4% 3 1 2 1
md 4 4 7 6
E! 9 3 3 1
c 3 1 1 4
A4} 1 3 1 1
m} 4 4 7 3
B 9 9 3 13
o2 3 3 2 1
Al 1 1 3 1
m? 4 4 7 3
E3 9 9 9 3
o} 3 3 6 1
A3 1 1 1 1
m3 4 4 7 1
E 10 10 10 10
ot 0 0 0 0

2 Properties of the bracket form of S,. In this section we discuss
Tethog ® Properties of the bracket form of 8, which enable us to modify
in such a way that every step of the method produces the suc-
git of the decimal expansion of §,,.

THEORENY 2. If fhe inequality

lo ll ln—l lﬂ
= 1+ —(1+...+ 1+ —-1}...}]] >0
m, m, My my

Olds o e
» then there epist integers ¢%,, ¢, 0}, ..., € satisfying the imequalities

eedlng di

8

n

¢, =0, lgi<m; (i=0,1,...,m)

1 (cg,_l+icg) ))
mn—l mu

oo ).

ﬂ

nd Such that

1
‘gn=c°.1+—(08+—}—(02+...+
My m

1

Proof. We have

Ll I .
_~(lo+7(1+—— 14...4+ - 1)...)) ees

my Mg

= El-(zo+-—(zoz,+ +—I_[ ) )

M i=0
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Performing one step of a method analogical to method @ but co%
taining no multiplication by 10 we obtain

1 (cf,_l-}-icg) ))
My my,

i
B =([[4+EB.) +m (G =n,n-1,...,0; B, =0),

1 1
Sn=c°_1+—(08+—(c‘1’+...+
mg m

1

Indeed, putting

j=0
and
cg=nlj+E’2+l—m,.E2 (¢t =n, n—1,...,0),
j=0
we get
=t 2 (it t 2 [T1) )
n My 0 . 0V1 T oo ey ¢
n—1
1 1
—- L 0 0
my (lo+ 1 (ZOZI_*— + n—1 (I] lj+En+ n cﬂ) ))

13
3
1 1
(cg_l + 1 o;;) »
mn_l mn

1 1 1 1
e 4 — [ = (s, 0 i
ot my (00+ my (01+ + My —y (0n_1+ my, 0,,) ))

1
=Eg+i(cg+——(
n m

From the obvious inequality |e}| < m,; it follows successively tha

e
(cg,—l + '—mn <1,

1 1 1 0
— | — | +...+ cf,_l+—c"— .. <1.
m, m

Mo My

The last inequality implies ¢, > 0.
THEOREM 3. If

1

1 1 1 1
S, =c°_1+-m—°(03+ 7n—(°‘2+---+ o (02—1+m—”03) )) >0,
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Where 0 L0 . .
O~13 €0y ..., 6} are integers satisfying

N 0120, |dl<m; (i=0,1,...,n),
€ ; . o
" there ewist constants €1y 6y ..., 00 satisfying the inequalities

&e,>0
Md such thay

y, 0<®<m; (1=0,1,...,n)

= (33_1+ —l—a;:) ))
My m,

1
Sn=6°_1+~(63+i(62+...+
my m,

deﬁiroof' Since §, > 0, we have ¢ > 0, where s = min{i: ¢ # 0}. We
(] (¢ < 8),
¢;—1 (¢ =8),
é) = .
A4+m,—1 (s<i<n),
o; +m; (1 =m).
tion ObViOUSIy, ¢;=>0 (¢ = —1,0,1,...,n). Let us introduce the nota-

S~y L L(; L (4 2a).)
n -1+ mo(co+m1 e +...+ p— Dt o -~ On
We show that
(13)

8, ang 8, can be evaluated by using the formulae

— 1 "
=0, T = (@+T,,,) (G=mn,n-1,.., —1; m_, =1),
§

8,=T,, Tn+l =0,
o1 o
‘ E(02+Ti+l) t=n,n-1,..., -1; m_;,=1), 8,=1T_.
the III‘]ientity (13) is equivalent to the identity T_, = T_, following from
OTe general relation
(14)

whi © e
tha*fh holds for § -1,0,1,...,s. Before proving (14) we check first
"¢ following equation holds:

Ti = 1.11'7

(15) . A
T,"=T1+1 (?:=3+1,...,'n).



134 W. Szafranski

For ¢ = n we have

T, = —-(5,2+1"’,,+1) = -—(c,‘;+m,, +T,,+l) =1+T,
n n
Assuming that (15) is true for a certain ¢ (s+1 << < n) we obtai?
T,y =— , (6, +T;) = _11 (62, +my_y—1+1+T))
1

=1+ (61 +Ty) =1+T; .

-1
Equation (14) for ¢ = s follows from (15) and the definition of 039
and for 7 < s from (15) and the equality é) = cf.
Now, all we have to do is to perform, as in the proof of Theorem 2
one step of method @ without multiplication by 10 and to obtain

— 1 1 1 1
8,=8,=¢,+—|+ —|c+... & 2)...
" " -t me (00+ m, (cl+ + my,_y (cn_l—}_ my, Cn) ))’
where ¢°, = é%,+E >0, 0< A <m; (1 =0,1,...,m).
THEOREM 4. If

1 1
Sn=c"_1+———(cg+_1_(c§'+...+ , 1 (c‘,’,-ﬁ———o},)...)),

n—1 n

where ¢* ;>0 and 0< d<m; (i =0,1,...,n), then in every step of
method Q the values of EJ satisfy the inequalities

(16) 0<E<10 (j=1,2,...).

Proof. After performing the j-th step of method @ we obtain

mo n—1 n

j
1 1 1
8, = c°_1+12;10"‘E’;+10‘f (— (cg o (c;_l+-ch;) ))
Jj
=+ ) 107*EE L+

+10~ U“’(Eg“ = (og“ b (c{,‘:‘l = c{,“) »
me n—1 my,
It follows from the assumption on ¢} that

J
8, <o+ 210""1'1’3+

k=1
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4 1
+10 j(w(’"lo*l‘i‘...'l' 1 m,_, _1+"1—(mn—1)) "'))
0 My—1 m,

n

O P P S W e I
0 m,_, n—l m, " ’

my

Where

Eiv1 — —
=0, B = (10(m—1)+El])+m; (i=mn,n-1,...,0),

S = 10(m,—1) + B —m, BIP (i =n, n—1,...,0).

ive] It can pe casily shown that E!*! > Ei*!. Indeed, it follows success-
Tom the inequality ¢f < m,—1 that

B+ _ (10(m, —1) +Ei1) = m, > (10¢] + BiE}) +m, = EiF,
+1 — . .
1= (10(m,,_ —1) + B+ m,_y > (106)_ + B+ m,_, = B,

0 = (10(me—1) +E{*!) = my > (106] + BI*")+ my = Ef*.
haveNOW’ it suffices to show that EJt' < 10. If Ei+' > 0, then we would

vV Vv

0 10 < Bt = (10(mo—1) + B{*) = my,
ence Fi = = .
QuaﬁiyE;:I = 10; analogously, E{*' > 10, ..., Bt} > 0. But the last ine-

contradictory to the definition of EZ}l.

Te ExaJmple 4. Consider S, from Example 2. It follows from Theo-
0 2 that

1

1 1 1 1
S, = —f - _— — — —16
\ 3(2+3(2+9(8+2(8+15 4+

e ( 820+ — (1280 + 55 ( _8960))»))))'

obta,ill)lerforming one step of method @ without multiplication by 10 we
the results presented in Table 5.

TABLE 5

$ . 0 1 2 3 4 5 6 7
kI_Io 2 _—_2 8§ —8 64 —320 1286 —8960
m; 3 3 9 2 15 9 7 12
E:i 0 o o -3 2 —26 76  —1746
<3 2 -2 5 0 8 0 2 -8



136 W. Szafranski

It follows from the last line that S, can be written in the form

o3t

Using Theorem 3 we get
¢’ =¢c, =0, s =0,
6l =0c)—1 =1, & =c+m;—1 =0,
é=A+m,—1 =13, & =¢6+m—1 =1,
é, =c+m—1 =22, & =dc+m;—1 =38,
Q= +tm—1 =8, & =cd+m, =4.
Performing again one step of method @ without multiplication bY
10 we obtain the results presented in Table 6.

TABLE 6
i 0 1 2 3 4 5 6 7
é? 1 0 13 1 22 8 8 4
m, 3 3 9 2 15 9 7 12
ES 0 0 1 1 1 1 1 0
c® 1 1 5 0 8 0 1 4

Finally, we obtain the expression

simosg gl g g esleboe o))

satisfying the assumptions of Theorem 4. Obviously, the contracted form
of the expression,

1 1 1 1 1 1
S; = 3(14-?(1'}‘?(5-{—3—0(8—}-?3— 1+—3—‘ 1))))),

has also this property.

Performing three steps of method @ for 8, we obtain E} = 5, E = 0,
E} =9, i.e., the correct decimal digits of S,.

Theorem 4 guarantees that method @ applied to the bracket ex-
pression

1 1 1 1
S,—¢c, =—(03+—(c‘1’+...+ (cf,_l—l-—cﬁ)...))
m m My, m,

0 1

gives in every step the next digit of the decimal expansion of §,,. However,
transforming the expression S, to the bracket form with all nominatqrs
equal to one is rather expensive. This follows from the fact that in practice
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One
Cannot use the method proposed in the proof of Theorem 2 because

the !
Product [T, cannot be stored in one machine word, even for small
Values of ;

the gll‘la(?]?et next sec.tion we give another method of transforming 8, to

is, OWeve form with nominators equal to one. The cost of the method

2 dios €T, remarkable, namely it is equal to the cost of evaluating
1815 of 3, by method Q.

3. . * .
e Transformation of S, to the bracket form with all nominators.

of g 4 e In this section we give two algorithms for the transformation
algOrnith the bracket form with all nominators equal to one. The first
below m is g, consequence of Theorem 5 which is formulated and proved
V'Ve © proof of the second algorithm is also based on this theorem..
a]gOrith gve fragments of a program in pseudo-ALGOL realizing b(.)th.
0 yep 10s. Also, we discuss in details a modification of method Q, which
Y step evaluates the successive digit of the expansion of §,.

TEEOREY 5. I,

Somet g By g B ) )
m m m, m

ang o 1 n-—1 n

1 (-
S, 4 (d3+

- - 1 -
L (oy.. 42 d2_1+——d2,)...)),
m, m My_y m

1 n

-1 8y, ..., d} are defined recursively by the formulae

lmdf . @t =dq (i=-1,0,...,n),
7j=n, n-1,...,0

Ldit (n>=i>7)
=7 = o=dn B =dlam mzi>]
(18) Slan iz -y, HTETM R0
#—Bim; (n=i>}j),
&} = 14} +E] (¢ =j-1),
al (G—1=i> —1).
They,
(19) -
8, =8,

Proot, S, can be evaluated by using the formulae

T k

n+1 = 0’ T1 = (02+Ti+1) (’i = n’ n—l, ey 0),.

1

8, = 00-1 +T,.
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In view of (17) and (18) the following formulae describe an algorith?
for the evaluation of S,:

n+1 __ n4+l __
Dy =0, Eii, =0,

1 . .
DI =7”T_(05+E§ﬂ+1)ﬁi (j =n, n—-1,...,0),

7

D} =UDi"'—E (i=mn, n—1,...,j),
8, =%, +E+Dj.
We show that
(20) T; =E}+D! (j=n+1,n,...,0),

which implies (19). We use induction on j in the proof of (20). For j = n-+}
this equation is obviously true. Assuming that it is true for a certaid
Jj (0<j<m+1) we obtain successively

b L .
Ty, = 2= (¢, +T)) = 2= (§_,+EB;+D}) =, Dj_, = DIz + B[
Mj-1 mj—
Thus (20) is true for j =0,1,...,n+1.
From Theorem 5 we obtain the following algorithm which for an
expression S, > 0 given in the form

[4 l l
8 =, +—+... + 2L (e % ...
n =0t my (00+ + n—1 (cn—l+ mn, On) )’

where ¢, =0, & =1 (i =0,1,...,n), calculates new wvalues of the
coefficients ¢! in the transformed expression

1 1 1 1
Sn = Go_l-l-m(cg-*-z(cg—}—...—l- m,_, (02_1—[-%:0:) ...))
satisfying the inequalities ¢, >0 and |¢]|]<m; (¢ =0,1,...,n).

ALGORITHM I.
for i :=n step —1 until 0 do
begin
for j:=1 step 1 umtil # do o} := ¢} x1;
for j:=mn step —1 until ¢ do
begin
1= ¢} my;
¢} : = ¢ —Bj x my;
¢y =06 +Ej
end j
end ¢
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It can pe easily seen that the i-th step of the above algorithm is

€quj
t(()l t;alent to one step of method @ without multiplication by 10, applied
€ bracket expression

1 1
(lic',?+1+...—|— - (l,.c;’,_1+m—l,.cg) ))
n—1

n

1 (l .
— (1,0
M\t * My
3Alg01‘ithm I can be slightly modified. Let us assume that numbers
"0 81, ..., 8¢ are given such that

K<n, s+2<s8y, (=0,1,..,K-1),
8g = —2, 8g =0

anq
Such that the number M defined as
841

M = max {m ” l,},

1<i<K j=8s_1+2
Where -1

m = max {m;—1}, Il =1,
o<i<n

<€an .
be Stored in one machine word. 8, can then be written in the form
8 +1
Iy
1 1 Jmsy+2
— a0 0 0
Sn - c_l + —7”/— 000 +. o + ms,. (021 + 81+1 (cﬂl+l+
8 +1
I Yy
1 1 =gy +2
1

89 81+1
1 0 1 0
+m(0,2+2+...+ 7n:; O.K) ...)) ...))) ...),

0 (i = -1),
S=1J] Y% @+2<i<s,;k=0,1,..,K-1),
1 (6 =8+1; k=1,2,..., E—1).
The modified algorithm has the following pseudo-ALGOL form:
o Loomrtay I1.
for ;.52 +2;

],egn":"‘ step —7 umtil a do

Where
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E) := cj+m;
c‘,’. 2—E’ X my;
61 = G +Ej
end j;
for 1:=K—1 step —1 until 1 do
begin
a:=cl xl +1;

for j: —-s +1 step 1 until #n do ¢} := ¢} X a;
for j:=mn step —1 until s;_,+2 do

begin

By : —"' M5

40;’ E”xm

&4, -c_l-}—E"

end j
end ¢

The cost of algorithm II is equal to the cost of evaluating K /2 digit®
of the decimal expansion of S, by using method Q.

According to Theorem 4, for method @ to give in every step al
exact decimal digit of 8, it suffices that

1° §, is represented in the bracket form with all nominators equal
to one,

2° ¢; satisfy the inequalities ¢*, >0, 0<ct<m; (1 =1,2,...,%):

The first condition is fulfilled after application of either algorithm I
or algorithm IT to the given form of S,. If one applies to the resulting
form a procedure analogous to that used in the proof of Theorem 3, thel
the second condition is also fulfilled. Method @ is then realized according
to the formulae

(3) E,’;+1=0 (j=1727-~-)’
(4") B = (go "+ EBl,))+m; (i =mn, n-1,...,0),
(") o =gl ' +B,,—mB! (i=mn,n-1,...,0),

where ¢ denotes the base of the system in which we wish to expand S,-
The decimal expansion is obtained for ¢ = 10, the binary one for ¢ = 2r
etc. The base ¢ = 10%, where % is a small natural number, is often used-
In this case every step of method Q produces k succeeding exact decimal
digits of §,. This approach decreases k times the time of calculation-
Since the integer part of S, is always obtained in decimal form, the valué
of ¢°, should be represented in the system with base equal to ¢ if ¢ i%
not a multiplicity of 10. Though previous paragraphs have dealt with
the case of ¢ = 10, all obtained results can be readily reformulated for
any arbitrary gq.
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of tl:; P'°°edures Q@ and Qm. All the details of evaluating the expansion
Sum

n

ay
=20,
k=0 K

d @ are explained below by means of declarations of ALGOL 60
€8 @ and Qm.

by Inethg
Proceqyy

mtegel- al'l'ay B 0’

ent There are given natural numbers #n and p and the bracket
form of §,, defined by integer procedures nom and den, each
with one parameter ¢ of type integer the values of which for
given ¢ (0<i< ) are I; and m;, respectively. The results
are numbers E., E:, ..., E} contained in the array EO0. If
n < p and 8, is the partial sum of a series with positive terms,
then the expression

p
D) 107E0[j]
i=1
beos gives the decimal expansion of S, with p correct digits;
gin

Mteger E, i, j, lambda, m,t;

Mteger array c[0:n];

‘“mment Declarations of procedures nom and den should be inserted
here;

step 1 wntil # do ¢[i]:= I;

= 1 step I until p do

for ti= 0
fol'j:
begin
E:= 0;
for .=y step —1 until 0 do
begin
lambda : — if j >4 then I else nom(i—j);
m = den(t);
U= lambda x (10 X c[¢]+B);

E:= t=-m;
¢[i]:=t—mxE
end z,

s B0lj:= B

end ;

end 0
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Procedure Q realizes method @ described in Section 1. In procedur®
Qm given below we use modifications discussed in Sections 2 and 3.
Algorithm I (Section 3) and Theorems 3 and 4 are applied.

procedure Qm (B, B1,n, p, g, k);
value n, p, g, k;
integer , p, ¢, k;
Boolean B, BI;
comment Procedure Qm evaluates and prints the expansion of the

begin

sum S, in the system with base ¢, with p correct digits of
the fractional part. S, is given in the bracket form defined
by integer procedures mom and den, each with one parameter
i of type integer the values of which for given i (0 < i<
are I, and m,, respectively. The Boolean variable B should
be given the value false if |nom(i)] =1 for ¢ =0,1,...,M
and the value true otherwise. The Boolean variable BI should
have the value false if S, is the partial sum of a series with
all positive terms. The actual parameter corresponding to ¥
should contain an upper estimation of the number of digits
of the integer part of §, in the representation in the system
with base ¢;

integer E, i, j, lambda, m, t;
integer array c[—1:n], d[0:k];
comment The declarations of procedures nom and den should be inserted

here;

if T1BABI
then begin

¢[0] : = sign (nom(0));
for i:= 1 step I until » do ¢[¢]:= sign(nom(7)) X c[i—1]

end

else for 7 := 0 step 1 until » do ¢[1]:= I;
c[—1]:= 0;

if B

then begin

¢[n] := nom(n);
for i:=mn—1 step —1 until 0 do
begin
lambda : = nom (¢);
for j:=1 step 1 until » do ¢[j]:= lambda xc[j];
for j:=step —1 umtil ¢ do
begin
m := den(j);
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E:=c[j1+-m;
¢l]:= c[j]l—m x B;
cj—1]:=¢[j—1]+E
end j
end ¢
. end B;
if By
then begin
ii= —1,
for ¢ : —c[z] while t =0 do i:=i+1;
c[i]:=¢[i]—1;
li=n—1;
for j . =z+1 step I umtil ¢ do
¢[j]:= e[§]+den(j)—2;
¢[n]:= ¢[n]+den(n)

. end BJ;
if \lBVBI
then for Ji=mn step —1 until 0 do
begin
M= den(j);
B:= ofj]%m;

¢[jl:=e[j]—m X E;
¢[j—1]:=c¢[j—1]+E
end j; .
‘=0 step 1 until k do d[j]:= 0;
:\k‘l-l;

for j

teee =P
~4;
d[ll']:= E— Xt
E:=t qXxXi;
end ,‘;
Prin (g),
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int i 204
Comment the output procedure primt is taken from ALGOL 1204,

fOrj:=1 step I until p do
begin
E:= g,
f°" ti=n step —1 wuntil 0 do
begin

M = den(i);
bi=gxc[i]+E;

a version of ALGOL 60 for the ODRA 1204 computer (cf. [1]);
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E:=1+-m;
c[i]:=c[t]—m XE
end i;
print(E)
end j
end Qm

5. Results of tests. Procedure m given in the preceding section
was tested on the ODRA 1204 computer installed at the Computing
‘Centre of the Institute of Computer Science, University of Wroclaw.
The following values were calculated with 150 digits after the point:

¢ for » =1, —1,2, —2 (Table 7),
cos(1l/m) for m =2, 3,...,10 (Table 8),
arctan (1/m) for m = 2,3, ...,10 (Table 9).

In all the examples the time of calculations was proportional to the
number (p+bXxXn/2+4bl)(n+1) with the coefficient of about .01 sec,
where

0 (B = false), ; [o (B1 = false),

b = =
1 (B = true), 1 (Bl = true).

1. ¢® was calculated with the aid of the formula

8, =2-‘Z—’:

k=0

We give the full results for the case p = 150 only. For the cases
p =50 and » =100 we give the values of n and the time of calcula-
tions T.

TABLE 7
zx=1 p =150, p»p =100, p = 50,
n= 97, nn= T, n =42,
T=13, IT= 617, T =20,

e =2 71828 18284 569045 23536 0287174
71852 66249 77572 47093 69995
95749 66967 62772 40766 30353
54749 45713 82178 562516 64274
27466 39193 20030 569921 81741
35966 29043 57290 03342 95260
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S eof =
B ¥ N
mn
el
S =
S @
=i

o
SRS
S s
0 DM
(o] —
o
el
-

I

[

8

367817 94411 71442 32159 552317
70161 46086 74458 11131 03176

e 1 =0,

78345 07836 80169 74614 95744

96437

46627 32527 68439 95208 24697

89980 33571 47274 34591

57927 90129 00862 66535 89494

p = 50,
n = 52,

p = 100,

150,

I

Tz =2,

85,
T =127,

n

114,

n =

T =43,

T = 243,

38905 60989 30650 22723 04274
60575 00781 31803 15570 55184

7.

€2

73240 87127 82252 25737 96079

05776 33843 12485 07912 17947

73753 16126 54788 66123 88460
36927 81273 37447 83922 13398

p = 50,
n = 52,
T = 44,

p =150, p = 100,

n = 114,
T = 2486,

T = -2,

85,
129,

n

T =

¢ 2 =0.

13533 52832 36612 69189 39994
94972 48440 34076 31545 90957
58814 68158 87265 40733 74101
48768 99370 98122 49065 70487

550717 28718 96335 562212 44934
68718 92853 03815 88951 34996

=]

=]

R7)

wn =

A
—~ |

& T2

m N’

- o
& ]

8 Zk

&

S I

G ®

= xR

g

=]

=

a3

—

=]

2]

p—

o]

Q

e

e

=]

L)

™

Was used.

TABLE 8

p=150, n=41, T =83,

z =1/2,
co8(1/2)=0. 8 7758 25618 90372 71611 628165

82603 82965 19916 45197 10974

40529 97610 86831 59507 63274
21394 74057 94184 08468 22583
55478 40059 31090 53993 41382

79768 33280 26679 97561 20950

10 — Zastos. Mat. 18, 1
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Table 8 (contd.)

T =19,
14737 66438 82840

n = 39,
88060 78458 62699 5651 4

p = 150,

z =1/3,

cos(1/3)=0. 94495 69463

07675

07376 77645 73375 00995 62196

50036 48244 28158 80569 855685

92705 50490 42886 46216 72528
64588 73269 656432 59976 62961

n=37 T=15,

150,

1

P
cos(1/4)=0. 96 891 24217 10644 78414 4595 4

x = 1/4,

49494 18919 98041 34190 28744

28311 48128

52332 72646

12428 89425 61184

556202 79968 50255

10352 70962 61162 02617 30946

44840 560149 96359

18317 468089

T =171,

p =150, = = 35,

r =1/5,

0. 98006 65778 41241 631'12 419635

cos(1/5)

16748 16887 73935 24360 80656
79940 52548 29012 61874 07882

73170 08950 24035 22430 33465

05299 39176 756985 09434 50902

21250 567962 94722 68643 97441

T =170,

n = 35,

p = 150,

x =1/6,
cos(l/6)=0. 98614 32315 62925 05793 068258

22956 11493 89380 25539 07637

70075 89369 32252 21423 47299

3566562 15088 92846 20957 47998

99270 61300 73533 73122 94996

32915 96004 63374 70199 59466

n =33 T =067,
cos(1/7)=0. 98981 32604 46615 08269 57261

p = 150,

r=1/7,

37013 43374 58740 32700 89957

14176 31810 34365 16126 30808
28158 14867 42837 66573 43882

13291 13995 79108 15008 51437
97192 57969 82567 88919 41963

T = 61,

33,

i

n

p = 150,

o = 1/8,
cos(1/8)=0. 99219 76672 29329 05314 909689

07788 25086 95433 27304 73660

12634 68909 69719 39640 588460
06148 17212 36290 93584 435172

81954 41126 99052 88441 54323

42458 68542 22541 29777 69537
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p =150, n» =233 T =867,

xz =1/9,

92130 29393

€08(1/9)=0. 99383 35085 38891

03070 47299 99246 78713 782175

86532 99318 44158 35045 86078

37249 26259 07328 72307 68463

33085 95250 81819 26690 10642
71184 91336 90005 56474 07400

p=150, mn=31 T =63,

z = 1/10,

€08 (1/10)
= 0.

99500 41652 78025 76609 55619

87803 87029 48385 76225 41508
40359 59362 74468 52659 10218

24046 65296 63618 52826 29279
10723 68588 08368 71860 3941

2
5

97035 22120 45993 25822 7776

3. In the evaluation of arctan (1/m) the expression

(—1)*m
(2% +1) m2*+2

8, =

k=0

Was applied.

TABLE 9

849,

46364 76090 00806 11621 42562
31461 21440 20285 37054 28612

T =

150, =n = 245,

p=

m =2,

&I‘Ctan (1/2) = 0.

02638 10933 08872 01978 641635

74170 53006 00283 98488 78925
56529 85225 11908 37513 50581

81816 25011 155647 15305 69944

T = 434,

n = 155,
32175 05543 96642

p = 150,

m = 3,

19340 1404 6

14358 66131 90207 55295 557605

8retan (1/3) — 0.

61914 32803 05935 67562 37405

81054 43564 08422 35064 13744

39007 16937 71297 39148 261764

29707 62634 40245 98092 82088

n =123, T = 316,
24497 86631 26864 15417 20824

p = 150,

m = 4,

8rctan (1/4) — 0.

81211 27581 09141 44098 38118
40671 27375 91466 73651 19587

64209 656745 34157 66870 1991 3

63834 80449 00371 18374 29548

54209 95059 97695 89869 6061 4.
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Table 9 (contd.)

p =150, =n =105 T =259,

m =5,

19739 55598 49880 75837 00497
65194 79029 34475 85103 78785
21015 17688 94024 10339 69978
24378 57326 97828 03728 80441
12628 11807 36913 60104 45647
98867 94239 35574 75654 95216

arctan (1/5) = 0.

= 225,

T
16514 86774 14626 83827 91282
89643 94345 39983 86660 46502
78190 18034 43001 11456 62179
80514 14748 87737 89870 010738
89996 56405 37600 00222 868938
67512 19851 92205 73322 525386

95,

n =

p = 150,

m = 6,

arctan (1/6) = 0.

T = 202,

p =150, n =87,

m =17,

14189 70546 04163 92281 28516

arctan (1/7) = 0.

17102 55308 30077 81758 728406
40723 78130 02936 34416 26759
93116 09441 91861 63424 65181

17522 68287 40610 98365 23817
52108 62376 75301 17212 8785¢6

n =8l, T =186,
12435 49945 46761 43503 135438
49163 87102 55731 70191 769890
40899 15114 11911 57222 67421
56675 86237 10594 31335 33303
26379 05130 34383 79043 81116
30839 68395 04671 22437 868171

p = 150,

m = 8,

arctan (1/8) = 0.

T =173,

71,

n

p = 150,

m=29,

11065 72211 73895 64655 913938
72210 06210 59752 86095 00306
40321 22814 44310 76452 057490
49871 37652 28889 43348 79731

.arctan (1/9) = 0.

115611 27179 75831 51030 9225717
44680 78125 15316 28801 38149

= 162,

T
09966 86524 91162 02737 84461

n =173,
19878 02059 02432 78322

p = 150,

m = 10,

50431
4T447

12624 43428 63715

79558 38640 88273 98969 56792

arctan (1/10) = 0.

46480 15508 77681 00277

55065 44206

70665 63156 91279 03020 72085
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ap rSOH}e of the results given in Tables 7-9 were compared with the
WeIr) Ofprlate values tabulated in [3]. In this way the values of ¢ and e*
€ found to be correct. The correctness of the expansions of arctan (1/2),

arcty :
®tan(1/5), and aretan (1/8) was ascertained by the evaluation of =
Oom the formula

T = 4(arctan } 4 arctan ; —arctan })

a .
nd by Comparing the result obtained with the expansion given in [3].
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